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Abstract

There is normally a simple choice made in the form of the covariance matrix to be used
with HMMs. Either a diagonal covariance matrix is used, with the underlying assumption that
elements of the feature vector are independent, or a full or block-diagonal matrix is used, where
all or some of the correlations are explicitly modelled. Unfortunately when using full or block-
diagonal covariance matrices there tends to be a dramatic increase in the number of parameters
per Gaussian component, limiting the number of components which may be robustly estimated.
This paper investigates a recently introduced form of covariance matrix, the semi-tied full-
covariance matrix. This allows a few “full” covariance matrices to be shared over many
distributions, whilst each distribution maintains its own “diagonal” covariance matrix. In
current systems it is essential to be able to rapidly adapt the acoustic models to a particular
speaker or new acoustic environment. This paper examines two linear-transformation speaker-
adaptation schemes that may be applied to these semi-tied models. Both yield maximum
likelihood estimates of the transform, but differ in the domains in which the transforms are
estimated. A large-vocabulary speaker-independent speech-recognition task was used to assess
the performance of the techniques. Both the adaptation schemes showed gains in performance.
Depending on the semi-tied model set used and the adaptation scheme improvements over the
unadapted models ranged from 3% to 11% relative. Furthermore, a 9% relative reduction in
word error rate was achieved over the standard model set adapted using maximum likelihood
linear regression.



1 Introduction

There is normally a simple choice made in the form of the covariance matrix to be used with
hidden Markov models (HMMs). Either a diagonal covariance matrix is used, with the underlying
assumption that each element of the feature vector is independent, or a full or block-diagonal
matrix is used, where all or some of the correlations are explicitly modelled. Unfortunately when
using full or block-diagonal covariance matrices there tends to be a dramatic increase in the number
of parameters per Gaussian component, limiting the number of components which may be robustly
estimated. To overcome this problem multiple diagonal-covariance Gaussian distributions may be
used. In addition to being able to model non-Gaussian distributions they can model correlations
between elements of the feature vector. Unfortunately only a limited number of components may
be robustly estimated for each state. If there were some way of effectively decorrelating the data
associated with a particular state, or group of states, improved speech recognition performance
should be possible, either using fewer components per state, or allowing non-Gaussian distributions
associated with the state to be better modelled. This lead to the development of semi-tied full-
covariance matrices!.

Semi-tied full-covariance matrices are a natural extension of the state-specific rotation scheme
of [10]. Instead of estimating the decorrelating transform independently of the specific components
associated with it, the transform is estimated in a maximum-likelihood (ML) fashion given the
current model parameters. This form of covariance modelling was first introduced in [3]. On a
large-vocabulary, speaker-independent speech recognition task it was shown to give a 10% reduction
in word error rate over a similar diagonal covariance model set. Furthermore, the performance of a
12-components per state system was achieved with 6-components per state. Though in themselves
useful reductions in word error rate or number of parameters, most state-of-the-art systems are
required to make extensive use of both speaker and environmental adaptation schemes to yield good
recognition performance. For semi-tied full-covariance matrices to be useful for speech recognition
effective adaptation techniques are essential.

Many adaptation schemes have been examined for HMMs. Two popular schemes are maximum
a-posteriori (MAP) adaptation [6] and linear transformation of the model parameters, for example
maximum likelihood linear regression (MLLR) [9]. If standard MAP estimation is used then this
may be simply applied to adapt the means and diagonal element of the covariance matrix. The
difference being that instead of applying the formulae in the cepstral domain, they may be applied
in the normalised domain (the domain where the covariance matrices are assumed to be diagonal)?2.
Alternatively linear transformation schemes may be used. These linear adaptation schemes have
been found to be powerful tools for speaker and environmental adaptation [4]. When using these
linear transformation techniques there are typically very few transforms. It may therefore be
necessary for the same transform to be shared over components from different semi-tied classes.
This adds an additional degree of complexity when adapting these semi-tied full-covariance models.
Two possible forms of adapting these models with linear transforms are described in this paper. The
first, full-covariance MLLR, is a simple extension of the standard MLLR scheme to adapting models
with, effectively, full covariance matrices. The second, normalised-domain MLLR, performs the
linear transformation in a domain determined by the semi-tied full-covariance matrix. The schemes
have different computational requirements and typically give different performance. However under
certain constraints, the two schemes result in equivalent transforms.

The next section describes the basic concept of the semi-tied full-covariance matrix. In section 3,
two adaptation schemes are described. This section includes a discussion of the computational loads
involved and the constraints for the two schemes to be equivalent. Results are then presented for
speaker adaptation on a large-vocabulary speaker-independent speech recognition task.

IThe form of the matrices is not actually restricted to be full. For example in the work presented here, block-
diagonal matrices are used.

21f extensions to the standard MAP scheme such as [12] are used then modifications to the standard formulae
may be required. This is also true if the full element of the covariance matrix is to be adapted.



2 Semi-Tied Full-Covariance Matrices

Semi-tied full-covariance matrices [3] are a simple extension to the standard diagonal, block-
diagonal, or full covariance matrices used with HMMs. Instead of having a distinct covariance
matrix for every component in the recogniser, each component consists of two elements, a com-
ponent specific diagonal covariance element, Zgir;)g, and a semi-tied class dependent, non-diagonal

matrix® , A(™’. The form of the covariance matrix is

i(m) _ A(M)r(m) A ()T (1)
diag

A" may be tied over a set of components, for example all those associated with the same state
of a particular context-independent phone. Possible clustering schemes are discussed in [3].

Each component, m, has the following parameters: component weight ¢(™, component mean
™) and the diagonal element of the semi-tied full covariance matrix E(dTa)g‘
associated with a semi-tied class, which has an associated matrix A(")’. This is used to generate
the components covariance matrix as described in equation 1. It is very complex to optimise these
parameters directly so an expectation-maximisation approach is adopted [1]. Optimising many of
the parameters is closely related to the standard parameter optimisation problem. Here, rather
than dealing withA (")’ it is simpler to deal with its inverse, A(") [3], thus

In addition it is

AM) — Al)-1 (2)

The re-estimation formulae for the component weights and transition probabilities are identical to
the standard HMM cases [11]. The mean and diagonal elements of the covariance matrix are given
by

T

(m) _ 2 r=1 Ym(7)o(7) 3
8 = A7) @

and
Hm2 _ ST () (o () - ugm))Q @

e S Im(7)
where

um) = Ay om) (5)
o"(r) = Ao(r) (6)

and
Ym(7) = p(gm ()| M, O7) (7)

where ¢, (7) indicates component m at time 7, Op is the complete set of training data and
o(7) is the observation at time 7. Throughout this paper various subsets of the complete set of
components, M, will be considered. Thus M (") is the subset of components that share the same
full covariance element A(") or semi-tied class, M() the set of components that use the same
transformation matrix W) or regression class, and M (™) specifies the subset that uses both A (")
and W) M) N M), The semi-tied classes are numbered 1 to R and the regression classes from
1to S.

3For this work AT represents the transpose of matrix A, the use of A’ is simply to indicate a modified domain
or related matrix.



The ML estimate of A(") is more complicated and an iterative scheme is required. The solution
given here is described in [2] (an alternative scheme is given in [3]). It is shown that

T
aET) — ciG(’l‘i)—l (ZmEM(") ZT:I Tm (7—)> (8)

c;G(ro-1cT

where

. 1 & T
G = 3 o Y (o) k) (o) - ™) ©)

meM™ “diag; T=1

agir;); is element ¢ of the leading diagonal of Egi';)g and c; is the i*" row vector of the cofactors

of A("). The optimisation described is an iterative one over rows, since each row is related to the
other rows by the cofactors. Thus each row is optimised given the current estimate of all the other
rows.

One problem with the optimisation described is that the estimates of the diagonal and full
sections of the covariance matrix are related in a rather complicated fashion to one another. More-
over when simultaneously optimised there are an infinite number of possible solutions [8]*. There
is also the added problem that it is necessary to store a full matrix for each component to be

m)

able to generate G(™ ag Eiﬁag
and computational speed for many large vocabulary systems. These problems are overcome by
updating the means and either the diagonal or full-element of the covariance matrix at each itera-
tion. It is now only necessary to store either G(") for each semi-tied class, or 23;1 ol(-T)2 for each
component in addition to the standard statistics for the means, component weights and transition
probabilities.

One of the major advantages of semi-tied full covariance is their computational efficiency during
recognition. The likelihood calculation is based on

varies. This is both impractical in terms of memory requirements

m 1 r
£ (o(r); u™, 20 ) = N (o) (r); AT ™), £ ) + = log (|AT?) (10)
where m € M ("), Thus by storing A u(™) instead of u{™ the cost of calculating the likelihoods
associated with semi-tied full covariance matrices is that of one matrix vector multiplication per-
semi-tied class and an addition®.

3 Linear-Transformation Adaptation

Linear transformations have been shown to be a powerful tool for both speaker and environmental
adaptation. One currently popular scheme is MLLR [9]. Unfortunately this scheme relies on the
covariance matrix being diagonal, so is not directly applicable to semi-tied full-covariance matrices.
Models similar to semi-tied full-covariance models, generated using state-specific rotations [10],
have previously been adapted using linear transformations [7]. The scheme used is related to the
normalised-domain MLLR scheme described below, though the transforms were generated in a
least-squares fashion rather than using maximum likelihood. Two modified MLLR-like schemes
are proposed here. The same general form of the transformation is used.

fi=We (11)

where £ is the extended mean vector [ 1wt ]T. The two schemes only differ in terms of the
domain in which the transform is estimated and applied.

4By altering the columns of A (™) and the elements of the means and variances appropriately there are an infinite
number of solutions all yielding the same likelihood, but with different scaling factors.

5Tf only one semi-tied class is used then log (|A|) does not discriminate between the models so may be ignored.

Also, this addition may be removed if desired by appropriately scaling A and Eg?;g.
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1. Full-covariance MLLR: This is an extension to MLLR, so that the full-covariance matrix
case may be handled [4]%. Thus the transformation is estimated using

vec (Z(S)) = Z kron(V(™) D) | vec (W(S)) (12)

me M (=)

where vec(.) converts a matrix to a vector ordered in terms of the rows, kron(.) is the
Kronecker product,

V(m)—ny r)s(m-t (13)
2= 3 va = o(r)e™T (14
meM(#)
and
D) = glm) glm)T (15)

€™ is the extended mean vector. If implemented directly this may be computationally
expensive. Typically in large vocabulary systems it is not possible to store X("™ =1 ags this
would require a full symmetric matrix for each component, so it must be calculated on-the-
fly. Furthermore the Kronecker product is required for every component observed in the
adaptation data. An alternative efficient implementation is described in appendix A.

Adapting the means in this form requires that the recognition likelihood is based on
m m s T T s m m 1 T
c (O(T);u( ), 2m) Wi >) - N (o< )(r); AOWE glm), zfﬁa)g) + 3 log (|A< >|2) (16)

2. Normalised-domain MLLR: This scheme is based on the normalised-domain MLLR
scheme originally described in [5]. Here rather than adapting the models in the cepstral
domain, the models are adapted in a domain determined by the semi-tied full-covariance
matrix, i.e. using A("o(7) rather than o(7) (assuming that that the component of interest
is in the set M(")). In appendix B it is shown that

z;(s) = wz(-S)G'(Si) (17)
where
R T
s m 1 T m
2O =37 3 DS, e et (18)

r=1memM(rs) T=1

R
Qi) — Z Z (m 3 glrm) grm)T 27 (19)

r=lmeM () dlagz T=1

£('™) is the extended transformed mean vector. The likelihood is based on

£ (o(r); w500, W) = N (o) (r); W™ 560 ) 4 Dlog (JACP)  (20)

6The notation described here was suggested by Olivier Cappé of ENST (see http://sig.enst.fr/ cappe/others.html)



This estimation is far simpler than the full-covariance MLLR case, however it makes two
additional assumptions. First, that the normalised-domains for all components, m € M),
are “similar”. Furthermore, that the scaling of each dimension introduced by the full section
of the covariance matrix is similar. As previously mentioned there is a degree of flexibility
in estimating the full and diagonal elements of the covariance matrix. For all the work here
only one of either the full or diagonal elements of the semi-tied full-covariance matrix is
updated at each iteration. Thus the estimation process does not have the degree of flexibility
to select arbitrary scalings. Nonetheless, this paper also considers a simple scaling routine
that prevents excess differences in scaling. Here, where scaling is used, it is selected such
that

a{”)? =1 (21)

Egi';)g is then scaled appropriately. There is no difference in performance in the unadapted
systems, this only affects the generation and use of the transformation matrices W) for
normalised-domain MLLR.

The estimation of the two transforms have very different computational loads. For an n-dimensional
feature vector, full-covariance MLLR involves the inversion of an n(n + 1) X n(n 4+ 1) matrix,
which requires O(n%) operations. In contrast normalised-domain MLLR requires n inversions of
(n+1) x (n+1) matrices, costing O(n*) operations”. The cost has ignored the accumulation of the
statistics which, particularly for the full-covariance MLLR, may be expensive. This is discussed
in appendix A, where provided that the number of components is far greater than the number of
semi-tied classes full-covariance MLLR is approximately n times as expensive as normalised-domain
MLLR which has about the same computational cost as MLLR.

Due to the difference in computational load it is of interest what constraints there are for the
two techniques to yield the same result. Examining equations 16 and 20, it is simple to see that
the two schemes will yield equivalent transforms provided the linear transformation clustering does
not “cross” semi-tied full-covariance clusters i.e.

if M9 £0 then MW M) =M, r=1,...,R s=1,...,8 (22)

and the transform is sufficiently flexible (for many tasks the structure of the transformation matrix
is constrained, for example it may have a block-diagonal structure). The required flexibility is that
the structure of the transform must include both A(") and A(")=1. The proof of these constraints
is straightforward (see appendix C).

This section has only addressed the problem of linear transformations for adapting the means.
It is also possible to adapt the variances [4, 2]. There are a variety of options, see appendix D.
When the performing this in a normalised-domain fashion, thus

Bl = AT R THA®) (23)
iag

it is trivial to show that the re-estimation formulae are identical to those derived in [2], other than
using o(") () and ("™ instead of o(7) and u(™ (the proof follows the same lines as that described
in appendix B and is discussed in appendix D). For the full-covariance MLLR version of variance
adaptation, where

Bm-1 = gTAMTR(mM 1A (MY (24)
diag

it is necessary to modify the re-estimation formulae. Details of this optimisation are given in
appendix D. Variance adaptation is not further considered in this paper, but has been shown to
be useful for both speaker and particularly environmental adaptation [4].

"It is worth comparing these costs to the original normalised-domain MLLR [5]. Here the inverse covariance
matrix is decomposed into its Choleski factors, and the transforms estimated in the normalised-domain determined
by these factors. Since in this normalised domain all covariance matrices are equal (the identity matrix), only a
single matrix inversion is required (in the same fashion as least-squares linear regression) so the cost is O(n3).
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4 Experiments and Results

An initial investigation of the use of semi-tied full-covariance matrices was carried out on a large-
vocabulary speaker-independent continuous-speech recognition task. All recognition experiments
were carried out on the 1994 ARPA Hub 1 data. The H1 task is an unlimited vocabulary task
with approximately 15 sentences per speaker. This data was recorded in a clean® environment.

4.1 Recognition System

The baseline system used for the recognition task was a gender-independent cross-word-triphone
mixture-Gaussian tied-state HMM system. This was the same as the “HMM-1" model set used in
the HTK 1994 ARPA evaluation system [13]. The speech was parameterised into 12 MFCCs, Cy
to C12, along with normalised log-energy and the first and second differentials of these parameters.
This yielded a 39-dimensional feature vector, to which cepstral mean normalisation was applied.
The acoustic training data consisted of 36493 sentences from the SI-284 WSJ0 and WSJ1 sets, and
the LIMSI 1993 WSJ lexicon and phone set were used. The standard HTK system was trained
using decision-tree-based state clustering to define 6399 speech states. The number of components
per-state was increased using mizing-up [14] until there were 12 components in each speech state.
This standard model-set will be referred to as Standard. For the H1 task a 65k word list and
dictionary was used with the trigram language model described in [13]. All decoding used a
dynamic-network decoder.

Two semi-tied full-covariance systems were investigated. For both systems A (") was constrained
to be block-diagonal, with separate blocks for the static, delta and delta-delta elements of the
feature vector. All components of the same context-independent phone were clustered together
into the same semi-tied class. Both systems had 12-components per speech state with the same
state clustering as the standard system.

1. System 1: This was built from scratch using mixing-up. The procedure was as follows
starting with the single component standard system: perform two iterations of Baum-Welch
updating the means and diagonal covariance elements; update the full covariance element;
perform two iterations of Baum-Welch updating the means and diagonal covariance elements;
mix-up and repeat as required. This scheme allows full advantage of the semi-tied full-
covariance matrices to be made. This model set will be referred to as Semi-Tied (1).

2. System 2: Here the standard 12-component system is used as the initial model. Using this
model set the full element of the covariance matrix is estimated and then two iterations of
Baum-Welch updating the means and diagonal covariance elements was performed. This
model set will be referred to as Semi-Tied (2).

Two modes of adaptation were examined. The first, incremental adaptation, is where the models
are continually updated as more adaptation data (recognised sentences) become available. The
results are thus generated causally. For incremental adaptation experiments the regression classes
were determined dynamically using a regression class tree and a minimum occupancy threshold.
The second mode, unsupervised static adaptation, is where the transcription of the adaptation data
is unknown and all the adaptation data is available in one block. Given the unadapted system a
transcription is hypothesised, then given this hypothesised transcription the models adapted. This
may be repeated many times, though for this work only it was only performed once. In this mode
two fixed regression classes were used.

4.2 Results

Table 1 shows the baseline performance of the three systems. As previously noted [3], semi-tied
systems can give around 10% reduction in word error rate when trained from scratch, Semi- Tied
(1), and around 5% when trained as a “second” pass, Semi-Tied (2).

8Here the term “clean” refers to the training and test conditions being from the same microphone type with a
high signal-to-noise ratio.



System Error Rate (%)
HI Dev | HI Eval || Average

| Standard || 957 [ 920 [ 938 |
Semi-Tied (1) | 862 | 8.12 8.36
Semi-Tied (2) || 9.00 | 859 8.78

Table 1: Baseline and semi-tied covariance matrices results on H1 development and evaluation
data [3]

System Adaptation Error Rate (%)
Scheme H1 Dev | H1 Eval || Average
| Standard | MLLR | 806 | 813 || 810 |
Semi-Tied (1) Full-Covariance 7.62 7.21 7.40
Normalised-Domain 8.33 7.89 8.10
Semi-Tied (2) Full-Covariance 8.18 7.70 7.93
Normalised-Domain 8.11 7.54 7.81

Table 2: Incremental adaptation results on H1 development and evaluation data

Table 2 shows the performance of the two linear transformation adaptation schemes used in
incremental adaptation mode. In all cases block-diagonal transforms were used with the regression
classes determined using a regression class tree (same minimum occupancies were used in all cases,
the value of the threshold was empirically determined on similar tasks). For the Semi-Tied (1)
system both adaptation schemes reduced the word error rate. However it is clear that the full-
covariance MLLR scheme yielded better performance with around a 9% gain over the standard
system with MLLR. The limitations of the normalised-domain MLLR are clearly illustrated. Thus
the assumptions behind normalised-domain MLLR are not valid for the Semi-Tied (1) system.
This is not really surprising since it is not necessary that the elements of o{")(7) be related to one
another across semi-tied classes.

Again, for the Semi-Tied (2) system both adaptation schemes yielded gains in performance.
However what is interesting is that the normalised-domain scheme gave marginally better than
the full-covariance scheme. This is because the full-section of the covariance matrix is added in
a second pass, hence the ability of the system to give markedly different normalised domains is
limited. This is illustrated by the reduced gain in performance compared to Semi-Tied (1) in
table 1. The slight gain in performance of normalised-domain MLLR over full-covariance MLLR
may result from numerical inaccuracy due to the inversion of large matrices, in this case a 182 by
182 matrix (for this work singular value decomposition was used for the inversion).

The normalised domain performance figures given in table 2 used no scaling. When scaling,
as described in section 3, was used little change in performance was observed. The average per-
formance over the two test sets of the Semi-Tied (1) system was 8.03% and for the Semi-Tied (2)
system 7.88%. The indication from this is that the difference in recognition performance of the
Semi-Tied (1) system using full-covariance MLLR and normalised-domain MLLR was not due to
large differences in scaling.

Static unsupervised adaptation was also examined on the same task. Rather than using a
minimum-threshold criterion to select the regression classes for adaptation, two fixed regression
classes were used. Furthermore only a single adaptation run was used, i.e. the transcription from
the unadapted system was used as the hypothesised transcription for adaptation. Similar trends
to those in the incremental adaptation case were observed. The standard system gave an average
word error rate over the two tests of 8.30%. The best performance was obtained with the Semi- Tied
(1) system using the full-covariance MLLR adaptation, 7.56%, a 9% reduction in word error rate
compared to the standard system using MLLR. It is interesting to compare this result with the
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performance when an efficient block-diagonal variance transform is used on the standard system [2].
This variance transform is closely related to semi-tied full-covariance matrices. It may be viewed
as estimating speaker dependent semi-tied matrices, though the number of transforms that may be
robustly estimated is limited by the amount of adaptation data. Using a block-diagonal variance
transform gave a word error rate of 7.90%, still 4% worse than the adapted semi-tied system®.

5 Conclusions

This paper has investigated applying linear transformations, trained in a maximum likelihood sense,
to HMMs with semi-tied full-covariance matrices. Two possible schemes are described. The first,
full-covariance MLLR, uses a full-covariance matrix version of MLLR. The second, normalised-
domain MLLR, generates transforms in a normalised domain in which the covariance matrices
for the components are assumed to be, and modelled as, diagonal. In terms of computational
load normalised domain has the same cost as standard MLLR, whereas full-covariance MLLR is
more expensive. Under certain limited circumstances the two transforms yield the same effective
results. The two schemes, using two possible methods of building semi-tied systems, were compared
with a standard large vocabulary speech recognition system adapted using MLLR on a speaker
adaptation task. The use of the full-covariance MLLR scheme with a model trained using semi-tied
full-covariance matrices throughout was found to give around a 10% gain over the standard scheme
with MLLR, and 20% over an unadapted standard system. Though the adaptation schemes were
only investigated on a speaker adaptation task, the same performance gains are expected when
using the adaptation schemes for environment adaptation.
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A Efficient Full-Covariance MLLR

This appendix describes a method of accumulating the statistics for full-covariance MLLR which
under many circumstances dramatically reduces the computational load. The majority of the
additional computational load is spent generating the accumulate ) .,/ kron (V(m),D(m)).
Using the fact that

R
Z kron (V(m), D(m)) = Z Z kron (A(T)TE(Ta)g TA() Z Ym D(m)> (25)

meM(s) r=1 meM(rs)

(m) 1

and as by definition X4 is diagonal, it is possible to write

)T (m)*l ) __ T - 1 T _ - 1 )T T
A Ediag A — A(M Z W]3( )] = Z WB( )TR(r) (26)
=1 %djagi =1 Ydiag;
where
plrd — agr)’ (i =7) (27)
J 0, otherwise
Hence
S ko (V) 000) =30 5 S kron (B97 [ L e zy ), D)
meM) r=1meM(rs) i=1 dlagz
R
- Z Z Zkron B ITR() D(M) Z,ym
r=1 meM(rs) i= dlagz
R n
= (r)Tg(ri) (m)
= Z Zkron B BY™, Z (m)2 D Z’ym (28)
r=1i=1 meM(rs) dlagz =1

Using this expression has two advantages over the standard form. Firstly it is unnecessary to
calculate the “full” covariance matrix for each component. Second in terms of the statistics required
to be accumulated per-component, this has now becomes the need to store D'("s9) | where

(rsi) _
D - Z (m (29)
meMrs) dlagz =1
The final equality used is thus
Z kron (V(m)’ D(m)> — Z Z kron (B("W/)TB(T’L)’ D/(rsz)) (30)
meM () r=1i=1

Only the common situation that the number of semi-tied classes, R, is dramatically smaller
than the number of components, M will be considered. Thus the majority of the computational
load is in the accumulation of the statistics from the various components. For standard MLLR,
normalised-domain MLLR, and full-covariance MLLR, the cost per component is summarised in
the table 3. All cases use is made of the fact that both D("™ and V(™ are symmetric matrices.
For the standard case the generation of the inverse covariance matrix is not included. From the
table the use of the new efficient accumulation scheme, though more expensive than the standard
MLLR and normalised-domain MLLR schemes, is O(n) times more efficient than the standard
accumulation scheme. There is additional overhead after accumulating the statistics over all the
components. However provided the number of components is far larger than the number of semi-
tied classes this will not be a significant cost.
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| Adaptation Scheme | Cost per Component |
MLLR %(n%— )(n+2)
Normalised-Domain MLLR s(n+1)(n+2)
Full-Covariance MLLR (1) in(n+1)%(n +2)
Full-Covariance MLLR (2) in(n+1)(n+2)

Table 3: Accumulate computational cost per-component (Full-Covariance (1) uses equation 12,
Full-Covariance (2) uses equation 28)

B Normalised-Domain MLLR

The problem is to obtain the ML estimate of W(*) when the likelihood is calculated using
m m s T s ™m m 1 T
£ (o(r); 1, 50, W) = A (o) (7); W™, 20 ) 1 Z1og (JAC)?) (31)

Setting up the auxiliary equation for this case gives

QM =53 T St [ s (2

r=1 meMrs) =1
2 T
log (‘ A ) + (ADo(r) = W) 51 (Ao (r) - W §<rm>)]

)- (32)

where K(™) is the standard normalising constant. Differentiating this with respect to W) and
equating to zero

Z Z Z%" E(m) 1A(r)0 é~(rm)T Z Z va E((ﬁ;g 1W(s)£(rm)£(Tm)T (33)
r=1mepm(rs) 7=1 r=1mepm(rs) T=1

This is an identical expressions to the standard MLLR case, other than that £"™) is used as the
extended mean and A("o(7) as the observation. Thus it is trivial to state that

2 = w{* G/ (34)
where
Z0-% Y Sl SEg o (ME™T (35)

r=1memM(rs) T=1

G/ = Z > g gt Z (T (36)

r=1meM(rs) dlagz T=1

£') is the extended transformed mean vector, [ 1 plmT ]T where p(m™) = A() (M),

C Transform Equivalence

This appendix gives the simple proof that when all the components belonging to the same regression
class also belong to the same semi-tied class, both full-covariance MLLR and normalised-domain
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MLLR yield the same effective transform, provided the transformation matrix is sufficiently power-
ful. For the full-covariance MLLR case the following auxiliary function is maximised with respect
to W)

R T
oMM =35 5 S ) [K 1108 (|2,

r=1 meM(rs) 7=1
2 T
log (‘A(T) ) + (0(7') - W(s)ﬁ(m)) »im)—1 (0(7') - W(S)g(m))]
Rearranging this yields

)- (37)

R

oM A =-33 3 3 nlr) [ +10g (|5,

r=1 meM(rs) T=1
log (‘A(T)

)- (38)

2 T
) + (ADo(r) - AOWOE) S (Ao (r) - AOWE §<m>)]

(m)—1
diag
Expanding the expression containing W (*)
AOWEelm) = A (H<s> u™ b(s))
= ADHO) M) 4 A (39)

If there is only one semi-tied class for all components of the regression class in question and the
transformation matrix is sufficiently flexible, such that it is possible to model A("H() A(")~1 then
it is possible to write

ANWEem) = A M) 4 AR
W) glrm) (40)

Substituting this back into equation 38 gives

R T
QM, M) = —% Z Z va(r) [K(m) + log (‘Egirgg

r=1mep(rs) T=1
log (‘A(T)

This is identical to equation 32. Thus the two transforms will yield equivalent performance. The
relation ship between the transforms is

)- (41)

2 T
) + (AMO(T) - w'<s>§(”")) =g (AWO(T) ~ w'<3’§(””))]

HG) = AOHG®AM-1 (42)
and
b’ = ARG (43)

where the / indicates the normalised-domain transform.

D Variance Adaptation

This appendix considers the problem of variance adaptation when semi-tied full-covariance matrices
are used. As usual the optimisation is performed in two stages [5] where initially, if necessary, the
means are compensated to give (™. The variance transform is then obtained. As for the means
there are a variety of ways that the variance may be transformed!©.

10For ease of notation the regression class indicator is dropped, thus H really represents the transform for regression
class s, H(®),
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D.1 Choleski and Normalised-Domain Transforms

The simplest scheme is based on the Choleski factors as described in [5] where
m)=1 _ 1,(m)TE,(m) (44)

where L(™) is the Choleski factor of X(™)~1. Here the formulae detailed in [5] may be directly
applied. Though easy to estimate this dramatically increases the recognition time computational
cost [4].

Alternatively a normalised-domain version may be used. Here the inverse covariance matrix is
given by

$Hm)-1 (HAW)TzfﬂT;g*l (HA(T)) (45)

Using this form of transformation the auxiliary function may be written as

Q(M ——Z DD IR ) [0 +108 (|20

r=1meMrs) 7=1
log (\A(T’ ) —log (HJ") + (A®o(r) - ﬂ(rm))THTEgi’g;H (Ao(r) - ﬂ<rm)>]

It is simple to see that this has the same form as the efficient full variance transform described
in [2], other than working in the normalised domain. this has little increase in computational cost
over the standard semi-tied models'! as instead of transforming by A(") the data is transformed
by HA("). Note if the transform is constrained to be diagonal both the Choleski and normalised-
domain transforms will yield the same transform.

)- (46)

D.2 Full Transform

The final option for the variance transform is to use

\(m)—1 _ (A(") (m)=1 (A (r)
£t = (A H) =t (A0R) (47)
This has no simple equivalence to previously defined transforms. It is of interest as the previous
two transforms make assumptions similar in many ways to the assumptions for normalise-domain
MLLR, whereas no such assumptions made with this form. The following expression must be
maximised

QM A =23 T S ) [ 4105 (|57,

r=1 meMirs) =1
log (‘A(” ) ~log (JH*) + (o(r) - ﬁ(m’)THTA(T)Tzfigg*IA(T)H (o(r) - ﬁ(m))]

Using the same equalities as described in [2] and only considering the first row of the transform
H, h;, (and ignoring all elements independent it)

)- (48)

dQ(M, M)

Ci i ij
e =BT —h;G* — 3 "h;G) (49)
! v i
where
G = “"’Zy DM (1) (50)
meM (=)

11 This assumes that all the components from the same semi-tied class use the same variance transform.
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and

DI(r) = (or) — 4) (o(r) — ™)

v(m) — sn(m)-1

= Z Z'YM(T)

Only considering this row and equating to zero gives

It is interesting to consider the various solutions of this equation.

c;h’h; = | Be; — ¢;h! Z th(ij) G-t

i

(51)

(52)

(53)

(54)

Only the first two are

applicable to the semi-tied models, but the other two illustrates the relationships with formulae
previously derived.

1. Full transform, full variance: This form is very similar to the constrained model-space

optimisation described in [2]. Thus h; may be written as

h;=a|c; + )\Z h; G | glD-1

JF

(55)

This expression may then be substituted into equation 54 and equations for a and A obtained
(see [2] for details). This is again an iterative process as each row of H is dependent on the

other rows according to the cofactors.

to be diagonal. In this case

dQ(M, M) (i3)
Tm Zhu 9

Equating to zero and rearranging yields

3191(1“) + hii Z hjjgz(;]
J#i

This may be easily solved iteratively, one element at a time.

Full transform, diagonal variance: For this case

gt { G, (i=))
0, otherwise

Therefore equation 55 simplifies to
h;, = OéCiG(ii)_l

The final solution is given by [2]

el (B
hi =G (CiG(“')—lciT)

14
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4. Diagonal transform, diagonal variance: Equation 56 simplifies to

IOM,M) 1 G
Ohe Uk M0 oy

Equating to zero and rearranging yields

B
hi; = ) (62)
9ii
In this case the new variance is given by
(m)2
5m? = Uh—2 (63)

It is easy to see that this has the form given in [4].
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