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Summary

The discovery of the independentcomponentsof a seriesof data is the `holy grail' of unsuper-

vised learning systems. It results in a code that is optimally compressible,easily processed,

and a system that generatessuch a code can be said to have `understood' its data. While

fully independent representations are extremely hard to achieve in most real-world situa-

tions, any system that reducesthe redundancyin its data can bring similar bene�ts.

This thesisdescribesan information-theor etic framework for unsupervised learning, and

identi�es the usefulnessof maximising information transfer while simultaneously attempt-

ing to minimise the sum of output entropies. A recurrent neural network model is developed

with the aim of ful�lling thesegoals.

The model is �rst intr oduced as a purely linear network that minimises the dif ferences

between the original input and a reconstruction generatedfrom the output values. The basic

model is then modi�ed to help it produce ef�cient codes by the addition of various con-

straints, such as through the use of penalty functions. Theseencourageoutputs to have low

entropydistributions, and in particular are used to promote sparseness. Modi�cations which

allow the network to usenonlinear mixtur e models, including one which takes into account

the effectsof occlusion, are also explored.

The practical applicability of the work is illustrated with examples basedon visual and

speechdata. The ability of the network to automatically generatewaveletcodesfrom natural

images is demonstrated. Thesebear a closeresemblanceto 2-D Gaborfunctions, which have

previously beenused to describephysiological receptive �elds, and asa meansof producing

compact image representations.

Keywords : neural networks, unsupervised learning, self-organisation, feature extraction,

information theory, redundancy reduction, sparsecoding, imaging models, occlusion, image

coding, speechcoding.
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Notation and Abbreviations

Every effort hasbeenmade to keep notation consistentthroughout this thesis. All commonly
usedsymbols and abbreviations are listed below. For the sakeof simplicity , various abusesof
notation are made, but the intended meaning should be clear from the context. In particular ,
the separate probability density functions pX �

x � and pY �

y � for random variables X and Y
will commonly be written simply as p

�

x � and p
�

y � . Similarly, identical symbols will often be
used to representboth a set of data and particular samplesfrom that set.

In describing the number of calulations g
�

n � required by an algorithm for a problem of
size n, the standard `big-O' notation is used, so that an algorithm is said to be �

�

f
�

n ��� if
there exist constantsc and n0 such that g

�

n ��� cf
�

n � for all n � n0.

General
X a matrix composed of elements xi j

x a column vector composed of elements xi
�

x
�

absolute value of scalar x
�

x
�

length (L2-norm) of vector x
�

x
�

r Lr-norm of vector x
xT transposeof x
X 	

1 inverse of X
X 
 pseudoinverse of X
det X the determinant of X
I the identity matrix
f �

�

x � the derivative of f with respectto its argument
[ ( ] ) inclusive and exclusive lower and upper bounds on a range of numbers

respectively, so that for example � a, b� representsa range containing
numbers x, where a � x 
 b

�

� x � the expectedvalue of x
x̂ `true' or optimal value for x

�

i j the Kronecker delta symbol (
�

i j �

1 if i
�

j, 0 otherwise)

Information theory
H

�

X � entropy of random variable X
H

�

X � Y � joint entropy of X and Y
H

�

X
�

Y � conditional entropy of X given Y
I

�

X;Y � mutual information between X and Y
DKL �

p
���

q� Kullback-Leibler diver gence(relative entropy) between p.d.f.s p and q

Network model
m number of input units
n number of output units
x input vector

�

x reconstructed input
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Notation iv

r output from �rst layer (residual)
a output vector
W weight matrix
w i weight vector of ith unit (transposeof the ith row of W)
Er reconstruction error
ER expectedreconstruction error over all data
Ep penalised reconstruction error
EP expectedpenalised error over all data

� activation rate
� learning rate
�

overall penalty term
� penalty function (for an individual output)

�

penalty parameter
bi j mixtur e weighting
di object depth

Abbreviations
CVQ Cooperative vector quantisation
EM Expectation maximisation
HMM Hidden Markov model
ICA Independent component analysis
ICL Iterative competitive learning
LP Linear programming
MAP Maximum aposteriori
MFCC Mel-fr equency cepstral coef�cient
MLP Multi-layer perceptron
MSE Mean-squared error
PCA Principal component analysis
p.d.f. Probability density function
PP Projection pursuit
REC Recurrent error-correction
SEC Symmetric error-correction
SSE Sum-squared error
VQ Vector quantisation
w.r.t. With respectto
WSJ Wall StreetJournal
WTA Winner-take-all
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Chapter 1

Introduction

A beginner's guide to pattern recognition: describean objectby onehundr ed binary features

that between them represent all of its distinguishing characteristics and which are statisti-

cally independent of eachother. Congratulations! You have solved the problem of pattern

recognition: you are now almost certain to be able to recognise this object, from amongst

several thousand others described in the sameway, even if it turns out that a signi�cant pro-

portion of your featureswere in fact determined incorrectly. You will be able to perform the

recognition in a fraction of a secondon a modern digital computer.1

The problem, of course,lies in obtaining a setof featuresthat ful�l the abovecriteria, and

in particular ones that achieve independence. Nevertheless, cast in this way, pattern recogni-

tion may be seenentirely as a problem of representation— if we can model the data in the

right way, subsequentprocessingbecomeseasy. However we should not be under any pre-

tencethat �nding a good representation is a simple task. If it were, then the �eld of arti�cial

intelligence would not still be in its infancy after nearly �fty years.

This thesis takes a small step on the journey towards making systems that are able to

automatically learn good representations from complex data. To do this, it borrows some

ideas from the only systemwe know of that is able to perform such tasks— the brain. At the

sametime, it tries to stay within the con�nes of the best theories we have to describe uncer-

tainty, namely statisticsand information theory. The approach is limited, and contains many

simplifying assumptions that cannot fully be justi�ed. The results, however, are interesting.

1.1 Related work and original content

The work in this thesis draws on many of the ideas commonly used in the �eld of neu-

ral networks, ideas that are well-described by several recent books (Bishop, 1995;Ripley,

1996;Haykin, 1994).Much of the inspiration for this work comesfrom the concept of redun-

dancyreductionput forwar d by Attneave (1954)and Barlow (1959,1961,1989),and which

is founded in information theory (Shannon and Weaver, 1949). Similar ideas are captured

in the framework of minimum descriptionlength (Rissanen,1978,1985;Zemel, 1993;Hinton

and Zemel, 1994).Further links between information theory and neural networks have been

1This idea is based on concepts discussed by Daugman (1993), to which the reader is referred for further

details.

1



1.2 The neural network paradigm 2

made by several authors (Linsker, 1988,1990,1992;Plumbley, 1991;Atick, 1992;Redlich,

1993a;Beckerand Hinton, 1992;Deco and Obradovic, 1996).

This work is also related to the conceptsof both independentcomponentanalysisand source

separation(Juttenand Herault, 1991;Comon, 1994)which have beenapplied to network mod-

els by Bell and Sejnowski (1995),Deco and Obradovic (1995),Oja (1995)and Karhunen et al.

(1995). The same idea may be described as factorial coding (Schmidhuber, 1992;Redlich,

1993b;Ghahramani, 1995). Several authors have noted the importance of sparsecoding in

achieving thesegoals (Földi ák, 1990;Field, 1994;Földi ák and Young, 1995;Fyfe and Badde-

ley, 1995a).

The work in this thesis is based on an iteratively-activated neural network model that

usesnegativefeedbackand is similar to onesetout by Pece(1992)on the basisof previous work

by Daugman (1988). The properties of the activation are explored in detail, and learning is

added with a simple Hebbian rule. The basic model so obtained is closely related to one

developed independently and concurrently by Olshausenand Field (1996a,b)for generating

sparseimage codes.

This work builds an understanding of the model, in terms of its dynamics, its applica-

bility , and practical issuesrelating to its implementation on computer systems.The motiva-

tion and methods for constrainingthe model in various ways are investigated in depth, and

theoretical explanations are developed. The network is also modi�ed to allow inclusion of

nonlinear mixtur e models, asan extension of the ideas put forwar d for a binary network by

Saund (1994,1995).

The network's performance is evaluated in a number of experiments with both arti�cial

and real data. The image-coding experiments of Olshausen and Field (1996a,b)are repro-

duced and extended, with somekey dif ferencesin the approachesmade clear. The network

is also applied to the coding of handwritten charactersand speechwaveforms.

Someof the preliminary work for this thesis has previously been published by Harpur

and Prager (1994,1995,1996).

1.2 The neural network paradigm

Neural network research saw an explosion of interest in the late-1980s. Against this back-

drop, the �eld struggled to establish itself asa seriousand theoretically justi�able challenger

to more traditional statistical techniques. This has largely been successful,and to such an

extent that distinctions between neural networks and statistics have in many casesbecome

blurr ed. It is quite possible, for example, to �nd papers in recentneural network conferences

and journals where little or no referenceis made to any kind of network architecture.

There does, however, remain a distinct role for the neural paradigm, i.e.a model based

on a network of simple but highly interconnectedprocessingunits. Formulating a system in

this way can bring several distinct bene�ts:

� A neural network provides a solid conceptual model for what can otherwise be quite

abstract computational techniques. Viewing a complex minimisation, for example, as

the dynamics of a system whose components are simple to understand is potentially a

very powerful method for giving new insight into such processes.
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� Once framed as a network model, various extensions to existing techniques often be-

comeapparent. Frequently, for example, networks begin life assmall linear models for

which the theory is already well known. Subsequently they can then be generalised

quite naturally to various high-dimensional and nonlinear cases,at which point they

may well becomemore powerful than previously existing techniques.

� Neural networks (at least in their `purest' form) are inherently localisedmodels, that is,

eachunit's operation depends almost exclusively on the signals provided by incoming

connections. A high degree of localisation is closely connected with low computa-

tional complexity, since limiting the number of signals neededby a unit also limits the

amount of processing it has to perform. At the same time, a highly localised model

lends itself naturally to a highly parallelised implementation.

� Arti�cial neural networks were originally inspir ed by their biological counterparts,

and there is potentially great bene�t to be had from retaining this link. The problems

people attempt to addresswith neural networks are often ones whose solutions have

eluded researchersfor many years,and yet arealsoonesthat biological systemsappear

to solve with great ease.It seemssensibletherefore not to overlook any clues that are

to be had from reverse-engineeringa system that already has the answers we require.

All of thesefactors have played a part in the work described here. Both the basicmodel and

its various extensions were originally conceived in the form of networks, and only subse-

quently described in mathematical terms. A primary goal of the work has been to favour

simplicity wherever possible,and, where successful,this has largely beenthe result of view-

ing the methods in terms of their network implementations. Perhaps most signi�cantly ,

some important steps have been inspir ed by physiology. For example the decision to per-

form large experiments with just a few iterations of the recurrent model (Chapter 7), which

theoretically seemedunlikely to work, was taken purely becausethe brain, if recurrent, must

be similarly constrained.

1.3 Overview of the chapters

Chapter 2 intr oduces some key concepts in information theory, discussesthe general na-

ture of the modelling problem, and shows how many important modelling issuesmay be

expressedin terms of information theory and coding.

In Chapter 3 we shall review some of the pre-existing unsupervised learning methods,

in particular those basedon neural network models. The primary emphasis will be on sys-

tems that are forerunners to this work, and on pointing out their strengths and weaknesses.

Chapter 4 presentsa recurrent network model that is intended to overcome some of these

limitations. The network is linked to an inhibitory feedback mechanism that has been pro-

posed as a computational model for the brain by several leading researchers. Its operation

is described, �rst in mathematical terms, and then by means of several simple examples.

The model is put forwar d as a �exible means of generating completerepresentations of a

perceptual environment.
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The network model is enhanced in Chapter 5 by imposing various constraints aimed

at making the representationsef�cient as well as complete. Low entropy, and in particular

sparseness, are identi�ed asa meansto achieve this in many cases.Theseideas are again de-

veloped mathematically and related to probability and information theory, and subsequently

illustrated with somesimple examples.

Chapter 6 extends the network model to caseswhere sub-patterns in the environment

may no longer be said to mix linearly. In particular , we shall look at situations where in-

dividual features are binary-like, and explore their interaction in terms of imaging models.

Work on modelling occlusionin visual environments is also presented,and the validity of

theseideas is demonstrated with experimental results.

In Chapter 7 the theory that has been developed previously is applied to real-world

data from vision and speech. Automatic generation of waveletcodesfrom natural images

is demonstrated, as is the production of other `feature-based'codesfrom handwritten char-

actersand continuous speechdata. The successof the networks in these tasks is measured

in terms of the information-theor etic framework that was setout in Chapter 2.

We shall conclude in Chapter 8 with a discussion of the contributions made by this the-

sis,somecomparisons with other work in related areas,and suggestionsfor futur e develop-

ments in this line of research.



Chapter 2

Framework

The task that this work seeksto addressis that of generating good models of complex envi-

ronments. Weshall attempt to de�ne what is meant by a `good' model in terms of information

theory, and shall begin therefore with a look at someof the key conceptsfrom this important

�eld. The properties of models within this framework are described, and the aims of a

general-purpose modelling system are reduced to two information-theor etic goals. We shall

also discuss the nature of such a system in terms of the codesit generates,and shall look at

someof the dif �culties inherent in the modelling process.

2.1 An introduction to information theory

Information theory provides a useful framework in which to expressmany of the ideas pre-

sentedin this thesis,so it will behelpful to examine someof the main conceptsof this theory

before progressing. Further details may be found in standard texts on information theory

(e.g.Ash, 1965;Cover and Thomas, 1991).

2.1.1 Information and entropy

The informationassociatedwith an event of probability p is de�ned aslog
�

1
�

p � . As a measure

of information, this simple formula achievestwo intuitively appealing properties:

1. The more unlikely an event is, the more information it conveys, while an event that is

a certainty (p
�

1) carries no information at all.

2. The total information conveyed by two independent events (with probabilities p1 and

p2) is the same whether we consider them as a single event with probability p1p2 or

simply add the individual information measures, since log � 1
�

�

p1p2 � �

�

log
�

1
�

p1 ���

log
�

1
�

p2 � .

For complete systems,it is useful to have a model of an information-generating mechanism.

The simplest of these is the discretememorylessinformation source, and we shall assume all

sourcesto be of this type. The source X emits a sequenceof symbols from a �nite alphabet
�

X ���

x1 � x2 � � � � � xn �

, each symbol occurring with a statistically independent probability

5



2.1 An introduction to information theory 6

given by the function pX �

x � for x �

�

X . We are often interested in the meaninformationob-

tainedpersymbol. This is simply

H
�

X �

�

�

� log
�

1
�

p
�

x �

�

�

� å
x ��� X

p
�

x � log
�

1
�

p
�

x �

�

��� å
x ��� X

p
�

x � log p
�

x �

(2.1)

where we have used p
�

x � as shorthand for pX �

x � , and
�

��� � is the expectation operator. This

quantity is known as the entropyof the source. Sinceprobability requires that p
�

x � � 1, we

know that log p
�

x � � 0, and so H
�

X � is guaranteed to be non-negative. If the logarithm

of (2.1) is in base2, then the entropy is measured in bits; if it is in basee (i.e.a natural loga-

rithm), the entropy is said to be expressedin nats.

At one extreme, where all n possible values for X are equally likely , the entropy H
�

X �

has its maximum value (log n). At the other, where there is only one value of X with non-

zero probability (i.e.X is deterministic), H
�

X �

�

0. We therefore have the idea that entropy is

associatedwith the `peakiness'of a distribution — the more sharply it is peaked, the lower

the entropy.

The choiceto measure entropy in bits is not purely accidental. If, for example, the source

X has four equiprobable values, its entropy, from (2.1),is given by

H
�

X �

�

4 �

1
4

� log2 4
�

2 bits

corresponding to the number of bits required to representsuch a variable in a binary code.

Less intuitive is that if the values were not equiprobable, the entropy would be lower, and

need not be a whole number of bits. In coding terms, the entropy is in fact giving us the

meanlength of the shortest (i.e.most ef�cient) possible code for representing samples of X.

Entropy, therefore, is a measure of the compressibilityof an information source.

2.1.2 Joint and conditional entropy

If we now consider a pair of sourcesX and Y with alphabets
�

X and
�

Y respectively, we may

de�ne some quantities relating to the dependency between them. Firstly, the joint entropy,

written as H
�

X � Y � , comesdir ectly from the joint probability distribution p
�

x � y � :

H
�

X � Y �

���

�

� log p
�

x � y � �

��� å
x ��� X

å
y ��� Y

p
�

x � y � log p
�

x � y � �

Secondly, we may de�ne the conditionalentropyas1

H
�

Y
�

X �

�	�

�

� log p
�

y
�

x � �

�	� å
x

p
�

x � å
y

p
�

y
�

x � log p
�

y
�

x �

�	� å
x 
 y

p
�

x � y � log p
�

y
�

x � �

1For simplicity the ranges of summations are omitted from this point onwards, and joint summations are

combined where possible.
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This value gives us the information we can expect, on average, from a sample of Y if we

already know the corresponding sample from X. Entropy, joint entropy and conditional

entropy obey the simple relation

H
�

X � Y �

�

H
�

X � � H
�

Y
�

X � � (2.2)

This is easily proved by starting from the standard relation p
�

x � y �

�

p
�

x � p
�

y
�

x � and taking

the logarithms and expectations of both sides. Repeated application of (2.2) extends this

relation to a chainrule for many variables X1 � X2 � � � � � Xn:

H
�

X1 � X2 � � � � � Xn �

�

n

å
i � 1

H
�

X i
�

X i
	

1 � � � � � X1 � � (2.3)

2.1.3 Relative entropy and mutual information

We may de�ne the relativeentropy or Kullback-Leiblerdivergenceof two probability distribu-

tions p
�

x � and q
�

x � as

DKL �

p
���

q�

�

�

p

�

log
p

�

x �

q
�

x ���

� å
x

p
�

x � log
p

�

x �

q
�

x �

where
�

p ��� � denotes the expectation over the distribution p. The relative entropy may be

interpr eted as a measure of distancebetween the distributions p and q. Strictly, it is not a

distance metric becauseit is not symmetric and does not obey the triangle inequality , but it

doeshave the property that DKL �

p
� �

q��� 0, with equality if and only if p
�

q.

The mutual information I
�

X;Y � between two sources X and Y may be expressedas the

relative entropy between their joint distribution and the product of their marginal distribu-

tions:

I
�

X;Y �

�

DKL �

p
�

x � y �

���

p
�

x � p
�

y ���

� å
x 
 y

p
�

x � y � log
p

�

x � y �

p
�

x � p
�

y �

�

(2.4)

It is a standard statistical property that if X and Y arestatistically independent then p
�

x � y �

�

p
�

x � p
�

y � . From the properties of relative entropy noted above, therefore, zero mutual infor -

mation is a necessaryand suf�cient condition for statistical independence. Where X and

Y form part of the same code, mutual information is a useful measure of the redundancy

between them.

Splitting the mutual information (2.4)into two terms, we �nd that

I
�

X;Y �

��� å
x 
 y

p
�

x � y � log p
�

x � � å
x 
 y

p
�

x � y � log
p

�

x � y �

p
�

y �

��� å
x

p
�

x � log p
�

x � � å
x 
 y

p
�

x � y � log p
�

x
�

y �

�

H
�

X �

�

H
�

X
�

Y � �

(2.5)

We could equally have split the terms in x and y the other way round, so we see that

I
�

X;Y �

�

I
�

Y; X � . The relationships (2.2) and (2.5) between the various entropic quantities

for two random variables are summarised in Figure 2.1.
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H
�

X � Y �

H
�

X
�

Y � I
�

X;Y � H
�

Y
�

X �

H
�

X � H
�

Y �

Figure 2.1: Representation of the relationship between dif ferent entropic quantities for two

random variables.

2.1.4 Dif ferential entropy

We have so far only looked at the entropy of discrete random variables. To extend this to the

caseof a continuousrandom variable X with probability density function p
�

x � , we simply

replacethe summation of (2.1)with an integral, and de�ne the differential entropyas

h
�

X �

�	���

S
p

�

x � log p
�

x � dx

where S is the set where p
�

x � � 0 (known asthe supportsetof X).

As an example, consider the caseof a continuous random variable X with a uniform

distribution over the range 0 to a
�

� 0� . This distribution has a density of 1
�

a between 0 and

a, and of 0 elsewhere,so the dif ferential entropy of X is

h
�

X �

�����

a

0
�

1
�

a� log
�

1
�

a� dx
�

log a�

We note that for a 
 1, h
�

X � 
 0, and so observe that, unlike the entropy of discrete ran-

dom variables, dif ferential entropy can be negative. Furthermor e, as a � 0, h
�

X ���

���

, so

dif ferential entropy is not aswell-behaved as its discrete counterpart.

Another important caseis the normal (or Gaussian)distribution. It is not hard to show

that the dif ferential entropy for a normally distributed random variable XG with variance �

2

is

h
�

XG �

�

1
2

log 2� e�

2 (2.6)

and it is well known that the normal distribution maximisesthe entropy over all distributions

of equal variance (e.g.Decoand Obradovic, 1996,p. 20). Weshall usethis fact in Section2.1.5

below.

There are further problems with dif ferential entropy besidesits potential negativity . In

the discrete case,a random variable may be arbitrarily scaled without affecting its entropy

(asseenfrom (2.1)becauseH
�

X � is a function of p
�

x � alone). Dif ferential entropy, however,
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is not invariant under scaling. It is straightforwar d to show (e.g.Cover and Thomas, 1991,

p. 233)that

h
�

aX �

�

h
�

X � � log
�

a
�

� (2.7)

This property extendsto vector-valued random variables, sothat for a transformation matrix

A of full rank,

h
�

Ax �

�

h
�

x � � log
�

det A
�

�

In particular we note that the dif ferential entropy of x is conserved by the transformation A

if its determinant has magnitude one, or in other wor ds if the mapping is volume-conserving.

The other measures of entropy that we have seenfor discrete random variables extend

as one would expect to the continuous case,and the good news is that relative entropy

and mutual information keep the sameproperties, in particular their non-negativity , in the

continuous domain.

2.1.5 Negentropy

The scaling properties of dif ferential entropy mean that comparisons between entropies of

continuous-valued variables should be made only with care. One method is to use the stan-

dardisednegentropy, de�ned as

j
�

X �

� �

h
�

X � � h
�

XG �

where XG is a normally distributed random variable with the same variance �

2 as X. Us-

ing (2.6)we may therefore write the negentropy as

j
�

X �

� �

h
�

X � � log �

�

2� e�

1 � 2
��� �

Using (2.7),we seethat

j
�

aX �

� �

h
�

X �

�

log
�

a
�

� log �

�

2� e�

1 � 2 �

a
�

�
�

�

j
�

X �

and so negentropy is scale-invariant. At the sametime, since the normal distribution max-

imises entropy for a �xed variance, it is guaranteed to be non-negative. Theseproperties

extend straightforwar dly to the multivariate case(Comon, 1994).

Another , equivalent, means of making entropy comparisons signi�cant, and one that

will be used later, is simply to scalevariables to have equal variance before calculating their

dif ferential entropy.

2.2 Modelling terminology

Before moving on to discuss the properties of modelling systems,the terminology that will

be used should be clari�ed. The input to a system is also referred to as the environment, or

just the data. The code-generatingprocessitself is variously called a model, system, or network,

and its output is also referred to as a representationor code. This notation is summarised in

Figure 2.2. A slight ambiguity results becausethe concept of a `model' exists on two levels

— that of the processingsystem itself, and its internal state — but the meaning should be

clear from the context.



2.3 What makes a good model? 10

Environment/
Data/Input

Model/System/
Network

Representation/
Code/Output

Figure 2.2:A summary of the terms used in this work to describemodelling systems,show-

ing the various descriptions given to the input, the system itself, and its output.

2.3 What makes a good model?

Sincewe wish to evaluate models, we need to have some idea of what it is that makes one

model of the world better than another. Possibleways to model images include, for exam-

ple, creating a set of pixel values, a frequency-basedrepresentation composed of Fourier

coef�cients, or a grid of binary digits representing the location of edges. Given a number

of models, how are we to assesstheir relative merits? We may identify several factors that

could be helpful:

Completeness. How well is the input representedby the model? If the model is complete

(or lossless),all aspectsof the input are represented,allowing complete reconstruction

of the original from the model's representation. When this is not possible, the model

is lossy. This may be causedby noise or impr ecision within the processingsystem, or

by the model having insuf�cient expressive power to fully represent the input. The

latter caseneed not be a problem if the information lost is not useful for subsequent

processing,for example when it is due only to `sensornoise' on the inputs.

Simplicity . There may be any number of models that are complete, or that come ascloseas

each other to being complete. In such circumstances,which should we favour? The

principle of Occam's razor tells us to choose the simplest. In determining what we

mean by the simplicity of a model there are two dif ferent (and con�icting) factors to

consider: the complexity of the representation(the number of code elements produced

by the model, for example), and the complexity of the model itself (perhaps measured

by the amount of processing required to compute the code, or to attempt a recon-

struction from it). How theseare balanced will depend upon the relative amounts of

transmission bandwidth versus processing power available to the system. There is

also often a trade-off between simplicity and completeness:sometimes we may wish

to sacri�ce the ability to represent the input fully in order to keep the representation

simple. This is the approach taken by lossy compressionalgorithms.

Conformity . Good models correspond closely with reality. We would expect, for example,

a high-level model of a visual environment to contain some notion of objects. While

it appears dif �cult to specify exactly how the model should conform with reality,2 we

may be able to measure its successby the degree to which it is able to generalise, i.e.

to model new data from the sameenvironment. A system that merely stored all past

data, for example, is likely to perform particularly badly in this respect.

Fitness for purpose. A model is typically only a meansto an end, a basis for describing the

world or deciding on a courseof action. Therefore its value must largely bedetermined

2Any determined attempt to do so is likely to lead to a deep philosophical discussion about the nature of

reality, something that is de�nitely beyond the scopeof this work!
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by its usefulnessin performing this higher goal. Coding an image in terms of edges,for

example, may be suf�cient if the system asa whole is required to �nd the boundaries

of objects,but is not a good choice if the overall aim is to recognisedif ferent textures.

This idea applies even when the model is complete — there is little point in using

the Fourier transform of an image, for example, if the system must extract positional

information from the data.

The above descriptions give a qualitative idea of what is desired of a good model, but do

not allow us to quantify our successin these areas. However, concepts from information

theory can help us here. We shall assume for simplicity that we are dealing with discrete

systems,but the ideas are equally applicable to the continuous case,providing that we take

into account the scaling problems setout in Sections2.1.4and 2.1.5.

Completeness. The completenessof a model may be measured in terms of the mutual in-

formation I
�

X; A � between the raw data X and the model's representation A (Sec-

tion 2.1.3). We shall refer to this as the information transfer(from input to output) of

the modelling system. If we assume,as we shall in the remainder of this work, that

the system itself is noise-free, then any information at the output can only have come

from the input, i.e.H
�

A
�

X �

�

0. Hence, from (2.5),we seethat I
�

X; A �

�

H
�

A � , and so

maximising information transfer canbeachieved simply by maximising the output en-

tropy. This is a technique known as`infomax' (Linsker, 1988,1992;Bell and Sejnowski,

1995).

Simplicity . The simplicity of the representationproduced by a model can be measured in

terms of its entropy. The simplicity of the model itself can, subject to �nding a suit-

able way of describing it, be measured by the length (i.e. number of bits) of such a

description. Combining the two into a single expression forms the basis for the min-

imum descriptionlengthprinciple (Rissanen,1978,1985). This intr oduces a problem of

how to model the model, and �nding a suitable way to describea model can be tricky .

In a neural network this is typically done using a measure of the number, and possibly

size,of the weights, and forms the theoretical justi�cation for the technique of weight-

elimination (Weigend et al., 1991).We shall not attempt to quantify model complexity

in this work, concentrating instead on the entropy of the representation: the lower the

entropy, the simpler the representation. We have just seen,however, that for a system

to generatecomplete models, it should maximisethe entropy of its output, so the con-

�ict between completenessand simplicity that we noted above is also clearly apparent

in terms of entropy. A solution, which need not compromise the completenessof the

model, is to consider the entropy of eachelement of the output separately, and attempt

to minimise their sum. The minimum, for a �xed overall output entropy, is obtained

when each of the elements is statistically independent. Representations that achieve

this are known as minimum entropy codes, and we shall discuss these in greater detail

below.

Conformity . If the signals taken in by our senseshad maximum entropy, they would appear

to be random noise, like `snow' on a television screen; we would be unable to gener-

alise, and thus unable to make senseof the world and make predictions about it. It is
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in fact dependenciesthat form the basisfor objects,concepts,and so on, and the process

that we call `understanding' is, essentially, the act of discovering thesedependencies

through experience. In saying that we wish a model to `conform with reality,' we are

asking that it builds a representation based on the dependenciesof its environment.

If the model's representation has independent elements, then it must necessarilyhave

detectedand removed the dependenciesin its input to achievethis. Therefore the sum

of output entropies, as a measure of independence, can again be used to gauge the

model's successin this regard.

Fitness for purpose. A limitation of information theory is that it cannot, by itself, distin-

guish between useful and uselessinformation, i.e. signal and noise. For a learning

system to perform a particular task, external in�uences are required to indicate which

information is important, and how well the system is performing. In nature, this is

provided ultimately by evolutionary pressures,and more immediately by sensations

such as pleasure and pain. For an arti�cial system, it is up to us to provide similar

forms of pressure, typically in the form of supervisedor reinforcementlearning. While

information theory cannot help dir ectly in tailoring a system to a particular task, it can

help at apreprocessingstage,which is primarily what we shall consider in this work —

if a preprocessorcan produce a representation whose elements are independent, then

a higher, task-speci�c, level of processingneed only selectthose elements that are of

interest. Yet again, an independent (minimum entropy) code appears to be important.

This point is discussedin more detail in the next section.

From four properties of `good' models, we have produced just two information-theor etic

goals: the desire to have models that are complete means we should attempt to maximise

total output entropy, and the properties of simplicity , conformity and usefulnesscan all be

captured by minimising mutual information between the separateelements of the output.

In the following sectionswe shall look at someof theseissuesin more detail.

2.4 Noise as information

A property of information theory that is slightly counter-intuitive is that the more random a

signal is, the higher its entropy, and hencethe higher its potential information content. It is

common to assumethat `noise' is entirely random, and yet our normal notion of noise is as

something that carries zero information. The way out of this apparent contradiction is that

what we commonly refer to as`information' is in fact the mutual information between some

received signal and a subject of interest. Noise is information, but it is information about

something in which we have no interest.

We therefore see that the concepts of signal and noise can be task-speci�c: the varia-

tion between dif ferent people's speechis noise to a speech-recognition system, for example,

but is precisely the signal required by a speaker-identi�cation system; or similarly much of

the information rejected as noise by a visual edge-detector forms the signal for a texture-

segmentation system.

In this thesis, we shall consider only systemsthat are unsupervised, i.e.where there is no

external agent to say which information is interesting and which is not. This is why we
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Input
entropy

Sum of individual
output entropies

output entropy
Overall

Mutual information

Constraints

} between outputs

Figure 2.3: A representation of the relationship between several measures of entropy in a
(discrete) information-pr ocessingsystem. The input entropy is �xed by the environment,

and (if the system is assumednoiseless)provides an upper bound on the overall output en-
tropy. The sum of the entropies of eachof the output values may beaboveor below the level

of input entropy, but will always be at least asgreat as the overall output entropy, with any
dif ferenceaccounted for by mutual information between the outputs. The downwar d arrow

representssome means of bounding the individual output entropies by the application of
constraints. In an ideal system,both dotted lines will convergeon the solid line representing

input entropy, giving a complete factorial code.

must aim to capture all information, and leave it to later, task-speci�c processingto decide

which to use and which to ignore. As mentioned above, this separation is made as easyas

possibleby building an independent representation,sincesignal and noiseare,by de�nition,

independent of eachother.3 The information in a speechsignal relating to the wor ds spoken,

for example, is largely independent (except at a very high level) of the information relating

to the person who is speaking them.

2.5 Entropy in an information-processing system

The entropic quantities we have identi�ed as important in a modelling system are depicted

in Figure 2.3. We shall again assumethat all variables are discrete. Denoting the input by

the vector x, the overall input entropy H
�

x � provides a �xed reference,shown in the centre

of the diagram. Denoting the output by the vector a
�

�

a1 � � � � � an �

T, the information in the

output that relatesto the input is given by

I
�

a;x �

�

H
�

a�

�

H
�

a
�

x � �

But, aswe have already noted, if the systemitself is assumedto benoiseless,then H
�

a
�

x �

�

0,

and

I
�

a;x �

�

H
�

a � �

3If this werenot the casethen the `noise' should be retained becauseit must contain relevant information that

could be useful in subsequentprocessing.
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Maximising the overall output entropy is therefore equivalent to maximising information

transfer.

The overall output entropy is given by the sums of the individual elements' entropies

minus any mutual information between them. This expressioncan be obtained by combin-

ing (2.3)and (2.5)to give

H
�

a�

�

n

å
i � 1

H
�

ai �

�

n

å
i � 1

I
�

ai; ai
	

1 � � � � � a1 � �

We are already attempting to maximise H
�

a� . This can simultaneously minimisethe mutual

information term if å n
i � 1 H

�

ai � is suitably constrained. In other wor ds, if some upper bound

or downwar d pressurecanbe placed on the sum of output entropies, then maximising over-

all output entropy will `squeezeout' the mutual information, as depicted in Figure 2.3. In

the work of Bell and Sejnowski (1995),for example, a �xed upper bound on individual en-

tropies is intr oduced by limiting the range of values than outputs can take on. In Chapter 5

we shall look at a number of other constraints that either intr oduce bounds or put downwar d

pressure on output entropies.

If we successfully squeezeout all mutual information between outputs, the redundancy

of the code becomeszero and

H
�

a�

�

n

å
i � 1

H
�

ai � �

Accordingly , we �nd that

p
�

a �

�

n

Õ
i � 1

p
�

ai �

and so the code elements are statistically independent. We have generated a factorial or

minimum entropycode.

There is, unsurprisingly , some confusion over whether entropy should be maximised or

minimised, since some work advocatesone, and some the other. The answer, we know see,

is that we should do both! The obvious contradiction is resolved by observing that we are

referring to two dif ferent quantities — we wish to maximise mutual information between

input and output, but minimise mutual information between the individual output values.

The fundamental nature of the problem of generating independent codes means that

there is no shortage of methods that attempt to solve it. The name used generally depends

upon the �eld in which the technique originated. In the statistical community , for example,

the problem is usually known as factoranalysis(Halman, 1976;Watanabe,1985), in signal

processingasindependentcomponentanalysis(Juttenand Herault, 1991;Comon, 1994),in geo-

physics asminimum entropydeconvolution(Wiggins, 1978;González et al., 1995;Satorius and

Mulligan, 1992),and in physiology as redundancyreduction(Attneave, 1954;Barlow, 1959,

1961;Atick, 1992)or minimum entropycoding(Barlow, 1989;Barlow etal., 1989).In the some-

what eclectic�eld of neural networks, all of theseterms may be found!

2.6 Low entropy codes

The title of this thesis avoids the term `minimum entropy,' and usesinstead the phrase `low

entropy coding.' This is in recognition of the fact that for most real data, and with simple
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models such aswill be used here, there is no hope of producing fully independent codes.

The aim, in essence,is to perform low-level feature detection. `Features' represent the

dependenciesin a set of data. Visual featuressuch as lines, for example, account for the fact

that the intensity at one point in an image tends to be highly dependent on the intensities

of those around it. At the sametime we expect the dependency betweenfeatures to be low

(otherwise they should be amalgamated into one or more larger features).

A feature-basedcode should therefore have low entropy. It is unlikely , however, to have

minimum entropy, becausedependenciesoften extend to very high levels of processing. In

a typical visual environment, for example, small edge segmentsare interdependent because

they combine to form straight or curved lines, which themselvescombine to form the bound-

aries of distinct objects. At a higher level still, objectsthemselveshave complex dependen-

cies,since,for example, solid objectsare required to support one another, but cannot occupy

the sameregion of space.

As another example, wor d-sounds, or phones, are useful low-level features of speech,

but are not fully independent becausethey combine to form wor ds, which are joined to

form phrases,sentences,entire passages,and so on. The dependencieseven extend to the

meaningthat the speechis intended to confer.

The generation of low entropy codes is a valid goal, becauseredundancy reduction is a

useful step towards a full `understanding' of the data, even if it leaves further dependen-

cies,or what Barlow (1989)terms `suspicious coincidences,' to be discovered in subsequent

processing.

2.7 Local, distributed and sparsecoding

Having said that we wish to generatecodeswith low redundancy, it is useful to have some

idea of what form such codes might take. There has in particular been much debate as to

the nature of codes in the brain, and correspondingly about ways in which thesemight be

reproduced in arti�cial neural networks.

At one end of the spectrum come local codes, where only one element (or an isolated

cluster of elements) of the code are `active' (non-zero, for example) for any particular pat-

tern. The advantage of such a representation is that it is very easy to tell which pattern

occurred, but the principal disadvantage is that for any reasonablycomplex environment, a

huge number of elementsare required if the code is to be anywhere near complete. It is also

dif �cult to generalisebetween patterns that are classedasdistinct under a local code. A local

codecannot have minimum entropy becausethe fact that one element's being active implies

that all others are inactive shows there is a dependency between them.

At the other extremecomefully distributedcodes,whereall elementsareused to represent

each pattern. These tend to be much more compact in terms of the number of elements

required, but it is no longer possible to determine dir ectly which particular pattern is being

represented, implying a need for further processing. There is is general no guarantee that

there will not be strong dependencies between the code elements, but a fully distributed

code couldhave minimum entropy in certain cases.

In between local and distributed codes we have the situation where only a fraction of
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the code elements are actively used to represent a typical pattern. Such codes are often

termed sparse. They have the potential to give `bestof both worlds' solutions: codesthat are

not hampered by a combinatorial explosion in size, but are nevertheless able to represent

separatecomponents of the data dir ectly.

A sparsecode may also have very low redundancy, providing that the underlying inde-

pendent causesof the data it encodesare themselvessparse. This seemsto be a reasonable

hypothesis in many cases. If, for example, we say that to a �rst approximation individual

objectsform the independent components in images, then an object-basedcode will be both

independent and sparse,since there are many possible objects,but only a few appear in a

typical image. Similarly, by making the simplifying assumption that wor ds are the indepen-

dent components of sentences,then a wor d-based representation of a sentencewill also be

both independent and sparse,since of the many possible wor ds, only a few appear in any

one sentence.

Further discussions about the relative merits of the dif ferent types of representation are

given by Thorpe (1995)and Zemel (1993). The usefulnessof sparsecoding, and its validity

as a model of brain function, have been examined by several authors (Barlow, 1983,1994;

Földi ák, 1990,1992;Földi ák and Young, 1995;Field, 1987,1994;Olshausenand Field, 1996a;

Rolls and Tovee,1995).We shall return to the issueof sparsecoding in Chapter 5.

2.8 Why the modelling problem is hard

Modelling is a problem in which one attempts to infer causesfrom observations of the effects

that they produce. This is often known as an inverseproblem, as distinct from the forward

problem of determining effects from causes.

Forward problems are (relatively) easy to address. In a deterministic system, there is a

single mapping from any setof causesto their effects. This uniqueness is a key condition for

a well-posedproblem (Hadamard, 1923).4 Dif �culties only arise when deciding how to make

simplifying approximations to the mapping and how to deal with incomplete knowledge of

the causes.

Inverse problems, by contrast, are typically ill-posed(Bertero et al., 1988): there are often

many possible explanations for a particular observation, so the solution is no longer unique.

In such circumstances, it becomesnecessaryto consider which explanations are the most

likely, thus intr oducing the extra complexity of a probabilistic element that was not present

in the equivalent forwar d problem.

Computer graphics is an example of a forwar d problem: one takesa description of some

objects,their positions, the lighting and soon, and calculatesthe patterns of light that result.

The corresponding inverseproblem is computer vision, where one takes a pattern of light

and attempts to explain it in terms of the underlying causes.The relative maturity of the two

�elds gives a fairly good indication of their relative complexities: while computer graphics

is able to produce realistic pictur esand animations from world models, computer vision is

still nowhere near the stage of being able to reverse the processand use those images to

regeneratethe underlying model.

4Under the original de�nition, there is also a requirement for continuity which we shall not consider here.
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2.9 Some basic modelling problems are NP-complete

Another way of characterising the dif �culty of modelling problems is in terms of their com-

putational complexity. Many canbecastascombinatorialoptimisationproblems, wherethe time

taken to �nd the optimal solutions increasesexponentially with the size of the problem.

Algorithms that run on a serial computer in a time equal to some polynomial in the size

of the problem are commonly placed in a classP. Another class,NP, contains those whose

solutions can be veri�ed in polynomial time, which certainly includes all of P. It is believed,

although not proven, that NP is a strict superset of P, and that there are therefore problems

in NP but not in P that cannot be solved in polynomial time on any serial computer.

The hardest of the problems in NP are known as NP-complete, and it has been shown

(Cook, 1971)that if any one of thesewere solved in polynomial time, then all NP problems

could be solved in polynomial time.

Many of the problems that have beenshown to be NP-complete are what we are terming

here `modelling problems.' One example is the set basisproblem (Stockmeyer,1975;Garey

and Johnson,1979,p. 222). It can stated as:

Consider a set X of binary strings of a �nite length m, and a positive integer

n �

�

X
�

. The problem is to �nd a setW of binary strings of length m with
�

W
�

�

n

such that, for eachx � X, there is a subsetof W whose logical OR is exactly x.

In fact we shall later tackle a problem that is exactly of this form (Section 4.12.1). Another

NP-complete modelling problem is a form of clustering(Garey and Johnson,1979,p. 281):

Consider a �nite set X, an integral distance d
�

x � y � for each pair x, y � X, and

two positive integers K and B. The problem is to determine a partition of X

into disjoint sets X1 � X2 � � � � � XK such that, for 1 � i � K and all pairs x, y � X i,

d
�

x � y ��� B.

The NP-completenessof modelling taskssuch astheseis in one sensedisheartening because

it implies that we cannot in general obtain complete, tractable solutions to theseproblems.

At the sametime, the absenceof a tractable general solution justi�es approachesthat are to

someextent task-speci�c, rely on heuristics, or are not guaranteed to give optimal results.

2.10 Discussion

This chapter has attempted to demonstrate �rst that modelling problems can be set in the

context of information theory, and second that they are dif �cult to solve. A good general-

purpose modelling system will generate representations that are maximally complete(by

maximising mutual information between input and output) while also being maximally ef�-

cient(by minimising mutual information between code elements).

Systemsthat attempt to build models and develop codes using the raw data alone are

often termed unsupervisedor self-organisingsystems. We shall look at some of these in the

next chapter. Although most are not baseddir ectly on information theory, they all to some

extent embody the ideas of completenessand ef�ciency .



Chapter 3

Self-Organisation and Unsupervised

Learning

This chapter gives an overview of someof the techniquesalready in existencefor performing

unsupervised learning. No attempt will be made to cover the whole range of this enormous

�eld. We shall instead concentrate primarily on those techniques that provide the basis for

work set out in subsequentchapters. This means that the main emphasis is on neural tech-

niques in particular . Broader and more detailed surveys of unsupervised techniques for

neural networks are given by Becker (1989),Haykin (1994),Ripley (1996)and Hertz et al.

(1991),and the classicwork by Duda and Hart (1973)is a good starting point for more gen-

eral statistical methods.

Although most of the methods we shall look at do not use dir ectly the information-

theoretic ideas set out in the previous chapter, the aim is the same— to automatically pro-

duce a good model of the data. The language used, however, is often slightly dif ferent. It

is common to think of the original data as residing in a space,known as the dataspace. The

processcan be thought of as transforming this into a feature spacewhich, we hope, will be

more amenable to subsequent processing. Where the feature spacehas fewer dimensions

that the original data space,the processis known asdimensionalityreduction. We shall begin

with a well-known technique for performing such a mapping.

3.1 Principal component analysis

One of the longest-standing and most popular statistical methods of dimensionality reduc-

tion is principal component analysis (also known as the Karhunen-Lo �eve transformation)

�rst intr oduced by Pearson(1901). The method is described in depth by Jolliffe (1986). In

the presentation given here, we shall look at certain aspectsof the method in detail because

closely related mathematical expressionswill appear in the description of the network in

Chapter 4.

The aim of PCA is to map vectors x in an m-dimensional spaceonto vectors a in an n-

dimensional space,with n � m. Often the inequality is strict (producing a subspaceprojec-

tion of the original points) sincePCA is a useful method for dimensionality reduction. When

n
�

m, the processforms the basis for sphering, a method that will be discussed further in

18
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Section3.8.1.

For simplicity we shall assumethat the data have zero mean:

�

� x �

�

0 �

If this werenot the case,we could simply subtract the mean from the data beforeproceeding.

Alternatively , it is quite possible to perform a similar analysis without making this assump-

tion (e.g.Bishop, 1995,p. 310).

Any point x in the original m-dimensional spacemay be representedas a linear combi-

nation of (any) m orthonormal vectors u i:

x
�

m

å
i � 1

aiu i � (3.1)

Sincethe vectors u i are orthonormal, they obey the relation

uT
i u j �

�

i j (3.2)

and hence,by premultiplying (3.1)by uT
i , we �nd that the coef�cients ai are given by

ai �

uT
i x � (3.3)

Now we restrict the representation in (3.1) to a linear combination of just n orthonormal

vectors, with n 
 m. Sincewe have restricted the number of degreesof freedom, it will no

longer bepossible in the general caseto representall of the data exactly — the approximation
�

x to the original is given by

�

x
�

n

å
i � 1

aiu i � (3.4)

The aim now is to choose the coef�cients ai and basis vectors u i such that they give the

minimum possible sum-squared error (SSE)between the original vectors x and our recon-

structions
�

x. This gives an error function

Er
�

�

x
�

�

x
� 2 (3.5)

which should be minimised by our selection of coef�cients ai (for a particular pattern x and

setof basisvectors u i). Similarly, the mean error over the entire data set is given by

ER
�

�

�

�

x
�

�

x
� 2

� (3.6)

which should be minimised by our selection of basisvectors u i . The choice of sum-squared

dif ferenceas the error metric is a natural one; some theoretical justi�cations for its use are

given in Chapter 4.

Minimisation of (3.5)is easy. The function is quadratic and hasa single, global minimum.

The derivative of Er with respectto ai is given by
�

Er
�

ai
� �

2
�

x
�

�

x �

Tu i

� �

2
�

x
�

n

å
k� 1

akuk �

Tu i �
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Setting this to zero, we �nd that

xTu i �

n

å
k� 1

aku
T
ku i �

0

which by application of the orthonormality relation (3.2) reducesdir ectly to (3.3). Thus we

seethat the optimal coef�cients are the samewhether the orthonormal basis is complete or

partial. Given this, we can substitute (3.1)and (3.4) into (3.6)to give

ER
�

�

���

�

�

�

m

å
i � n




1
aiu i

�

�

�

�

2 �

�

m

å
i � n




1

�

� a2
i � �

This is simply the sum of the variances1 for the projection coef�cients in the dir ections that

have been discarded in our approximation (3.4). What this tells us is that in order to min-

imise ER we must �nd and discard thosedir ections in which the data hasminimum variance

or, equivalently , useonly the dir ections of greatestvariance.

The task of �nding the optimal dir ections u i for any particular value of n is under-

constrained. Any orthogonal basis that spansthe n-dimensional spacecontaining the great-

est variance in the data (often called the principal subspace) will suf�ce. If however we retain

the right to choosen after the analysis, then the dir ections u i must be ordered such that the

�rst is in the dir ection of greatestvariance, the secondthe next greatest(while being orthog-

onal to the �rst) and so on. Thesedir ections are known as the �rst, second, etc., principal

components.

By substituting the values of ai given by (3.3)we note that the variancesof the coef�cients

ai , which we shall call �

2
i , are

�

2
i �

�

� a2
i �

�

�

�

�

uT
i x �

�

xTu i � �

�

uT
i

�

� xxT
� u i

�

uT
i �

u i

(3.7)

where
�

is the covariance matrix, de�ned (becausex has zero mean) as the expectation of

the outer product of x with itself:

�

�

�

� xxT
� �

From this de�nition, the covariance matrix is clearly real and symmetric. It is a well-known

theorem of linear algebra (e.g.Strang, 1988,p. 296) that a real symmetric matrix such as
�

can be factored as

�

�

Q � QT

where Q is a matrix whose columns q i are the orthonormal eigenvectors of
�

and � is

a diagonal matrix where the diagonal elements
�

i are the corresponding eigenvalues. We

1Becausewe have assumedthat the data have zero mean, any projection will alsohave zero mean, so that the

variance of a coef�cient ai over the data is simply its mean-square value.
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may assumewithout lossof generality that the columns of Q have beenpermuted such that
�

1 �

�

2 � � � � �

�

m.

We can now write (3.7)as

�

2
i �

uT
i Q � QTu i (3.8)

and note that if it happened that for somei, u i ���

q i, then (3.8)would reduce,by application

of the orthonormality relation (3.2),to

�

2
i �

�

i

for that value of i.

The dir ectionsu i we seekare the stationary points of (3.7),subjectto the constraint that u i

hasunit length, i.e.that uT
i u i �

1
�

0. Using a Lagrange multiplier � i , thesecan be expressed

asthe stationary points of

L
�

u i ��� i �

�

uT
i �

u i �

� i �

uT
i u i �

1� �

Dif ferentiating with respectto u i and setting the result to zero yields

�

u i �

� iu i �

0 �

But this is precisely the equation satis�ed by the eigenvectorsq i of
�

. Also, sincewe put the

eigenvectors in order of decreasingeigenvalue and require the dir ections u i to be in order of

decreasingvariance, we �nd that, for all i, u i ���

q i and �

2
i �

�

i �

� i.

The principal components of a data set are therefore given by the eigenvectors of its co-

variance matrix, taken in order of decreasing eigenvalue. It is not hard to see from (3.8)

that transformation of the data into the principal component coef�cients produces a repre-

sentation with a diagonal covariance matrix, and the coef�cients are therefore decorrelated, a

property that we shall discussfurther in Section3.3.

There is a useful algorithm, known as singular valuedecomposition, for performing PCA

(Pressetal., 1986,Chap. 2). This method is commonly used,and is practical and ef�cient, but

there hasalso beenconsiderable interest in the ability of neural models to discover principal

components. Someof thesemodels are discussedin the following section.

3.2 Neural networks asprincipal component analysers

There are closelinks between many unsupervised neural networks and the method of PCA

outlined above. Indeed several neural models have beendesigned explicitly for their ability

to �nd principal components. Someof these are discussed in this section, as a prelude to

seeinghow we might develop networks that go beyond the limited capabilities of PCA asa

pattern-pr ocessingmethod. Fuller reviews may be found in Oja (1992),Haykin (1994),Baldi

and Hornik (1995)and, from an information theoretic viewpoint, Plumbley (1991).



3.2 Neural networks asprincipal component analysers 22

3.2.1 A single linear neuron with Hebbian learning

The linear model of a neuron i is simply one that takes its m inputs x j , multiplies them by

the strength of the `connection weight' wi j from each,and sums the result to give an output

ai :

ai �

m

å
j � 1

wi jx j

or equivalently in vector notation

ai �

w T
i x � (3.9)

The neuron (henceforth lessspeci�cally termed a `unit') `learns' by changing its weight val-

ues. In self-organised networks, the rules governing weight changesare typically basedon

the `Hebb synapse':

When an axon of cell A is near enough to excite a cell B and repeatedly or per-

sistently takes part in �ring it, some growth processor metabolic change takes

place in one or both cells such that A's ef�ciency , as one of the cells �ring B, is

increased(Hebb, 1949,p. 62).

The idea is attractive both becauseof its simplicity (being basedpurely on a correlation be-

tween �ring patterns) and also becauseof its locality (all the information required to change

the strength of the coupling between two cells is already available at that point without

requiring any additional mechanism to deliver it). Although the Hebb synapsewas only a

hypothesis in 1949,it hassincebeensupported by considerableneurophysiological evidence

(seeBrown etal., 1990,for a review). Its simplest mathematical interpr etation is as

�

wi j �

� x j �

t � ai �

t �

�

t (3.10)

where
�

wi j is the change (in time
�

t) to the weight of the connection from unit (`cell') i to

unit j, x j �

t � and ai �

t � are the outputs at time t of units j and i respectively and � is the rate at

which learning occurs. In a continuous-time system, we could integrate (3.10)to determine

weight values, but many neural networks, including those presented in this thesis, use a

discrete-time model, so that we may rewrite (3.10)in the form

�

wi j �

� x jai (3.11)

where we have assumed unit time steps, and for simplicity removed the explicit time de-

pendency of the signals. Combining all inputs x j in a single equation, we may write

�

w i �

� aix � (3.12)

The useof this rule is normally known asHebbianlearning. If we consider a single linear unit

with output a and weights w (Figure 3.1),a reasonablegoal is for the unit to dif ferentiate its

inputs as much as possible, or in other wor ds to maximise its output variance �

2. If, as in

Section3.1,we assumedata x with zero mean, we have

�

2
�

�

� a2
�

�

�

�

�

w Tx �

2
�

�

w T
�

w



3.2 Neural networks asprincipal component analysers 23

w1

wmxm

x1

a

Figure 3.1:A single-unit `network.' In this and subsequentnetwork diagrams, a black circle

representsan input signal, and a large white circle a processingunit, labelled by its output
value. Signalsare propagated along the connecting lines in the dir ections shown, with their

values multiplied by the associatedweight. In this example, since all connections are in
one dir ection, the network is termed feedforward. Black dots indicate a number of similar

elements that have beenomitted from the diagram for simplicity .

where
�

is the covariancematrix of the data, aspreviously. We also seethat

�

�

2
�

w �

2
�

� ax �

which is precisely the dir ection taken (on average,assuming small steps)by (3.12).We there-

fore �nd that, for a single linear unit and zero-mean data, Hebbian learning attempts to

maximise the unit's output variance. Without some constraint, this will result in the weight

values growing towards in�nity .

If the problem is modi�ed by adding the constraint that
�

w
�

�

1, then we already know

from Section3.1that the optimal solution occurs when w
� �

q1 where q1 is the normalised

eigenvector of
�

with the largest eigenvalue. If the normalisation is applied aspart of each

weight update, assuggestedby Oja (1982),we have that

w j �

t � 1�

�

w j �

t � �

� a
�

t � x j �

t �

�

å m
k� 1 � wk �

t � �

� a
�

t � xk �

t � �

2

which, under the assumption that � is small, may be expanded asa power seriesin � to give

w j �

t � 1 �

�

w j �

t � �

� a
�

t � � x j �

t �

�

a
�

t � w j �

t � � � �

�

� 2
�

where �

�

� 2
� representssecond-and higher-order terms in � . This gives (since � is small) the

learning rule

�

w j �

� a
�

x j �

aw j � (3.13)

often known as`Oja's rule.' Under reasonableassumptions about the data, it may be shown

(Oja,1982;Oja and Karhunen, 1985)that if the weight vector doesnot start out perpendicular

to q1 (suchdir ectionsrepresentlocal maxima of variance),and if �

� 0 at a suitable rate, then

w will indeed always converge to
�

q1 asdesired.

Further analysesof this and other feature extraction algorithms are given by Kuan and

Hornik (1991)and Hornik and Kuan (1992).Full proofs of convergenceis casessuch as this

can be somewhat cumbersome, but the common underlying goal is one of achieving `on-

line' learning, where the data points may be considered individually and sequentially. The
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techniques are closely related to a stochasticapproximation algorithm proposed by Robbins

and Monr o (1951). In particular , where the learning rule is the negative gradientof an error

function, it can be shown that an on-line learning processis guaranteed to converge to a

minimum providing that the learning rate obeyscertain properties (see,for example Bishop,

1995,p. 46). This processis often known asstochasticgradientdescent, and will be used in the

learning rules intr oduced in Chapter 4.

3.2.2 Networks of PCA units

We have seenthat a single Hebbian unit will attempt to maximise its output variance, and

that a simple modi�cation to the Hebbian rule will additionally cause the weight vector

to converge to unit length, thereby enabling it to �nd the �rst principal component of the

data. Clearly, if we were to produce a fully-connected feedforwar d network of many such

units, then all would converge to the samesolution, so how can we construct a network that

extracts more than just the �rst principal component?

One simple solution makes use of the orthogonality of the principal components. A

single unit �nds the �rst principal component of the data — if it subtracts this component

from the data and feeds the remainder to a second unit, this will �nd the �rst principal

component of its input, which will in fact be the secondprincipal component of the original

data. This processmay be repeated for as many units as we require principal components.

It is implemented simply by modifying the inputs x j in Oja's rule (3.13)to

x � j �

i �

�

x j �

i
	

1

å
k � 1

wkjak

so that the effective input to the ith unit (for the purpose of learning) is the original input

minus the projection onto the subspacede�ned by all lower -numbered units. This procedure

was proposed by Sanger(1989)and is known asthe `generalisedHebbian algorithm.'

An alternative approach is for the units in a network to compete via lateralinhibition, i.e.

adaptive inhibitory connections between the output units of the network that are intended

to prevent all units from becoming identical and extracting only the �rst principal compo-

nent. One such network was proposed by Földi ák (1989)in which the feedforwar d weights

are updated using Oja's rule (3.13)and the lateral weights follow a simple anti-Hebbianrule,

equivalent to normal Hebbian learning (3.11) but with the sign reversed.Becauseeachunit is

connectedto every other, this method is more symmetrical than Sanger's essentially hierar-

chical approach. A hierarchy of units is useful in the particular caseof PCA, where there is a

strict ordering of dir ections,but is lessapplicable to moregeneral forms of featureextraction.

There are in fact a large number of neural PCA algorithms in a very similar vein to those

already mentioned proposed by, among others, Oja and Karhunen (1985),Rubner and Ta-

van (1989), Chauvin (1989b), Kung and Diamantaras (1990), Leen (1991) and Oja (1992).

Baldi and Hornik (1995)provide a useful analysis and comparison of these within a com-

mon framework.
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Figure 3.2: A feedforwar d autoencoder network. The �rst layer of connection weights are

representedby the matrix WA , and the secondby WB.

3.2.3 The linear feedforward auto-encoder

Another approach to performing PCA with a neural network is to make useof a multi-layer

feedforwar d model commonly known asthe multi-layer perceptron (MLP). The MLP is usu-

ally used asa supervisedsystem,i.e.for every training input x presentedto the network, there

is an associated`target' t, with the aim being to minimise some measure of error between t

and the network's actual outputs y. In the caseof the auto-encoder, the targets are identical

to the inputs (t
�

x), and therefore, since the raw data x form the only input to the system,

the network could reasonably be called `unsupervised.' Because,however, it is produced

by a simple modi�cation to a supervised model, the MLP auto-encoder is more commonly

known asa `self-supervised' method.

The simplest form of the network is shown in Figure 3.2, where we have m inputs, one

hiddenlayer of n units and m outputs, with n 
 m. By forcing the data through a `bottleneck'

of n units, and attempting to reconstruct the original from this representationalone, the hope

is that the intermediate representationa will give a compressedversion of the data.

Assuming linear units (3.9), and representing the �rst and second layers of weights in

matrix form asWA and WB respectively, we seethat

a
�

WA x

and

�

x
�

WB a
�

WBWA x �

We have already noted (in Section 3.1) that under the standard mean-square-error (MSE)

metric (3.6),and assuming zero-mean data, the optimum combined mapping WBWA is one

that forms an orthogonal projection onto the (m-dimensional) principal subspaceof the data.
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It can be shown (Bourlard and Kamp, 1988;Baldi and Hornik, 1989) that the network of

Figure3.2,trained using the standard back-propagation learning rule (Rumelhart etal., 1986)

will indeed produce such a projection.2 While the optimal mapping from input to output

(taken asa whole) is unique, the solution in terms of individual weight vectors, and henceof

the coding produced in the hidden layer, is highly under-constrained. The optimal weight

values may be expressedas

WA �

CQT
n

WB
�

QnC 	

1
(3.14)

where the columns of Qn representthe �rst n principal components of the data, and C is any

invertible n � n matrix. In particular we note that the weight vectors responsible for pro-

ducing the internal representation a (the rows of WA) need be neither normal nor mutually

orthogonal. The lack of such constraints could be seenasa drawback, but we shall seelater

(Chapter 5) that this leavesthe door open to other, more useful constraints.

We may also note from (3.14),however, that in the special casewhere C
�

I , the weights

do indeed representthe orthonormal principal components dir ectly, and further the weight

matrices WA and WB are transposesof one another. Using this fact, Baldi (1989)suggestsa

learning algorithm that is likely to be faster, where the weights are initialised randomly , but

such that WB
�

WT
A, and weight updates are performed symmetrically so that this relation

continues to hold during training. The result is a dir ect extraction of the principal compo-

nents, and it is possible to show (Baldi and Hornik, 1995)that the resulting algorithm is a

multi-unit generalisation of Oja's rule (3.13).

3.2.4 The SEC(Symmetric Error Correction) network

If we are going to link weights in dif ferent layers of the autoencoder, as just described, we

could equivalently imagine `folding over ' the network of Figure 3.2 so that the outputs

are combined with the inputs (where we have the target values anyway) and the signals

are passed �rst forwar d to the `hidden' units and then back again to the inputs using the

same weights in each dir ection. A simple network architecture incorporating this form of

feedback, called the SEC(Symmetric Error Correction) network was described by Williams

(1985). A pattern x is presented to the network, and propagated forwar d to give the out-

put a
�

Wx (where W representsthe weight values), and then back to the input using the

same weights to give a reconstructed input
�

x
�

WTa. The inputs then compute the dif fer-

encebetween the feedbacksignal and the original input, giving an error signal (residual) of

r
�

x
�

�

x. The individual weight vectors are then `corrected' using

�

w i �

� air (3.15)

which is identical to the basic Hebbian rule (3.12),but using the residual r in place of the

original input x. By substituting values for r and
�

x, (3.15)may be rewritten in matrix form as

�

W
�

� a
�

x
�

WTa �

T
� (3.16)

2In fact the requirement for zero-mean data can be lifted by giving the units adjustable biases(as is usual in

the MLP model), but for simplicity all units are assumedhere to have zero bias.
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A dir ect comparison of (3.16)with (3.13)shows that the former is a straightforwar d multi-

dimensional generalisation of the latter. Indeed this learning rule is identical both to the

`subspace'algorithm described by Oja (1989)and to the symmetrically updated version of

the autoencoder (Baldi, 1989)outlined above.

It is interesting that starting from dif ferent conceptual models, several researchers have

arrived at precisely the same algorithm. The reasonfor dwelling in particular on the SEC

network, however, is that it demonstratesthe usefulnessof feedback. It could well beargued

that the SECnetwork is the most `natural' realisation of the algorithm, since it requiresnei-

ther the linking of weights that are conceptually (and actually in a physical realisation) dis-

tant, nor the `nonlinear internal feedback' included in Oja's model. Furthermor e, by adopt-

ing the feedbackmodel, we �nd that learning can follow the simplest possible learning rule,

basedsolely on the correlation of local signals (3.15).

The value of feedback as a conceptual and physical model was noted by Hinton and

McClelland (1988)in a proposed method of `recirculation,' which is essentially a nonlinear

generalisation of the SECnetwork. Theseideashave alsobeenincorporated into more recent

models such asthe Helmholtz machine (Dayan etal., 1995).The generalisation and enhance-

ment of this type of feedback forms the conceptual basis for the network model intr oduced

in Chapter 4.

3.2.5 Do PCA neural networks have a role?

While interesting from a biological perspective, neural PCA models in their simplest form

have little practical use since they will almost always be outperformed by the method of

singular value decomposition.

Nevertheless,PCA networks could well have practical useswhen extended in someway.

Xu and Yuille (1993,1995),for example, look at the issue of building models that robustly

�nd principal components, even in the presenceof outliers.

There is also scope for further constraining PCA networks in an attempt to �nd com-

ponents that are fully independent, rather than just decorrelated. We shall look at some of

theselater in this chapter.

3.3 Some common misconceptions about PCA

Certain de�ciencies of PCA are well known. In particular , becausethe `interestingness' of

particular projections is based entirely on variance, it is highly sensitive to scaling of the

data. Becauseof this, it is common to advocate the normalisation of data before performing

PCA, but the very fact that scaling changesthe results obtained suggeststhat the method is

not capturing the `true' featuresof the data.

In their well-known work, Duda and Hart (1973)pointed out the de�ciencies of tech-

niques such as PCA that consider only second order statistics by giving examples of very

dif ferent distributions that have identical secondorder statistics. Similar examplesare recre-

ated in Figure 3.3.Despite this, and although many are well aware of the limitations, several

misconceptions about PCA are prevalent amongst those who know of and maybe even use
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Figure 3.3:Four data setswith identical second-order statistics (after Duda and Hart, 1973).

In fact their distributions are also all spherical(seeSection 3.8.1)so that PCA is unable to
distinguish between anyprojection of thesedata onto orthogonal axescentred at the mean.

the method, but have not examined it in detail. Textbooks generally do little to dispel these

myths, and a few even perpetuate them. Someof the misconceptions are discussedbelow:

1. “ A requirementfor �nding a decorrelatedrepresentationis that the featuresusedare orthog-

onal.” While it is true that PCA produces a decorrelated representation by using or-

thogonal `features,' there are in general a whole continuum of mappings that result in

decorrelated coef�cients. PCA producesa unique solution from this continuum by im-

posing the constraint of orthogonality . This constraint is very useful from a computa-

tional point of view becauseit permits the sequential reduction employed by singular

value decomposition (Section 3.1) and hierarchical PCA networks (Section 3.2.2). In

terms of the solutions produced, when PCA is used for dimensionality reduction, the

constraint is somewhat arbitrary becausethe principal subspaceis the same whether

the basiswe chooseis orthogonal or not. For feature detection, however, it meansthat

PCA can only �nd the `true' featuresif they happen to be orthogonal. In general there

is no reasonto suppose this to be the case.

2. “ PCA givesus a representationwith decorrelatedvalues,which meansthat they are statis-

tically independent.” The English wor ds `correlation' and `dependence' are virtually

synonymous. Unfortunately , `correlation' in statistical literatur e is usually (and often

implicitly) used in relation only to second-order statistics, so that the diagonality of

a random variable's covariance matrix is a suf�cient condition for describing its ele-

ments as `decorrelated.' This is a much weaker requirement than true statistical in-

dependence,so that while statistical independence certainly implies decorrelation, the

reverseimplication is not valid. Suchan implication is often made, however, resulting

in statementssuch as:
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The singular value decomposition de�nes a linear transformation from the

data to a new representation with statistically independent values � � � (Wan-

dell, 1995,p. 255).

3. “ If weignorestatisticsof higherthan secondorder, westill geta reasonableapproximationto

independentfeatures,similar to theway, for example,that we�nd a reasonableapproximation

to a functionby ignoring higher-ordertermsin its Taylorexpansion.” There is sometruth in

this, in that a consideration of statistics only up to second order reducesthe spaceof

all possible features to a subspacethat containsthe independent features (if they exist

within the model in question). This doesnot necessarilymean,however, that picking a

point from this subspace(either at random or by following some arbitrary constraint)

will necessarilyresult in a useful approximation to the independent components. With

any two-dimensional data, for example, and for any dir ection chosenat random as a

�rst feature, there is a secondsuch that the resulting transformation gives decorrelated

coef�cients.

4. “ Granted,higher-orderstatisticsare important: to addressthesewe must considernonlinear

models.” This is not necessarily true. In the case,for example, where the data x is gen-

erated according to x
�

Ŵâ for any invertible `mixing matrix' Ŵ and a random vector

a with statistically independent elements, there is (of course) a linear transformation

that extracts the independent components from the data, given simply by Ŵ 	

1
. Find-

ing Ŵ 	

1
from the data alone (i.e.without knowing Ŵ in advance) requires the use of

various nonlinear constraints on the model, but it is somewhat misleading to say that

the model itself must (in such cases)be nonlinear. The term `constrained linear model'

might be more appropriate. This problem is often termed blind deconvolution, and we

shall seesomeexamplesof it in Section5.9.1.

Theseideas may be illustrated with somesimple examples. Consider a setof data generated

from two independent random variables, â1 and â2, both with zero-mean distributions of

unit variance. The variables may be combined to form a two-element column vector â. This

is then premultiplied by a mixing matrix Ŵ to give a vector x. The matrix Ŵ is given by:

Ŵ
�

�

� 1 cos ˆ�

1 � 1 sin ˆ�

1

� 2 cos ˆ�

2 � 2 sin ˆ�

2 �

�

Figure 3.4(a)shows a random sample of data x generated in this way for � 1
�

1 � � 2
�

2 �

ˆ�

1
�

18� �

ˆ�

2
�

60� and underlying random variables âi with Gaussian distributions. The orien-

tations ˆ�

1 and ˆ�

2 are shown with solid lines, and the principal components with dashed

lines. In the Gaussian case,it is not possible (with any technique) to recover the original

orientations: the principal components give the major and minor axesof the elliptical iso-

probability contours, and this is the bestwe canhope to do. Realdistributions arevery rarely

Gaussian,however, and there is plenty of scopefor impr ovement with non-Gaussian data.

Figure 3.4(b)shows an example where the underlying distributions are more highly peaked

than a Gaussian, sometimes termed super-Gaussian. They were generated using a Weibull

distribution.
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Figure 3.4: Demonstrations of (a) the adequacy of PCA as a feature-detector when data are

normally distributed, and the impossibility of recovering the original components in this
case,and (b) the inadequacyof PCA in this respectwhen data are non-normally distributed.

Both setsof data have been created using a random sample from the linear superposition
of two one-dimensional distributions whose probability density functions are even. The

distributions are at orientations of 18� and 60� to the horizontal, asshown by the solid lines,

and their variancesare 1 and 2 respectively. The dashed lines show the dir ectionsof the two
principal components. (a) was produced using two normal distributions, and (b) using two

double-tailed Weibull distributions (3.17),eachwith parameters ��� 1 and
�

� 2
3.

The p.d.f. of the (double-tailed) Weibull distribution is given by

p
�

x �

���

	���	

�

x
��


� 	

1� exp

�

�


 �

x
�

���

�

�

� (3.17)

The useof this particular p.d.f. hasno special signi�cance — it merely provides (for 0 


	

�

1) a reasonablygeneric super-Gaussianunimodal distribution from which it is easyto gen-

erate random samples(Dagpunar, 1988,p. 47). With
�

�xed at 1 and 	

�

1, the distribution

is identical to a Laplacian (double-tailed exponential), and becomesmore highly peaked as

the value of 	 is decreasedtowards zero.

In this example, the underlying orientations (the independentcomponents) are clearly

visible, but the principal components lie in very dif ferent dir ections. The situation is further

illustrated in Figure 3.5. This shows the (numerically calculated) zero-contours of the cor-

relation between two coef�cients a1 and a2 obtained by projecting the data of Figure 3.4(b)

onto vectors at angles
�

1 and
�

2 to the horizontal.

We see that there is a continuum of possible pairs of vectors for which a1 and a2 are

decorrelated. PCA constrains the solution to two points by allowing only orthogonal setsof

vectors, and to a single point by ordering the components by decreasingvariance.

However, the coef�cients given by the PCA solution are not statistically independent,

and it is clear from Figure 3.4(b) that the vectors do not correspond to the `true' featuresof

the data. A method that is able to determine the original angles ˆ�

1 and ˆ�

2 is often termed in-

dependentcomponentanalysis, and so thesesolutions are marked ICA in Figure 3.5. We could,

if desired, order by variance to obtain a unique solution, but this is a minor consideration.
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Figure 3.5: Graph of � 1 and � 2, the angles to the horizontal of two basis vectors, w 1 and

w2, with the solid lines showing the values for which ��� a1a2 �

� 0, where a1 and a2 are the
coordinates obtained by projecting the data of Figure 3.4(b),or equivalently of Figure 3.4(a),

onto w1 and w2. Sincethe dir ectionsare interchangeable,the graph hasre�ective symmetry

about the line � 1
�

� 2 (shown dotted). The dashed lines show the values of � 1 and � 2 for
which w1 and w2 are orthogonal. The solution given by PCA, and the two possible ICA

solutions are marked with crosses.

We shall return to the issue of ICA later in this chapter (Section3.8.2),and methods for

obtaining the desired solution for this particular example will be given in Chapter 5.

3.4 Projection and kernel methods

The technique of PCA may bedescribed asa projectionmethod(Zemel, 1993)— the codesthat

it producesarecreatedby projecting the data onto what might loosely betermed `interesting'

dir ections in the input space. This and other such methods generally produce distributed

representations, where each input vector is coded as a combination of some or all of the

component dir ections,with the output values representing the coordinates in the new space.

In contrast to this areaclassof unsupervised techniquesthat we shall term kernelmethods,

where localrepresentationsare formed by �tting eachinput vector to a single template, class,

or cluster. Another way of characterising the dif ferencebetween the two types of method is

that while in a projection method, the individual outputs cooperateto build the representa-

tion, in a kernel method they compete.

In the following section we shall turn brie�y from projection to kernel methods, before

examining why the best representationsmay often come from a combination of the two.

3.5 Vector quantisation and competitive learning

Vector quantisation (VQ) is a simple but effective unsupervised clustering technique (Gray,

1984).Eachdata vector is representedby a vector, known asa codeword, chosenfrom a lim-
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ited codebook. The codebook can be developed using the LBG learning algorithm (Linde,

Buzo, and Gray, 1980). This codeseach training vector using the nearest(in Euclidean dis-

tance) available codeword and then updates each codeword to be the centroid of all the

training vectors that mapped to it. This processis iterated until a minimum of averagedistor-

tion between training vectors and the corresponding codewords is reached.SinceEuclidean

distance is used, the objective function, as for PCA, is simply the mean-squared error (3.6).

Severalneural network models work along similar lines. Theseuse competitivelearning,

where the standard feedforwar d model is augmented by dir ectconnectionsbetween outputs

that cause them to compete for activation. These have negative weights so that a strong

output from one unit suppressesthose of others around it, and the structure is therefore

known aslateralinhibition.

In its strongestform, the competition is sogreat that only asingle unit (the `winner ') is ac-

tive at the end of the process,producing what is known asa winner-take-all(WTA) network.

While it may in theory bedesirable to think in terms of lateral connections,in computer sim-

ulations it is usually more practical simply to `pick' the winner after feedforwar d activation,

for example by choosing the unit with the largestoutput value. Learning is usually achieved

by moving the weight vector of the winning unit closerto the input vector (Rumelhart and

Zipser, 1985).When the distancemeasureused is Euclidean, this is simply an on-line version

of vector quantisation.

A common extension to this idea is to arrange the output units in a grid formation, and

for the learning rule to be applied not only to the winning unit but also to its neighbours.

This leads to a model known as the self-organising map (Kohonen, 1982,1990). It creates

topographicmapsthat retain proximity relations in the data. This is a useful computational

simpli�cation of a biological model proposedby von der Malsburg (1973),where cells excite

their closeneighbours, but inhibit the activity of those that are more distant.

3.6 The limitations of single-cause models

All of the models in the previous section attempt to ascribe each input pattern to a single

cause,i.e.while they contain `templates' for many possible features,they representeachpat-

tern using only one of them. In so doing, the models make a �rm decisionto place each

pattern in a single classor cluster. This unsupervised form of classi�cation can have signi�-

cant advantagesover cooperative projection methods, whose representationsdo not dir ectly

allow subsequentprocessingto seewhat typeof input hasoccurred. However, there are sev-

eral important limitations of thesesingle-causemodels:

� The techniques are beset by the curseof dimensionality(Bellman, 1961). If, for exam-

ple, the clusters of data are sited at �xed intervals over the entire input space, their

numbers increaseexponentially with the number of input dimensions. Compare this

with projection methods such asPCA where the required number of outputs increases

at worst linearly. For large problems, single-causemodels may require an infeasible

number of outputs to produce a complete or near-complete representation. Alterna-

tively , if the number of outputs is kept small, large amounts of information may be lost

by the mapping.
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� We have identi�ed the decision-making property of a clustering technique as a po-

tential advantage over projection-based methods, but it can also be a weakness. A

decision implies a loss of information, a feature that is not necessarilydesirable at an

early stage of processing(Section 2.3). Any ambiguity in the inputs, for example, is

often best passedon to higher levels of processing,where additional information may

be available to resolve it. This doesnot completely remove the role of an unsupervised

preprocessingstep: the ideal system is arguably one that massagesdata into a form

that allows any subsequentdecision-making processto be assimple aspossible.

� The problems with a modelling scheme that generates a single winner also extend

into learning. In most unsupervised systems,parameter updates are a function of the

output values. Therefore if an incorrect decision (`guess') is made in determining the

winning output, the parameter updates will also be wr ong. Suchmistakes could quite

possibly throw the whole learning processoff course. This idea that `wrong winners

lead to wr ong learning' is discussedfurther by Marshall (1995).

� The generalisation capabilities of a single-causemodel are much weaker than those

where there are many active outputs. A pair of output vectors with dif ferent winners

are no more or lessalike than any other such pair, so the generalisation properties lie

only in the extent to which dif ferent input values are mapped to the same winning

output. In a projection-basedrepresentation, by contrast, the similarity of two output

vectors is readily measured, for example by their separation in the output space.Hav-

ing said that, the self-organising map (Section3.5)largely overcomesthis limitation by

intr oducing a measure of proximity between output elements.

Theseare much the sameissuesthat we cameup against when discussing the relative merits

of local and distributed codes in Section 2.7, although there we were interested primarily

in representations rather than models. The close links re�ect the fact that a code is tied

intimately to the model that generated it. Justaswe concluded previously that a sparserep-

resentation could give the best compromise solution, so here we �nd that both extremesof

single-causekernel methods and fully distributed projection methods have their limitations,

and that the bestsystemsmay lie in the middle ground. This leadsus to look at multiple-cause

models.

3.7 Multiple-cause models

It is common for there to be multiple separate causes,appearing in many dif ferent com-

binations, underlying the input patterns. In this case,the above limitations can largely be

overcome by adopting a representation that can contain several `active' elements, for ex-

ample by extending VQ to use multiple codewords per pattern, or WTA networks to have

multiple winners. This section looks at a few examplesof such systems.

3.7.1 Iterative competitive learning

The primary dif �culty with multiple-cause models is that of striking the right balance be-

tween competition (needed to prevent many outputs from encoding the samefeatures)and
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cooperation (needed to build a representation from a combination of features).

Rumelhart and Zipser (1985)used a �xed partitioning to separatea network into inde-

pendent competitive `pools' of units, but in the absenceof competition between pools, there

is a tendency for each to perform the same clustering of the input space. A simple solu-

tion to this problem is to activate the pools sequentially. This technique was used by Mozer

(1991) in an algorithm known as iterative competitivelearning (ICL). Each stage of the acti-

vation processproduces a single winner , and the corresponding feature is subtracted from

the data before it is fed to the next stage. This method is equivalent to an extension of VQ

known asmulti-stepVQ. The main problem with this sequential approach is its assumption

that featurescan be extracted unambiguously in a �xed order of priority . Where single pat-

terns contain several featuresof roughly equal importance (asis more common in real data),

sequential techniques cannot be guaranteed to �nd the bestoverall representation.

3.7.2 Cooperative vector quantisation

Another extension to the standard VQ algorithm is the method of cooperativevectorquanti-

sation(CVQ) (Zemel, 1993;Hinton and Zemel, 1994). This usesseveral vector quantisers in

parallel, whose individual outputs, when combined, attempt to reconstruct the input.

The dif �culty of training such a systemis tackled by using an objective function basedon

the minimum descriptionlengthprinciple (Rissanen,1978,1985).The system's objective func-

tion is a combination of the reconstruction error and an `activity cost,' basedon the outputs'

deviation from their expectedvalues. We shall seevery similar ideas used in Chapter 5.

3.7.3 EXIN networks

Marshall (1995)identi�es four factors that an unsupervised system should deal with if it is

to produce a useful coding of a complex perceptual environment.

1. Context. Units that encodean individual feature of the environment should be sensi-

tive (where necessary)to the context in which that feature appears. Cohen and Gross-

berg (1986)illustrate the idea with the wor d `myself.' Contained within the wor d are

several others such as`my,' `self,' and `elf.' If we are to have one unit responding, say,

to `myself' and a separateone to `elf,' then the latter should respond to `elf' in isolation,

but not when precededby `mys.' To achieve this type of coding, the system must take

the full context, and not just sub-patterns, into account.

2. Uncertainty. In real environments, patterns can be ambiguous and noisy. Where a pat-

tern is not matched by one or more of the system's stored `prototypes,' the uncertainty

should be representedin the system'soutput. In this way it is possible to resolveambi-

guities should further information subsequently becomeavailable. Conversely, if hard

decisions are made at this stageof processing(by using binary outputs, for example),

it is much more dif �cult to correct mistakes or resolve ambiguities later.

3. Multiplicity . Complex patterns are typically composed of subparts, possibly in many

dif ferent combinations. In suchcases,it is sensiblefor the systemto representeachsub-

pattern separately, and allow multiple outputs to beactive when severalpatterns occur
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simultaneously. This overcomesthe limitations of single-causemodels, asdiscussedin

Section3.6.

4. Scale.The system should be sensitive to featuresat a variety of scales.In competitive

networks, this may require careful balancing of the weights to ensure that outputs

representing `large' features (those extending over many inputs, for example) do not

receivean unjusti�ed advantage in competition. At the sametime, according to Cohen

and Grossberg's (1986) principle of perceptualgrouping, the system should choose a

representation basedon the largest (and therefore fewest) featuresthat are compatible

with its model of the world.

Marshall intr oduces a system called an `EXIN' (excitatory and inhibitory) network that ad-

dressestheseissues. It usesexcitatory feedforwar d and inhibitory lateral connections,with

separatelearning rules for each,and its activation is governed by a setof coupled dif ferential

equations.

While the EXIN network's ef�cacy can be demonstrated on small examples,its practical-

ity is limited by the high computational costof �nding numerical solutions to the dif ferential

equations governing its activation. In the absenceof a clear objective function, it is also dif-

�cult to ascertain,exceptempirically , the system's effectivenessand stability.

3.8 Projection methods beyond PCA

We shall return now to techniques of extracting featuresby making projections of the data.

Wehave already discussedthe limitations of PCA in this respect,but thereareother methods

that build upon its capabilities by intr oducing nonlinearities and/or taking higher order

statistics into account. The �rst step of several of thesetechniques is, in essence,to perform

PCA itself in a processknown assphering.

3.8.1 Data sphering

The coef�cients obtained from a projection onto the principal components aredecorrelated, i.e.

second-order dependenciesare removed. It is common to make use of this property before

going on to consider higher order statistics by �rst spheringthe data.3

Sphering is achieved (Fukunaga, 1990)simply by a linear scaling of the principal compo-

nent projection, such that eachcoef�cient also has unit variance. For zero-mean data x, the

transformation is given by:

z
�

�

	

1 � 2 UTx

where U is the matrix whose columns represent the principal component dir ections (eigen-

vectors of the covariance matrix), and � is a diagonal matrix with elements equal to the

corresponding eigenvalues. The covariance of the sphered data z is therefore simply the

unit (identity) matrix.

3The technique is also known aswhitening, but we shall avoid this term sinceit is sometimesused to describe

methods that remove all dependencies(not just thoseof secondorder) and is therefore in danger of breeding the

sameconfusion asexistsbetween the terms `decorrelated' and `independent.'
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If the data are truly a linear mixtur e of independent underlying components, then al-

though sphering will not itself extract the components, they may be obtained by an orthog-

onalprojection of the sphered data. This is a very useful property of sphering: an example

is given in Figure 3.6(a),which shows a sphered version of the data set previously seenin

Figure 3.4(b). We seethat the processhas transformed the data such that the underlying

distributions are now at right angles to eachother.

This property is used as a preprocessing step by several higher-order statistical tech-

niques since it means that they only need consider orthogonal projections. There are prob-

lems, however. Several arguments against the use of sphering are put forwar d in the dis-

cussion following a paper by Jonesand Sibson(1987).Theseprincipally concern the lack of

robustnessto outliers. An example is given in Figure 3.6(b),which shows a sphered version

of the samedistribution as in (a), but after the addition of two outlying points. We seethat

the desired dir ections are now far from orthogonal.

The danger is that if a method relieson using sphered data as its input, then it is heavily

dependent on the effectivenessof the sphering process.While techniques may be employed

to increasethe robustness to outliers (e.g.Tukey and Tukey, 1981), these often have only

limited success.

A further problem occurs where dependenciesbetween components are not fully linear.

An example is shown in Figure3.6(c),whereboth linear and nonlinear terms have beenused

to generatethe data. The nonlinearity is apparent asa curve in one of the `arms' of the distri-

bution, and an orthogonal projection would clearly no longer produce a fully independent

representation.

A thir d, and perhaps the most important, restriction of sphering asa preprocessingstep

lies in its assumption that the number of independent components is no greater than the

dimensionality of the data. Figure 3.6(d) shows an example where this is not the case.The

data has again been sphered, but is obviously unable to represent the three independent

components orthogonally , since there can only ever be two orthogonal dir ections in two

dimensions! A projection that yields independent coef�cients for this example requires an

overcompleterepresentation,an issue that will be discussedfurther in Chapter 5.

3.8.2 Independent component analysis

The processof taking a set of data and extracting components that are not just decorrelated,

but fully statistically independent, is generally referred to as independentcomponentanalysis

(ICA). Beyond that, however, the term is not well de�ned, and is used to refer to a wide

variety of techniques that contain dif ferent assumptions and limitations. The components

are often assumedto have undergone a linear mixing processsuch aswe saw in Section3.3.

In this casein particular , the processis also commonly referred to as blind source-separation

or blind deconvolution.

One system for blind source-separation,described by Jutten and Herault (1991),usesa

simple neural architecture with nonlinearities that attempt to capture higher order statistics.

The approach appears to be a useful heuristic that works well in some cases,but detailed

analysis is dif �cult, and such analysis as there is shows that there are many caseswhere the

system fails to produce the desired solutions (Comon etal., 1991;Sorouchyari, 1991).
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Figure 3.6: Graphs showing the effects of sphering on various distributions. (a) A sphered
version of the data previously shown in Figure 3.4(b),illustrating that the independent com-

ponents are made orthogonal under this transformation. (b) The same data, but with two

`outliers' added (at x1
� 0 and x2

��� 50) before sphering. (c) A sphered version of data
where the dependency between elements includes nonlinear terms (polynomials up to or-

der three). (d) Sphered data generated from threeindependent highly peaked distributions
in two dimensions.
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A much more solid theoretical basis for ICA is provided by Comon (1994).He proposes

a technique that is made computationally tractable by only needing to consider components

in a pairwise manner. This is suf�cient when the underlying components are mixed purely

linearly, but is unlikely to produce maximally independent components in other cases,i.e.

where a linear model can reduce,but not fully remove redundancy.

Good results for sourceseparation have been obtained by Bell and Sejnowski (1995)us-

ing an information maximisation (`infomax') technique, and the system has also been ap-

plied to audio and visual coding (Bell and Sejnowski, 1996,1997).The underlying idea was

proposed by Laughlin (1981):when a signal is passedthrough a sigmoidnonlinearity, the re-

sulting entropy is maximised when the signal's cumulative distribution function matchesthe

nonlinearity . The system performs this maximisation in an attempt to generatelow entropy

representations. Impr ovements to the algorithm, and a maximum likelihood interpr etation,

are offered by Cardoso (1996)and Mackay (1996).

Data-sphering can impr ove the performance of the infomax technique by removing sec-

ond order dependencies.Someother methods simplify matters by performing only orthog-

onal projections of sphered data (Karhunen et al., 1995;Oja, 1995). The limitations inherent

in this approach were discussedin Section3.8.1.

3.8.3 Nonlinear PCA

Another extension to PCA is to allow projections that involve nonlinear warping of the in-

put space. We saw in Section 3.2.3that a linear MLP architecture can perform a principal

subspaceprojection, so a seemingly useful extension would be to use nonlinear units, for

example by the standard technique of passing activation values through a sigmoid function

such as the hyperbolic tangent. However, Bourlard and Kamp (1988)showed that simply

intr oducing such nonlinearities into the two-layer architecture (Figure 3.2)still only yields a

principal subspaceprojection.

An advantage canbe gained, however, by using a four -layer autoencoder architecture,

as shown in Figure 3.7. This performs two nonlinear mappings: a �rst FA on the input

vector x to give a `compact' (reduced dimensionality) representationa, and a secondFB that

generatesthe output values
�

x. The �rst and thir d hidden layers use nonlinear units, while

the secondis linear. Sincethe aim of training is to reducethe dif ferencesbetween x and
�

x, the

mapping FB becomesthe approximate inverse of FA. If the reconstruction error were zero,

then a would give a complete representation of x under a nonlinear mapping. The problem

in practice is that the nonlinearities, and the need to learn both the mapping and its inverse,

tend to produce many local minima in training. Nevertheless, successful applications of

this technique have beendemonstrated by Kramer (1991)and Burel (1992).Hecht-Nielsen's

(1995)`replicator ' neural networks have the samestructure, but use a `stairstep' function in

the middle hidden layer, thereby producing a quantised representation.

A method that incorporates general nonlinear mappings andattempts to produce inde-

pendent representationshas recently beenproposed by Parra et al. (1995,1996).
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Figure 3.7: A nonlinear autoencoder network. Sigmoid functions are used in the �rst and
thir d hidden layers to generatethe nonlinear mappings FA and FB respectively.

3.8.4 Projection pursuit

Another classof projection methods is known as projectionpursuit (PP) (Huber, 1985;Jones

and Sibson,1987).Thesesearch for `interesting' projectionsof the input space,with the inter-

estingnessbeing de�ned by a projectionindex. The index is somemeasure of the distribution

of coef�cients obtained by projecting the data onto a particular dir ection. Most indices are

based on the distribution's deviation from normality , for example by using entropy or the

fourth moment (kurtosis). The contention is that interesting projections result in highly non-

normal distributions, since dir ections picked at random tend to produce distributions that

are approximately normal.

Severalneural implementations of PPhave beenexplored. The BCM network of Bienen-

stock, Cooper, and Munr o (1982),developed asa computational model of the visual cortex,

can beshown to perform a type of PP(Intrator , 1992;Intrator and Cooper, 1992).A feedback

network architecture that also performs PPis described by Fyfe and Baddeley (1995a,b).

3.9 Discussion

In this chapter we have looked at a number of unsupervised techniques for modelling data.

Thesecan broadly be divided into projection methods, which perform a linear mapping of

the input spaceinto a new `feature space,'and kernel methods, where the input is matched

against a number of prototypes. The simplest projection methods perform principal com-

ponent analysis, and the simplest kernel methods are single-causeor winner -take-all (WTA)

models such as vector quantisation. Both approacheshave strong limitations. The codes

they produce may be pictur ed aslying at opposite ends of a spectrum that rangesfrom fully
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Kernel MethodsProjection Methods

local representationsdistributed representations sparse representations

multiple-cause models single-cause models

Figure 3.8: Various ways to characteriseunsupervised methods. The distinction between
projection and kernel methods was made in Section3.4.Thesemay also be described by the

type of representations they produce (Section 2.7), or the nature of the underlying model.
Another variable in these methods is the linearity , which can vary from purely linear for

PCA to highly nonlinear for WTA models. The �nal line of the diagram shows the positions
on thesescalesof someof the techniques discussedin this chapter.

distributed to fully localised representations. In most cases,the ideal representation will lie

somewhere in between. This idea is depicted in Figure 3.8, which also shows some of the

methods lying in the `middle ground' that have beenmentioned in this chapter.

Against the background of such methods, the remainder of this thesis searchesfor new

and more powerful ways to produce codesthat �nd the right balancebetween distribution

and locality. In the next chapter, we shall look at a new type of unsupervised network that

has been designed with this aim in mind. Initially it may be viewed as a simple extension

to PCA in which the orthogonality constraint has been removed, but later (in Chapter 5)

we shall seethat this opens up the possibility of constraining the network in new ways that

enableus to generatemore ef�cient representations.



Chapter 4

A Recurrent Network Model

In this chapter, we shall look at the unsupervised network model that forms the basis of

the remainder of this thesis. The model was developed with the aim of being as simple

as possible while at the sametime retaining suf�cient power for it to be applied generally.

Both these factors facilitate the modi�cations made to it in later chapters. The two-layer

structure of the network dif fers from the majority of neural network architectures in that it

incorporates feedbackfrom the output to the �rst layer, and the model is dynamic in the sense

that it follows an iterative, or recurrent, method of activation.

While this recurrence requires a more complex method of activation than for standard

feedforwar d models, we shall seethat this is balanced by much simpler learning rules, and

gives the network the �exibility to produce outputs ranging from highly sparseto fully dis-

tributed representations. Learning is entirely localised, which, aswell assuggesting a good

degree of biological plausibility , has implications for possible parallel implementations of

the model which will be discussedfurther in Chapter 7.

The network is intr oduced, �rst in terms of its general aims and structure,and then with

the speci�c details of the activation and learning rules. The algorithm's links to information

theory and maximum likelihood estimation are discussed,and its operation is demonstrated

with a number of examples. We shall begin, for simplicity and easeof analysis, with a

purely linear model. It will however quickly be augmented, in this and more especially in

subsequentchapters,with nonlinearities suited to the structure of speci�c environments.

The system will be referred to, becauseof its structural similarity to the SECnetwork

(Section3.2.4),asa REC(Recurrent Error Correction) network.

4.1 Inhibitory feedback and recurrence

The problem that the REC network attempts to addressis one of automatically producing

useful and ef�cient codesbasedsolely on the properties of the data to be encoded. As dis-

cussedin Chapter 2, this canbecharacterisedasan inverse problem (i.e.oneof trying to infer

causesfrom observations) and such problems are in general hard.

The inverse problem exists on two dif ferent levels, and two dif ferent time-scales; the

system needs �rstly to be able to infer the most likely causesfor a particular set of inputs

(given its current model of the world), and secondly to infer the most likely world-model

over a whole seriesof inputs (under any constraints we might placeon the natureof possible

41
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Figure4.1: (a) A general framework for an unsupervised system,wherechangesto the mod-

els are driven by dif ferencesbetween the original and reconstructed inputs. (b) A variation
on the previous model wherethe internal representationalsobecomesthe subjectof iterative

adaptation.

models). Many network algorithms addressonly the second issue dir ectly, and rely on the

fact that in their �nal statethey will be able to solve the �rst. A dif ferent approach is taken

here — the inferenceproblem is tackled for every pattern presentedto the network, with the

results from this subproblem being used to drive the modelling of the data set asa whole.

A useful concept now commonly used in this area is to think of the system in terms of

both inverse, or recognition, and forwar d, or generativemodels (e.g.Dayan et al., 1995). A

general modelling framework that makes use of these ideas is shown in Figure 4.1(a). An

internal representation of the environment is produced by applying a recognition model to

the input. A subsequent application of a generative model to this representation attempts

to reconstruct the input; dif ferencesbetween the original and reconstructed inputs may be

used to impr ove both recognition and generative models. The exactmethods for measuring

dif ferencesand adapting the models will depend on the relative importance to the system

of various properties of the input. The SECnetwork, discussed in Section3.2.4,�ts exactly

into this feedbackmodel, and, aspointed out by Saund (1994),a large number of other error-

driven unsupervised learning models may be viewed in this way.

A slightly modi�ed form of this model is shown in Figure 4.1(b). Here, a comparison

between the original and reconstructed inputs is also used (via an incremental form of the

recognition model) to iteratively adapt the internal representation (it is usual to assumethat

this occurs on a much faster time-scale than adaptation of the models). The advantage of

this approach is that the role of the recognition model is much reduced. Becauseit is now



4.2 Network architecture and activation rules 43

driven by dif ferencesbetween the original and reconstructed inputs, it needsonly to be able

to move the internal representation towardthe correct values, although the better it is at this

the fewer the iterations required to achieveconvergence.

This is useful, �rstly becauseit meansthat only one of the two models needsto be learnt

accurately, and secondly because,as mentioned at the beginning of this section, it is the

recognition model (corresponding to the inverse problem) that is the more dif �cult to �nd.

We tackle the inferenceproblem by guessing, testing the guess,and using the result to im-

prove it, a technique known as`analysis-by-synthesis.'

Iterative approachesin general are commonly used for solving modelling problems (e.g.

Ljung and Söderström, 1983).Analysis-by-synthesis in particular is the principle underlying

`Pattern Theory,' intr oduced by Grenander (1976–81).It was proposed asa role for feedback

in the brain by Mackay (1956),an idea that hasbeensupported more recently by Pece(1992),

Mumfor d (1992,1994),Barlow (1994)and Ullman (1994),and is backed by recentphysiolog-

ical evidence (Murphy and Sillito, 1996,and referencestherein). Feedbackof this type may

also be found in a number of other neural network models (e.g.Carpenter and Grossberg,

1987;Neal, 1992;Kawato etal., 1993;Wada and Kawato, 1993;Fyfe and Baddeley, 1995b).

4.2 Network architecture and activation rules

The REC network closely follows the model of Figure 4.1(b). As is standard for neural net-

works, the spaceof all possible models is restricted to a single, parameterised, model, with the

parameters being representedby the network's weight values.

The basic network assumesa linear generative model. This is a very large assumption,

and a major limitation of the approach, since few real-world features (which we wish the

network to mimic) behave in this way. Nevertheless, it is a useful starting point since a

linear model lends itself readily to mathematical analysis, and some of the limitations will

be addressedin Chapter 6. Furthermor e, we shall seethat the linear assumption allows the

generative and incremental recognition models to be very closely linked.

The REC network model is shown in Figure 4.2. The method for activating it is mathe-

matically equivalent to a neural network algorithm proposed by Daugman (1988),but this

model used three layers, with the weights rather than output values converging to the de-

sired representation. Pece(1992)reformulated the network asa two layer model very similar

to that presentedhere,and linked it to the physiology of the visual system,but this work was

not extended to include learning. Ideas very similar to those presentedhere were also de-

veloped independently and concurrently by Olshausenand Field (1996a,b).

Certain aspectsof the following discussion, and the subsequent derivation of the Heb-

bian learning rule in Section4.7,closely follow the presentationof principal component anal-

ysis made in Section3.1.We shall seein particular that the resulting objective function is the

same,and that the basicnetwork model thus �nds the principal subspaceof its data.

The network has m inputs and n outputs. The input vector x
�

�

x1 � � � � � xm �

T is fed to a

�rst layer of units which form the sum of the input and the feedback from the secondlayer,

to give a vector r
�

�

r1 � � � � � rm �

T. The feedforwar d weights to the ith unit in the secondlayer

are denoted by the vector w i �

�

wi1 � � � � � wim �

T. The feedback weights from the same unit
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Figure 4.2: The REC network model used to �nd the optimal (in terms of Euclidean dis-

tance)re-representationof the input pattern within the constraints of the current weight val-
ues. The symbols within the circlesrepresentthe units' outputs, asgiven by Equations (4.1)

and (4.2).

have equal magnitude but the opposite sign, and so the output from the �rst layer is given

by

r
�

x
�

n

å
k� 1

akw k � (4.1)

The network's output vector is denoted by a
�

�

a1 � � � � � an �

T. Following the recurrent ap-

proachdescribed in Section4.1,the components of a are not calculated dir ectly. Instead their

values, initially zero, are updated using the following rule:

�

ai �

� rTw i (4.2)

where � is an adjustable rate (0 


�

� 1). After eachupdate of the ai under (4.2), r is recal-

culated using (4.1),and so,substituting (4.1) into (4.2),we have that

�

ai �

�

�

x
�

n

å
k � 1

akw k �

Tw i � (4.3)

Having summarised, in (4.3), the dynamics of the activation process,we are now in a posi-

tion to askwhat it achieves.The network's aim is to map the input vector x into a new vector

spacedescribed by the weight vectors w i . In the casewhere the weight vectors fail to span

the input spacefully , or in other wor ds to form a completebasisfor the transformation (typ-

ically becausen 
 m), we can apply the linear generative model to attempt to reconstruct

the original input from the representation in the reduced space. The reconstructed input is

given by

�

x
�

n

å
i � 0

aiw i � (4.4)
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In order to measure how successful this has been, we may use, as for PCA in Section 3.1,

an error function given by the squared norm of the dif ferencebetween the original and the

reconstructed inputs:

Er
�

�

x
�

�

x
� 2

� (4.5)

The partial derivatives of this objective function with respectto the outputs ai are given by
�

Er
�

ai
� �

2
�

x
�

�

x �

Tw i

� �

2
�

x
�

n

å
k � 1

akw k �

Tw i �

(4.6)

By comparing the derivatives (4.6)with the output update rule (4.3)we seethat

�

ai � �

�

2

�

Er
�

ai

or in vector form

�

a
� �

�

2
�

aEr

where
�

is the gradient operator. We �nd therefore that the output update rule (4.3) per-

forms gradient descenton the error function (4.5).The function is quadratic in eachelement

of a, and so we are guaranteed a single, global minimum of Er , providing that the weight

vectors are linearly independent.1 In the network's equilibrium state (
�

a
�

0), the partial

derivatives of Er with respectto all the outputs will be zero, and thus the global minimum

for Er will have been reached. We may note in passing that in this state, we �nd from (4.6)

and (4.4)that

�

i � rTw i �

0

or, in wor ds, that the residual vector is orthogonal to all the weight vectors. A dir ectly

analogous result is found in the design of optimal linear �lters, where it is known as the

principleoforthogonality(Haykin, 1996,p. 197).

4.3 Feedback asa competitive mechanism

In the special casewhere the weight vectors are orthonormal, the transformation outlined

above could simply be done by computing the projection of the input pattern onto each

weight vector by forming the inner product xTw i . This can be achieved by a single forwar d

pass of the REC network with �

�

1, and is equivalent to activating a simple feedforwar d

linear network.

The purely feedforwar d Hebbian networks discussedin Chapter 3 reliedon the orthonor -

mality (or at least orthogonality) of their weight vectors after learning in order to produce

outputs that minimised the sum-squared error function. Without orthogonality , the outputs

1If this is not the casethen the problem is under-constrained. One method for resolving the ambiguity is

mentioned in Section4.5,and others, dir ectly tailor ed to producing ef�cient codes,are explored in Chapter 5.
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must interact in some way to produce the desired mapping. This interaction has typically

been achieved by lateral (`competitive') connections between the outputs (Section 3.5), but

requiresan additional learning rule to adapt theseextra weights, and means that the map-

ping will again only be `correct' (in the least-squaressense)afterlearning.

The REC network may also be viewed asa competitive model, but with the advantages

that no extra weights are neededand that the reconstruction error (4.5)is always minimised.

The competition is achieved not by lateral connections, but by negative feedback: when

an output unit becomesactive, it `claims' that part of the input to which it responded by

subtracting it from the outputs of the �rst layer, and thus preventing any other unit from

responding to the samefeature. In this way, exactly the right amount of competition is pro-

duced: if a single unit is capableof claiming the entire input pattern, then it will prevent any

other units from responding at all; at the other extreme,if all the active units are responding

to separate(mutually orthogonal) features,then there will be no competition between them,

and the responseswill be the sameas if there were no feedbackconnections.

Although the REC network has beenpresentedasa feedback model here, it is also pos-

sible to view its operation in terms of dir ect lateral inhibition. Olshausen and Field (1996b)

expressedmathematically equivalent network dynamics using a recurrent inhibitory term

between two output units i and j equal to the scalar product of their respectiveweight vec-

tors (w T
i w j). The concept of a feedback model is retained throughout this thesis, however,

and will prove particularly useful when generalising to various nonlinear mixtur e models

in Chapter 6.

4.4 Static and dynamic network units

A close look at the algorithm set out in Section 4.2 for activating the REC network reveals

a crucial dif ferencebetween the behaviour of �rst- and second-layer units. While the out-

put of units in the �rst layer is determined in a static manner basedsolely on their current

input (4.1),the second-layer units, by contrast, behavemore dynamically — they use (some

fraction of) their input to updatetheir current state (4.2).

To enable both types of unit to exist in a common framework, we can say that a general

discrete-time dynamic model of a linear unit is given by

a
�

t � 1�

���

a
�

t � �

� I
�

t �

where I
�

t � is shorthand for the sum of all external inputs to the unit at time t. From this

we seethat
�

representsa `forgetting' or `leakiness' factor and � is the rate at which external

inputs are incorporated into the unit's activity . In the RECmodel, we have that
� �

0 and �

�

1 for the �rst-layer units, and
� �

1 for the output units with � an adjustable parameter, as

intr oduced in Equation (4.2).The values for
�

mean that units in the �rst layer have no state

(memory), while those in the secondhave perfect memory. Pece(1992)noted that theseare

unrealistic assumptions for a model of a physical system,but showed that a physiologically

plausible dynamic model could neverthelessclosely approximate the behaviour of the `ideal'

network discussedhere.

It is important to understand thesedif ferencesbetween the characteristicsof the dif ferent

layers of units, becauseit makes clear the distinction between the REC network and some
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other similarly structured network models. Plumbley (1991,Chap. 5), for example, intr o-

ducesa number of network models for which it is assumedthat all units are memoryless, so

that while, in particular , his `skew-symmetric network' hasan apparently identical structure

to the RECmodel, the mapping it produces is wholly dif ferent.

4.5 Practical minimisation techniques

Before attempting to usethe RECnetwork in any experiments, we need to addressthe prac-

tical issue of how it is activated. The algorithm set out in Section 4.2 performs gradient

descenton the reconstruction error, with the rate controlled by the parameter � . However,

simple gradient descentwith a �xed rate � is a notoriously bad minimisation technique, as

it tends to be unstable if � is too large, and slow if � is too small (see,for example, Bishop,

1995,p. 264).

So while it is interesting that a simple dynamic model as set out above minimises the

reconstruction error, it may be useful for practical reasonsto seek more ef�cient means to

achieve the samegoal.

We should note �rst that we are dealing at the moment with a purely linear model, and

looking for a leastsquaressolution (i.e.the minimum of
�

WTa
�

x
� 2) — this is something that

linear algebra is well quali�ed to provide us with. In the simplest case,where the number of

outputs n is equal to the number of inputs m, and all weight vectors (rows of W) are linearly

independent, we can solve the problem

x
�

WTa

for a exactly by computing

a
�

�

WT
�

	

1x � (4.7)

When the rows of W are still linearly independent, but n 
 m, the least squares solution is

given by use of the so-called `normal equations' (Strang, 1988,p. 156),which yield

a
�

�

WW T
�

	

1Wx � (4.8)

In all other cases,i.e.when the rows of W are linearly dependent (asmust be the casewhen

n � m), a useful solution may still be obtained using the pseudoinverseof WT, denoted as

�

WT
� 
 :

a
�

�

WT
�


 x � (4.9)

The pseudoinverse can be calculated dir ectly from the singular value decomposition of a

matrix (Strang, 1988,p. 449), and resolves the underdetermined nature of the problem in

this caseby �nding the minimum lengthvector a that ful�ls the least squarescriterion.

Equations (4.7),(4.8)and (4.9)between them produce least squaressolutions for all pos-

sible forms of the weight matrix W. In fact the pseudoinverse alone covers all threeeventu-

alities, and sinceit can be obtained using a robust and ef�cient algorithm, it might seemthat

we need look no further for a suitable optimisation method.
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Unfortunately , however, almost all of the networks used in this and subsequentchapters

are not entirely linear, with constraints being applied either by hard limits on the output val-

ues,or in the form of penalty functions. In thesecircumstances,more general minimisation

techniques are required. The linear solutions were intr oduced here, however, in order to

note that if there is an opportunity to use them, they will give a highly ef�cient method for

determining the network outputs. In particular we may note that for a �xed set of weights,

the pseudoinverse need be calculated only once,with subsequentnetwork activation being

no more costly than a matrix multiplication. Problems may arise,however, when the weight

matrix is ill-conditioned, a point discussedfurther in Chapter 7.

Most general-purpose minimisers, such asmay be found in books on numerical analysis,

should be applicable to the network activation process. Except where otherwise noted, all

of the simulations described in this thesis used an ef�cient conjugate gradient method due

to David Mackay,2 or, where hard limits on output values were required, a constrained vari-

able metric (or quasi-Newton) method due to Gill and Murray (1976)and available asroutine

E04KA in the NAG Fortran library (Numerical Algorithms Group, 1996).The dynamic net-

work model itself will not becompletely abandoned,however, and we shall seein Chapter 7

that in certain casesthe approximations obtained by just a few iterations of gradient descent

are suf�cient to produce good results.

4.6 A simple activation experiment

We looked in Section 3.7.3at the `EXIN' network developed by Marshall (1995)in order to

tackle the problems of context, uncertainty, multiplicity and scale in a perceptual environ-

ment. As the basis for a number of experiments to demonstrate the network's behaviour in

theserespects,Marshall used a simple setof binary-coded inputs. The code hassix bits, and

can conveniently be notated by assigning a letter (a to f ) to eachof the bits and denoting the

presenceof each`1' by the corresponding letter, so that, for example, the pattern `111000' is

labelled `abc.' In the simplest example, there are just six distinct patterns — a, ab, abc, cd, de,

and def.

Theaim of this experiment was to seehow well the RECnetwork performs in comparison

with the method for activating the EXIN network, and with regard to the requirements for a

self-organising system set out by Marshall.

A network of six inputs and six outputs was used here,and in order to concentratesolely

on the activation, the weights were �xed in advance,with eachoutput unit's weight vector

w i set equal to a dif ferent one of the six patterns listed above. In this con�guration, the

network was presented in turn with each of the sixty-four possible binary input patterns.

Crucially, the network's outputs were constrained to be non-negative. This constraint will

be discussed in more detail in Section5.2,but for now we can justify its use by saying that,

in the framework that the problem is posed, there is no natural interpr etation for negative

coef�cients of the underlying features.

The sixty-four dif ferent patterns, and the corresponding network outputs, are shown in

Figure 4.3. The results demonstrate that the network behaves sensibly in respect of Mar-

2Code available via the World-W ide Web from ���������	����

�������
�����������	�������	����������� �!���"�����
�
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Figure 4.3:The responsesof a `pre-wir ed' RECnetwork to all possible six-digit binary input

patterns. Each of the 64 sub�gur es is a representation of the network in its stable state for
the corresponding input pattern. The six small circleson the left of eachsub�gur e represent

the inputs x, the larger onesin the middle the �rst-layer outputs r, and thoseon the right the
network outputs a. An empty circledenotesazero value. Positive values (in the range � 0, 1

�

)

are representedby the fractional areaof eachcircle that is �lled. The magnitudes of negative
values aresimilarly represented,but with ahorizontal line indicating the extent of the `�lled'

areabelow it. The lines connecting the larger circlesrepresent(forwar d) weight values of 1.
Where there is no line, the corresponding weight value is 0. The boxed sub�gur es denote

the six patterns that are the pre-wir ed `features.'
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shall's four requirements:

1. Context. The network's outputs are context-sensitive, as required, in the sensethat

an output may not respond at all, even if its preferred feature appears in the input, if

another unit produces a better match. The pattern ab(row 1, column 8 of Figure 4.3),

for example, results in an output from the `ab-detector' alone. Neither the anor the abc

units produce any response.

2. Uncertainty. When no exactmatch is possible, the network producespartial responses

from related units, so that, for example, the input pattern c (row 1, column 4) results in

a partial responsefrom the abcand cdunits.

3. Multiplicity . Where the input is the (linear) superposition of two features,both of the

corresponding units becomeactive, resulting, for example, in full responsesfrom both

the a and cdunits for the input pattern acd(row 4, column 3). Note, however, that in a

binary environment such asthis, we might expect the superposition of two overlapping

features, such as cd and deto result in their logical OR (cde). This issue is tackled in

Chapter 6.

4. Scale. The responseof output units is independent of the scale of the features they

represent,so that, for example, the `small' featureaproducesexactly the sameresponse

from the a-detector (row 1, column 2) as the `large' feature abcdoes from its detector

(row 3, column 7).

Recalling that the outputs from the �rst layer of processing units represent the `residual'

(dif ference between input and reconstruction), we can seefor each pattern how close the

network was to representing it fully . Without the non-negative constraint on the outputs,

the network would have beenable to reconstruct every pattern exactly, since the six weight

vectors are linearly independent, and therefore span the entire six-dimensional input space.

Furthermor e, as noted in Section 4.5, we could have achieved such a mapping with an en-

tir ely feedforwar d linear network with a weight matrix the inverse of that used here. While

this would result in the sameoutput values for any pattern that resulted in a zero residual in

Figure 4.3,every other pattern would produce one or more negative output values. The in-

put b, for example, is interpr eted by the constrained network (row 1, column 2 of Figure 4.3)

asa partial ab(plus noise), but asabminus awhen negative coef�cients are allowed.

The activation of the REC network, therefore, based on a relatively simple model, and

equivalent to a constrained SSEminimisation, appears to ful�l Marshall's requirements for

a �exible and general-purpose self-organising system. As yet, however, we have no meansof

achieving self-organising behaviour by updating the weight values — this issueis addressed

in the next section.

4.7 Learning rules

The activation process�nds the output values that minimise the reconstruction error Er for

a �xed set of weights and a particular input vector. A reasonablegoal for learning is to
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minimise the samemeasure, but now averaged over all input patterns, i.e.

ER �

�

�

�

x
�

�

x
� 2

� � (4.10)

Dif ferentiating ER with respectto the individual weight values w i j, we �nd that
�
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�
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�
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Dif ferentiating eachelement of
�

x in (4.4)gives
�

�

xk
�

wi j
�

�

ai
�

wi j
wik �

�

jkai � (4.12)

Substituting (4.12)into (4.11), we �nd that
�
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�
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���
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�
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�

x
�

�

x �
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�
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�
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But we know from (4.6)that
�

x
�

�

x �

Tw i �

0 asa result of the activation process,3 so that (4.13)

reducesto
�
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�

wi j
���

2
�

�

�

x j �

�

x j � � ai �

���

2
�

� r jai � �

(4.14)

Converting this gradient into an `online' learning rule in the usual way (as discussed in

Section3.2.1)gives:

�

w i �

� air � (4.15)

where � is the learning rate. This is the Hebbian learning rule in its simplest form, based

on correlations between the outputs of the �rst- and second-layer units (c.f.Equation 3.12).

Conceptually, this means that during learning, any active unit will attempt to take on re-

sponsibility for any `unexplained' part of the input (as representedby the residual vector r)

in proportion to its activity . Mathematically, we seefrom (4.14) that it performs stochastic

gradient descenton the overall reconstruction error.

Wehave assumedin this derivation that, for eachinput pattern, the outputs have reached

their stable values before weight updates are calculated. This approach is justi�able when

considering the network asa single dynamic system since,asmentioned in Section4.1, it is

usual to assumethat the learning processoccurs at a much slower rate than the activation.

Implicit in this whole approach, however, is the assumption that input is in the form of a

series of discrete patterns, each held stable for long enough for the activation and weight

update processesto complete. Someof the issuesrelated to extending these techniques to

continuous temporal patterns are discussedin Section8.3.

3The steps leading to this simpli�cation have been given in full here for our particular choice of error func-

tion (4.10).Appendix A shows that this is one caseof a property that holds more generally, a result that will be

useful when considering modi�cations to the RECnetwork in Chapters 5 and 6.
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Hebbian learning, as given by (4.15), is not the only possible form of learning rule for

the REC network. A slight variant may be more appropriate, for example, in environments

that areprimarily single-cause, i.e.where the majority of patterns areassumedto beproduced

by the presenceof a single feature. This is the assumption made by winner -take-all (WTA)

networks (Section 3.5) and most clusteringalgorithms. In this casewe may use a `greedy'

learning rule where an active unit attempts to claim the entire input pattern:

�

w i �

� ai �

x
�

w i � � (4.16)

The relationship to learning in WTA networks is easily seen because(4.16) is equivalent

to (4.15)exactly in the casewhere just one second-layer unit is active with an output of one.

Although the learning rule in this caseis similar to that of WTA networks, in using it we still

retain the �exibility of the REC network fully to representmultiple or ambiguous patterns

should they appear.

Somesimple experiments with a rule of this type appear in Harpur and Prager (1994).

Since,however, the primary aim of this work is to �nd multiple-causemodels, the learning

rule (4.16)will not be explored further here.

4.8 Novelty detection

Someneural network models, such asKohonen's (1989)`novelty �lter ,' are intended primar -

ily to signal the presenceof patterns that are signi�cantly dif ferent from thosethe systemhas

previously learnt. In the RECnetwork, the magnitude of the residual r, asdetermined by the

stable-stateresponsesof the �rst-layer units, may be used as a measure of `novelty,' since a

large responseindicates that the network's current weight vectors are not well-matched to

the features present in the input. Simple examples of this may be seenin Figure 4.3. The

magnitude of r is given dir ectly by the reconstruction error Er (4.1), a value that will nor-

mally be available `for free' if a general-purpose optimiser has been used to activate the

network.

If the error Er exceedssome threshold � , then we could say that the network has failed

to represent the input pattern. A simple application of this could be that if Er ��� , then in-

steadof the making the normal small adjustments to weight values via the learning rule, the

weight vector for someuncommittedoutput unit (i.e.one that hasshown very little activity in

the past) is set equal to the entire current residual r, or in the caseof `greedy' learning (4.16)

to the entire input pattern x. This schemecould potentially speedup the learning processby

having weight vectors `jump' dir ectly to plausible values,and could alsohelp where learning

hasbecomestuck in a local minimum. The value 1
�

� plays a very similar role to the vigilance

parameter in Adaptive ResonanceTheory (ART) networks (Carpenter and Grossberg, 1987).

Although this technique hasbeenused successfully in severalexperiments with the REC

model to speedup the learning process,it is not explored further herebecauseit is essentially

an adhocmethod which, though potentially useful, doesnot help with our understanding of

the underlying algorithm. However we shall return brie�y to this issue in Section8.3.
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4.9 Relationship to some previous models

We looked in the previous chapter at a number of self-organising models, many of which

have been the subject of a considerable amount of research. It is reasonabletherefore to

ask how the model presentedhere contrasts with those developed previously. To this end,

we may note a number of comparisons between the REC network and those discussed in

Chapter 3:

Single Hebbian units. We saw in Section 3.2.1that Hebbian learning gives a simple, local

means of adjusting weights. We have been able to retain this form of learning with

the RECmodel. Furthermor e, while in the purely feedforwar d caseHebbian learning

has the problem of the weights increasing without bound, the REC network avoids

this becausethe weight updates (4.15)are basedon an error signal rather than the raw

input.

Oja's rule. In order to deal with the problem of unbounded weights, Oja's rule intr oduces

an extra term whose solepurpose is to produce normalised weight vectors. As already

noted, the RECnetwork doesnot in general need to bound the weights in this way, but

if in particular casessuch constraints arerequired, there is no reasonwhy Oja's rule (or

someother method for weight normalisation) should not be applied.

PCA networks. A number of networks that �nd the principal components of their inputs

werediscussedin Section3.2.2.Wesaw in Section3.1that the principal componentsare

orthogonal, so these networks correspondingly ensure (by various means) that their

weight vectors are orthogonal at convergence. For a more general feature-detecting

network, it is important that this constraint be removed, and we have seen that the

REC network is able to minimise reconstruction error without the requirement for or-

thogonal weight vectors.

Principal subspacenetworks. There are a number of self-organising networks, such as

those proposed by Plumbley (1991), that �nd a (potentially non-orthogonal) princi-

pal subspaceof their inputs. The REC network, by virtue of its error function, is such

a network, but the crucial dif ference to previous models is that the REC network at-

tempts to minimise error at both the activation and learning stages.This has no great

bene�t in the unconstrained linear case,but will becomeimportant when constraints

are applied in the experiments of Section4.12and in Chapter 5.

MLP auto-encoders. The linear MLP auto-encoder, as described in Section 3.2.3,�nds the

principal subspaceof its inputs. The non-linear generalisation of this (Section 3.2.3)

performs an analogous function, but no longer assumesa linear generative model for

the data. In both of thesemodels, however, the learning procedure is made more com-

plex by the fact that the network is required to learn weights for both the generative

model and its inverse (the recognition model) simultaneously. The REC network, by

contrast, only needs to learn generative weights, which is in general the easier prob-

lem, with the recognition model being supplied `on the �y' by the activation process.

A useful side-effect of this is that in the REC model, all of the weights relate dir ectly
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to the features representedby the network, and furthermor e each feature is localised

as the weight vector of a single output unit. In contrast to the auto-encoder model,

therefore,a new feature may be added without altering any of the existing weights.

The SECnetwork. The Symmetric Error Correction network (Section 3.2.4)has an almost

identical structure to the RECarchitecture (asshown in Figure 4.2). The crucial dif fer-

enceis the extra generality of the RECmodel resulting from the useof dynamic output

units and a recurrent activation procedure.

WTA networks. A `winner -take-all' procedureforms the basisof severalself-organising sys-

tems (Section3.5). As compared with this form of activation, the RECnetwork is able

to represent patterns where multiple causeshave combined to produce the data. This

ability is likely to be important, particularly in the early stagesof processingcomplex

data, to avoid the loss of signi�cant amounts of information without the need for very

large numbers of units.

Lateral inhibition networks. One method of making more �exible the very strong compe-

tition inherent in WTA networks is to intr oduce (adjustable) lateral inhibition between

units, asdiscussedin Section3.5. Commonly the weight values for the lateral connec-

tions are determined by an anti-Hebbian rule. It is clear that the need to learn an extra

set of weight values increasesthe complexity of training. In Section4.3 it was argued

that the REC model obtains (via feedback) just the right amount of inhibition without

the need for these extra parameters. It was also mentioned however that it is possi-

ble to think of the REC network's operation in terms of lateral inhibition rather than

feedback if so desired.

EXIN networks. A comparison of the REC network to various aspectsof the EXIN model

(Section3.7.3)was made in Section4.6,becauseseveral of the principles embodied by

the model are highly desirable for self-organising networks. The properties of the two

in respectof activation were found to be very similar, and indeed the RECmodel was

originally developed by this author as an attempt to mimic EXIN networks (Harpur

and Prager, 1994). The principal advantagesof the REC network are �rstly that there

is a clear objective function, and secondly that activation is less computationally ex-

pensive.

`ICA' networks. Various models that make use of higher order statistics were discussed in

Section3.8.2.Severalof theserequire their data to be sphered because,asextensionsto

PCA networks, they retain the constraint that their weight vectors must be orthogonal

at convergence. Somelimitations of this approach were pointed out in Section 3.8.1.

The REC network does not have the orthogonal constraint, but nor does it yet have

any ability to deal with higher order statistics. This issue will be tackled in Chapter 5,

at which point it will be possible to make a fuller comparison of the REC model with

theseand other ICA techniques.
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4.10 Minimum reconstruction error asmaximum likelihood

We have seenabove that activation of the RECnetwork �nds a coding that, when used with

the current weight values to linearly reconstruct the input, minimises the sum of the squares

of dif ferencesbetween the original and reconstructed input values (4.5). Equivalently , it

�nds the reconstruction that is the closest(in terms of Euclidean distance in the input space)

to the original input.

This is clearly useful, but what in theoretical terms does it achieve? Let us assumethat

the network is a `correct' model of the environment, i.e.that both the weight values and the

linear model itself exactly �t the way that patterns are produced. Under these (somewhat

fanciful) assumptions, the network will beable to reconstruct exactlyevery pattern presented

to it. In a slightly more realistic model, we may assumethat the input has been additively

corrupted by a random `noise' vector � , giving

x
�

x̂ ��� (4.17)

with the signal x̂ and noise � independent. Sincethe network models x̂ but not � , it can no

longer be guaranteed to produce an exactreconstruction of the input, but what we canask is

that the reconstruction
�

x be set to the mostlikely value of x̂ that could have resulted in input

x, i.e.

�

x
�

arg max
x̂

p
�

x
�

x̂ � � (4.18)

This is known asa maximumlikelihoodapproach. Using the relationship (4.17)along with its

independence assumption, it is not too hard to seethat p
�

x
�

x̂ � is in fact given by p
�

� � . In

other wor ds, given a point x̂, we can place the probability density function of � at that point

to �nd the distribution of input signals x that might result.

In the absenceof any other information, the usual assumption to make about � is that it

has a zero-mean multivariate Gaussiandistribution which is spherical, i.e. its variance is the

same in any dir ection. The p.d.f. of such a distribution is shown for the two-dimensional

casein Figure 4.4, where we see that the spherical property results in concentric circular

contours and the p.d.f. may therefore be viewed purely asa function of Euclidean distance

from the origin. 4

Placing this density at points x̂, we seethat the value of x̂ that maximises p
�

x
�

x̂ � is simply

x, but only if x is in the subspaceof points generatedby the noise-freeenvironment (model).

Failing this it is clear from the form of Figure 4.4 that we should �nd the reconstruction
�

x

closestto x within the constraints of the model. This, assetout at the beginning of this section,

is preciselywhat is achievedby the activation algorithm, sowe cansaythat the network does

indeed (under our various assumptions) ful�l the maximum likelihood criterion (4.18).

Sincethe network's outputs a and reconstruction
�

x are deterministically related (we are

assuming a noise-freesystem), we can equally say that the network �nds the outputs a that

4Although we are speci�cally assuming a Gaussian noise distribution, any multi-dimensional distribution

whose p.d.f. is a monotonically decreasingfunction of distance from the origin would ful�l the property needed

here. If, however, we also wish to assumethat the noise in eachinput dimension is independent and identically

distributed, then Gaussiannoise is the only choice that ful�ls both criteria.
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Figure 4.4: A combined surface and contour plot of the spherical Gaussian function in two

dimensions.

maximise p
�

x
�

a � . This is alsoequivalent to maximising p
�

a
�

x � , but onlyunder the assumption

that all output values a are equally likely . We shall return to this matter with a slightly more

formal treatment in Section5.4.

4.11 Reconstruction error and information transfer

In the information-theor etic framework set out in Chapter 2, we saw that maximising in-

formation transfer is a desirable property for an unsupervised network. Indeed, it is also a

necessaryproperty if we are to try to produce low entropy codes,since minimising output

entropy without simultaneously maximising information transfer is a pointless task (Fig-

ure 2.3).

It hasbeenknown for sometime that it is possible to interpr et a least-squareserror func-

tion in terms of maximum entropy (van den Bos,1971).Plumbley (1993)examines this area

in some detail, and shows in particular that minimising squared reconstruction error in an

unsupervised system is equivalent to minimising an upper bound on the information loss

with respectto the `true' signal x̂. In our case,the loss may be written as
�

I x̂, where

�

Ix̂
�

x � a ��� I
�

x̂; x �

�

I
�

x̂;a� �

for input x and output a. The bound is only tight when signal and noise are Gaussian.

Although the signals under consideration will in general be highly non-Gaussian,this need

not worry us unduly , since we shall be interested primarily in the casewhere the expected

reconstruction error ER is zero. If this is the case,then the mapping from input to output is

invertible, and it is clear that the information loss is zero whatever the input distribution may

be.

To be slightly more general, providing that the useful input information I
�

x̂; x � is con-

tained within an n-dimensional principal subspaceof the input, then a REC network with

n outputs (or more) will minimise information loss. Since we are interested primarily in

feature extraction rather than dimensionality reduction, the number of outputs in examples

described here will be made suf�ciently large for this to be at leasta reasonableassumption.
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Figure 4.5: A random sample from the lines data set for p � 0 � 3. Values of one are repre-

sented by white squares,and zeroesby dots.

4.12 Learning experiments

In the following sections,we shall look at the results of a number of experiments using the

basic REC network asoutlined in this chapter. The data setsused here are all arti�cial, and

designed to illustrate the network's abilities and limitations with respect to certain simple

problems. This will pave the way for enhancing the techniques in subsequentchapters,and,

in Chapter 7, applying them to real-world data.

Certain properties are common to the majority of experiments described in this thesis,

and so are set out here to avoid the need for repetition. Firstly, except where otherwise

noted, the initial weight values for each experiment were produced randomly from a uni-

form distribution over the permitted range of values, or where the values are unconstrained,

from the range �

�

0 � 5, 0 � 5� . Secondly, changesto the weight values were in all casesmade us-

ing the online Hebbian learning rule (4.15),typically , and again unlessotherwise noted, with

any changesbeing applied immediately after the presentationof eachpattern. Finally, where

a data setof �nite sizewas used,eachinput pattern was generatedfrom an independent ran-

dom sample from the set (with replacement).

4.12.1 The lines problem

An experiment involving horizontal and vertical lines was �rst intr oduced by Rumelhart

and Zipser (1985).This was extended by Földi ák (1990)to the casewhere multiple lines may

appear simultaneously, and this version hassubsequently beenused by Zemel (1993),Saund

(1995)and Ghahramani (1995),and is thus established as a simple benchmark for a system

claiming to produce factorial codes. Input consists of an 8 � 8 grid, on which are placed

combinations of the 16 possible horizontal and vertical lines, each one appearing with an

independent probability p. At a point on the grid where there are one or more lines, the

input is one — elsewhere it is zero. There are 65026distinct patterns in the data set,but for

any single value of p the majority of thesewill appear only extremely rarely.

In this experiment, the line probability p was set at 0 � 3, giving a mean of 4 � 8 superim-

posed lines per image. A random sample from the data set for this value of p is shown in

Figure 4.5. Figure 4.6 shows a typical set of weights developed by a network with 16 out-

puts when presentedwith randomly generatedsamplesfrom this data set. The outputs were

constrained to be non-negative during activation, and weight values were constrained to lie

within the range � 0, 1� during learning. Resultssuch asthose shown here were typically ob-
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Figure 4.6: An example of the �nal weight values produced by a REC network of sixteen
outputs trained on the lines data. In this and subsequent diagrams of this type, positive

values are representedby white squares, with the length of each side proportional to the
magnitude of the value. Negative values are similarly representedby black squares, and

zeroesby dots.

tained after about 2000pattern presentationswith a learning rate � of 0 � 2, but the value for
� is not critical, and results of this form can be obtained with any rate in the range

�

0, 0 � 9� .

It may beargued that using just 16network outputs in an experiment like this is not a rea-

sonable test, since it makes use of the foreknowledge that there are exactly 16 independent

components to the input — we are unlikely to have such knowledge when tackling real-

world problems. The experiment was repeatedwith dif ferent numbers of outputs, ranging

from 8 to 64. With insuf�cient ( 
 16) outputs, it was found that each unit typically con-

tinued primarily to representa single horizontal or vertical line, but the weight values also

contained traces (typically with weight values of less than 0 � 5) of the `missing' lines that

were not properly represented.With excess( � 16) outputs, it was found in all casesthat 16

of the units continued correctly to discover eachof the horizontal and vertical lines. Some

of the remainder representedcombinations of two or more lines, or `noisy' versions of this,

with the rest remaining essentially unused with weights closeto their initial random values.

It is worth noting that the linear model of the network is not correct for this data, sincethe

input value where two lines intersect is one, and not two asthe network's generative model

predicts. Providing that p is kept reasonably small (less than about 0 � 4) the basic network

is neverthelessable to �nd the correct solution becausethe reconstruction errors produced

at the intersections are small compared with the overall variance of the input. In Chapter 6

modi�cations are intr oduced that enable the network to continue to �nd solutions for much

higher values of p.

One effect of the incorrect model being used here is that weight values do not fully con-

verge due to the residual errors produced at the intersection of lines. However the �uctua-

tions may easily be smoothed out by decreasing the learning rate during the latter stagesof

training.

4.12.2 The shapesproblem

This experiment is based on a data set similar to that used by Ghahramani (1995). Input

patterns are composed of three shapes— an empty square, a cross,and a diagonal line —

each of which �ts into a 3 � 3 grid and is representedby ones on a background of zeroes.

An input pattern is produced by combining one of eachof the shapes,eachat one of sixteen
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Figure 4.7: A random sample from the shapesdata set. Zero inputs are shown as a dot, as
previously. Input values of 1, 2 and 3 are shown by boxes with single, double and treble

thickness lines respectively.

possible locations on a 6 � 6 grid. Unlike the previous experiment (and Ghahramini's data

set), the shapesare combined linearly, so that a superposition of two shapesproduces an

input of two, and of all three an input of three. Patterns were generated at random from

the 4096possible combinations. A sample of the input patterns is shown in Figure 4.7. The

network outputs were constrained to be non-negative, and weight values to lie in the range

� 0, 1� . The learning rate � was �xed at 0 � 8.

A typical setof weight vectors produced by a network of 64outputs after approximately

1000pattern presentationsis shown in Figure4.8.Note that the weights have beenreordered

manually for clarity, the original order being essentially random since there is no enforced

structure to the output layer. A study of these weight values shows that the network has

correctly identi�ed eachof the threeshapesin eachof the sixteen locations. The remaining

sixteen units were unused, and remained inactive for any pattern from the data set oncethe

stable state shown here was reached,leaving them freeto representany additional features

that might be intr oduced to the data at a later stage. Their weights are in some instances

very closeto the random starting values. In others, the unit was used at some stageduring

learning, but then abandoned when some other unit or units began to represent the same

feature or featuresmore accurately.

While similar to the lines experiment in a number of ways, there are also several impor -

tant dif ferenceshere. Unlike the lines data set, the featuresare of dif ferent sizes(threepixels

for a line, �ve for a cross, seven for a square). A learning rule based on SSEwill tend to

favour features of greater magnitude, since they will induce a greater error if not properly

represented. In accordance with this, it was observed that the weight vectors representing

squarestended to be the �rst to appear during learning, followed by the crossesand �nally

the lines. The issue of most importance, however, as discussed in Section 3.7.3,is that the

network be able to learn to represent features with a variety of scales— this experiment

provided a simple test of that ability .

Secondly, we may note that in this experiment, the network has 64 outputs but only 36

inputs. Given this, there are many possible setsof weights that could representevery input

pattern with zero error (even with the non-negative restriction on both output and weight

values). A situation where any 36 of the 64 weight vectors representa dif ferent input pixel

would achieve this, for example, so why was it that in all the trials the learning procedure

neverthelessyielded what we would interpr et asthe `correct' representation?It seemslikely
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Figure 4.8: The �nal weight values from the shapesexperiment. The order of the weight
vectors has beenchanged by hand to show more clearly the divisions into squares,crosses,

lines and unused units.
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that this is due to the dynamics of the learning rule: during learning, asnoted in Section4.7,

every active unit will receive a change in weight values that attempts to account for any

part of the input that has not been properly represented,as given by the residual vector r.

Referring back to Figure 4.3 on page 49, we seethat in almost every casewhere a pattern

is not representedfully , and becauseof the non-negative output constraint, an active input

value xi hasa corresponding positive residual r i . This results in a pressure for eachfeature to

becomeaslarge aspossibleunless there is evidence to the contrary. This is a highly desirable

property, and is analogous to the idea in PCA that the high-variance components are of the

most interest. It also explains why the �nal non-zero weight values tended to be close to

their upper limit of one even though in theory any value would suf�ce. Nevertheless the

fact that the network might fail to �nd the correct solution if it happened to be initialised in

or near to an unwanted minimum is a causefor concern— attempts to remove such minima

will be made in Chapter 5.

Finally, it was important for this experiment that the data were formed from a linear

rather than a binary combination of the features. Unlike the caseof the previous lines ex-

periment (Section4.12.1),the degreeof overlap between featuresin a binary-valued version

of the data was suf�cient to prevent the correct solution from being found. In experiments

with these data, the network converged to a state where most of the squares and some of

the crosseswere found correctly, but where the majority of line featureswere only of length

two.

4.12.3 Learning continuous-valued features

In the problems presentedso far, the featureshave beenbinary in nature. The RECnetwork

architecture has no particular predisposition towards binary problems, so in some further

experiments described here it was tested on patterns from a continuous domain.

The particular problem used was basedon �nding four features in sixteen dimensions.

Noting that in the previous `toy' problems the choiceof featureswas made by hand and may

thus have intr oduced regularities that simpli�ed the problem, the featureshere were chosen

at random. Eachwas composedof sixteenvalues taken from a uniform distribution over the

interval �

�

1, 1� . Training patterns were generated using linear combinations of four such

features,produced by multiplying eachby uniformly distributed random numbers over the

interval � 0, 1 � and summing the results.

A network with four output units was trained on thesepatterns. In order to apply the

prior knowledge that the features appear only in a non-negative form, the network out-

puts were similarly constrained to be non-negative. The weights were initialised to random

values and updated after each pattern with a learning rate � of 1. After an update, each

output unit's weight vector was normalised to unit length. A reasonably stable solution

was typically reachedafter about 1000pattern presentations,although small changesto the

weights continued after this. Figure 4.9(a)shows a sample pattern from the data set, and

(b) shows the four randomly generated features,superimposed with the approximations to

them found by a network after 2000pattern presentations.

There are several points to note from this experiment. Firstly, if the network outputs are

not forced to benon-negative, then the problem is vastly under-constrained becauseanyfour
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Figure 4.9: (a) A sample pattern from the data set described in Section4.12.3,with the val-

ues x j plotted for eachinput j. (b) The four randomly generated `features' used to generate
this data set, and the approximations to them produced by the network on a sample run.

The circles (connected by solid lines) denote the underlying features,and the crosses(con-
nected by dashed lines) the network weights approximating them. The featurevectors have

been normalised to unit length, and ordered so that each appears on the same axesas the

most closely matching weight vector. The order of the sixteen inputs hasno particular rele-
vance — the lines connecting the points in thesegraphs are included merely for illustrative

purposes.
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Figure 4.10:A random sample from the noisy lines data set for p � 0 � 3 and � 2� � 0 � 1. Values

are representedasdescribed in the caption for Figure 4.6.

vectors spanning the samespaceas that spanned by the four `true' featureswill encode all

possible samples from the data set with zero error. In practice this results in the network

quickly converging to a stable state where the weight vectors have no easily recognisable

relationship to the original features.

Secondly, we note from Figure 4.9(b) that the weight vectors' match to the underlying

features is fairly good, but certainly not exact, even though the values shown represent a

stable solution and both data and network are `noise-free' (down to the tolerances of the

�oating point representation and minimisation procedure). This suggeststhat the problem

is still under-constrained.

Thirdly, it was noticed that training with relatively large learning rates, which produce

large �uctuations in weight values at an early stageof training, tend to produce better stable-

statesolutions than smaller ones,for which the path to a stable solution is more dir ect. This

alsosuggeststhe presenceof undesired solutions, and hencethat the choiceof initial weights

may be important.

A moredetailed look at the form of problem being solved herewill bemade in Section5.2,

where we shall seethat it is indeed an under-constrained problem, but that a suitable choice

of initial weight values and/or the application of additional constraints can help us to �nd

exactsolutions.

4.12.4 Learning in the presenceof noise

In all of the above experiments, the data sets have somewhat unrealistically been entirely

noise-free. To test the performance of the REC network in noisy environments, two of the

above experiments were repeated,but with noise-corrupted inputs.

In the �rst, the lines data set as described in Section4.12.1was used, but with indepen-

dent Gaussiannoise of variance �

2�
�

0 � 1 added to eachelement of eachinput pattern. Some

examplesof this noise-corrupted version of the data are shown in Figure 4.10.

The secondused a noisy version of the continuous-valued data setof Section4.12.3,also

with additive Gaussiannoise of variance 0 � 1. The noise variance was at a similar level to the

expectedvariance of eachelement of the signal vector, which is 1
9

� 0 � 11.

In both cases,the networks were identical to those used for the noiselessdata. Unsur-

prisingly one effect of the noise was found to be that learning was lessstable, with the re-

sult that the learning rate needed to be gradually decreasedtowards zero for the weights

to converge fully , a procedure formalised as the Robbins-Monro stochastic approximation
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algorithm (Robbins and Monr o, 1951). An alternative meansof dealing with the destabilis-

ing effect of noise is to accumulate weight changesand apply them only after a number of

patterns, thus taking advantage of the fact that the noise has zero mean.

Aside from this effect, the representationsproduced from the noisy lines data were found

to be essentially identical to those in the noise-freecase.A slight degradation of results was

observed however for the continuous-valued features, and becameworse with increasing

noise variance. The reasonsbehind theseobservations will be discussedin Section5.2.

4.13 Discussion

We have seenin this chapter the operation of the REC (Recurrent Error Correction) model,

its relation to a number of other models and techniques, and the results of its application to

a few relatively simple tasks.

The most signi�cant characteristicsare �rstly that the network attempts to minimise its

error function for any set of weights and every input pattern, and not just as the end-result

of a learning process;and secondly that in contrast to PCA and a number of ICA techniques,

there is no requirement for the featuresthat are found to be orthogonal.

Having removed the orthogonality constraint, it proved necessaryin the experiments

described here to intr oduce a new one, in the form of the non-negativity of output values,

to prevent the network from producing uninter esting or undesired solutions. The results

from Section4.12.3suggestedhowever that this will not be suf�cient in all cases(nor is non-

negativity justi�able for all problems), and in the next chapter we shall examine further the

issueof constraints, and how they might beused to produce the most ef�cient codespossible

within a broadly linear framework.



Chapter 5

Constraints

The previous chapter intr oduced a network model whose objective is to reconstruct its input

from its output state. In terms of the information theoretic framework setout in Chapter 2, it

aims to maximise transfer of information from input to output. What we do not yet have is a

meansto ensure the information at the output is representedef�ciently, or, more speci�cally ,

a way to minimise the mutual information between separateoutputs.

Entropy itself is a dif �cult quantity to work with, so the way in which we shall attempt

to achieve this second objective is by application of constraintsto the network. Thesemay

broadly beclassi�ed as`hard' or `soft,' wherea hard constraint is one that cannot beviolated,

and a soft constraint one that merely incurs a penalty (intr oduced as an extra term in an

objective function) when it cannot be met.

Any constraint will impose some limitation on the modelling capabilities of the system,

and hence re�ect a prior assumption about the nature of the data. So, to be of value such

assumptions must representjusti�able restrictions of the model. It was argued in Chapter 3

that orthogonality is not a valid assumption for a feature-detecting system, and so the REC

model was developed so as not to be bound by this constraint. In this chapter we shall

examine various alternative means of helping the network to �nd the `right' model of its

environment which, it is hoped, are better justi�ed.

5.1 Bottlenecks

The number of inputs to an unsupervised system is determined by the input data. The

number of outputs, however, is an adjustable parameter of the model, but a parameter that

must be �xed in advance of using most such systems,1 including the REC network. By

limiting the number of outputs, we impose a hard constraint in the form of a bottleneckon

the output of the system; we need to be clear about the effect that this constraint will have

on the codesproduced.

1Exceptions to this are networks that are able to grow or contract according to the demands of the system.

The possibility of applying such techniques to the RECnetwork is discussedin Chapter 8.
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Tight bottlenecks

If the RECnetwork hasat least asmany outputs as inputs (n � m), then any setof n linearly

independent weight vectors (of which there are in�nitely many) will completely span the

input space,giving a complete reconstruction for all possible input patterns. Sincethe learn-

ing rule (4.15)is driven by the residual, there is nothing in the basicRECmodel that favours

one such representation over another.

One crude means of restricting the solutions is to impose a `tight' bottleneck at the net-

work output by having fewer outputs than inputs (n 
 m). The mapping reducesthedimen-

sionalityof the data. In such circumstances,the overall objective function (4.10)will be min-

imised when the weight vectors span the principal subspaceof the input. Dimensionality

reduction may be justi�ed if we have reasonto suspectthereare fewer degreesof freedom in

the input than there are separateinputs, or at least that a signi�cant proportion of the input

information is contained in a subspaceof the input space.

There are still many sets of vectors that span the principal subspacehowever, so this

restriction alone is insuf�cient to ensure the weights bear any closerelation to the `true' fea-

tures of the input. Mor e serious though is the fact that a restriction of this sort is in many

casesunjusti�able. There may well be a large number ( � m) of independent (or approx-

imately independent) features in the input (the shapes data of Section 4.12.2is a simple

example). If we restrict ourselves to �nding fewer than m features we shall discover only

those that contribute most to the overall variance of the input, while ignoring `smaller' or

lessfrequently occurring components.

Loose bottlenecks

A second type of bottleneck, corresponding to a much looser constraint, occurs when there

are fewer output units than distinct input patterns. This will almost always apply in complex

environments, since even for purely binary inputs, there can be asmany as 2m distinct pat-

terns. A loosebottleneck is an implicit constraint in many unsupervised systems.However,

the importance of making it explicit will becomeclear when techniques to encouragesparse

representationsare intr oduced in Section5.6. The sparsestpossible information-pr eserving

code usesa singleactive output to convey all of the input information for any particular pat-

tern. This is exactly the type of representationproduced by winner -take-all (WTA) networks,

whose limitations were discussedin Section3.5. In particular , a WTA representation is most

unlikely to provide a minimum entropy solution. Bounding the maximisation of sparseness

with a loosebottleneck, however, mayenableus to �nd such a code.

In the light of this, choosing the number of outputs seemshard becausewe need enough

to capture most or all of the input features,but not somany that the maximisation of sparse-

nessleads to a representation involving combinations of independent features. In practice

we may well �nd, however, that the gap between a plausible number of features and the

number of distinct patterns is suf�ciently large that an informed guessat this number will be

adequate. A more principled approach might be to repeat training with successivelylarger

networks until no signi�cant fall (or even a rise) in the sum of individual output entropies is

observed.
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5.2 The non-negative constraint

We saw in Chapter 4 that forcing the outputs of the REC network to be non-negative was

a useful way to constrain the spaceof possible solutions in a number of simple modelling

problems. Constraining the outputs of a feature-detecting system in this way is justi�able in

situations wherethere is no natural interpr etation for negative quantities. This is particularly

common where the input's featureshave a dir ect relationship to physical objects. To use a

simply analogy, it is possible to have 3 apples, 0 apples, even 0 � 4 apples, but not
�

2 apples,

so we should expect the output of an `apple-detector' to re�ect this constraint.

It is also of note that, under this constraint, the system's generative model remains linear

(the reconstructed input is just a linear combination of the non-negative outputs), but the

recognition model becomesnonlinear (the forwar d mapping can no longer be expressedas

a matrix multiplication). This meansthat the system is able to produce nonlinear mappings

whilst retaining someof the advantagesof linearity , such aseaseof analysis and the absence

of local minima during activation.

In terms of the RECnetwork model, we may think of the nonlinearity asbeing provided

by a threshold-linear output function
�

of the outputs ai , where

�

�

a�

�

�

��� 0 if a 
 0,

a otherwise �

The function
�

is sometimes known as a recti�cation nonlinearity. It may be viewed as a

special caseof Breiman's (1993) `hinge functions.' This nonlinearity , although simple, is

suf�cient to produce a universal function approximator in a multi-layer feedforwar d system

(Diaconis and Shahshahani,1984;Ripley, 1996,p. 173). A multi-stage REC network could

not quite ful�l thesecriteria becausethe output units lack a biasterm, i.e.a means to adapt

the threshold of the function
�

. Addition of such a term might prove to be a useful futur e

enhancementto the RECmodel.

What form of data is generated by a non-negative linear model? We shall consider �rst

the noise-free case, i.e. where the data x are equal to Ŵâ� for some vector â� with non-

negative elements and some mixing matrix Ŵ. An example of a cloud of points generated

in this way is shown in Figure 5.1(a).Sincethere is no restriction on the elementsof Ŵ to be

non-negative, the points neednot lie in the positive quadrant asthey do in this example. The

important feature of Figure 5.1is that all points lie within a sector (or `wedge'), whose edges

are determined by the rows of Ŵ (ŵ1 and ŵ2). This property will hold for any non-negative

distributions on the elements of â� , in any number of dimensions m, and for any values of

Ŵ, providing that rank
�

Ŵ ��� m.

This observation sheds some light on the results obtained in Section 4.12.3from train-

ing a REC network on data generated by a non-negative linear model. A consideration of

Figure 5.1(a)shows that any two weight vectors de�ning the edgesof a sector that contains

all of the points will minimise the network's reconstruction error over the data set (to zero).

Figure 5.1(b)shows an example of one such setof weights. Sowhile the useof non-negative

outputs reducesthe spaceof solutions (both ŵ 1 and ŵ2 must lie `between' w 1 and w2), it still

doesnot guarantee the `correct' answer.
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Figure 5.1: (a) A cloud of points generated exactly as for Figure 3.4(b) (page 30), but us-
ing single-tailed (non-negative) distributions. (b) A diagrammatic representation of why

the REC network, even when using non-negative outputs, is still under-constrained when
trained on such data. The sector of points that could be generated by two weight vectors

w1 and w2 (shown dotted) containsthose generatedby the `true' featuresŵ 1 and ŵ2 (shown
striped). (c) The data in (a) after corruption by spherical Gaussiannoise of variance 0 � 4.
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There is an obvious means to overcome this problem: if the initial weight vectors could

be guaranteed to lie insidethe `wedge' of data, then during training they would gradually

move towards the edges,driven by the residual errors produced by inputs lying outside the

sector de�ned by the current weight values. Once the weight vectors reachedthe edgesof

the data, the network would be able to representall the points exactly and learning would

cease. This method requires a suitably small learning rate, becauseany `overshoot' of the

boundaries of the data cannot be reversed. The problem of initialising the weight vectors is

easily solved by setting eachto a (normalised) random sample from the data set. Repeating

the experiments of Section4.12.3using this method con�rmed that it was possibleto produce

very closematchesto the true features,but learning was slow becauseof the small learning

rate ( � 0 � 01)needed to guarantee good results.

The properties shown in Figure5.1could alsoexplain why the original experiments were

found to produce better resultswith high learning rates. Suchratesare likely to causeweight

vectors to `jump' into and around the subspaceoccupied by the data, until a stable solution

is found when all weight vectors are on, or just outside the boundaries of this space. With

a small learning rate, the solution found is far more dependent on the initial weight values:

learning will follow a steady trajectory in weight-space until the reconstruction criterion is

ful�lled. As demonstrated in Figure 5.1(b), the weight values W in this state need not bear

any closeresemblanceto the matrix Ŵ.

We note in passing that the wedge property of Figure 5.1(a)allows a simple algorithm

to discover the model parameters Ŵ. By testing whether all the data points lie on one side

of a straight line, we could imagine rotating lines from the origin around the plane of Fig-

ure 5.1(a)until the edges of the sector of points are found, giving the rows of Ŵ dir ectly.

This is in fact a special caseof the convexhull problem, for which various techniques exist in

two- or three-dimensional space(e.g.O'Rourke, 1994),and which can also be extended into

higher dimensions (Edelsbrunner, 1987).

The reasonwe shall not consider such techniques further here is demonstrated in Fig-

ure 5.1(c),where we seethat the presenceof noise causesthe data cloud to lose its wedge

property, and would prevent algorithms of this type from producing good results. We noted

in Section 4.12.4that for the REC network too, noise degraded the quality of results for

continuous-valued features, and can see from Figure 5.1(c) that this is becausethe data

boundaries are pushed apart in comparison to the noise-free case(a). In the experiment

with noise-corrupted `lines' data from the same section, however, the results were essen-

tially unchanged, becausefor binary features the solutions lie on the boundaries of a � 0, 1� -

hypercube. Sincethe weight vectors were constrained to lie within this cube, the noise was

unable to push the weights further apart, and so did not have a detrimental effect on the

�nal results.

Even in the presenceof noise the underlying structure imposed by Ŵ is still clearly visible

in Figure 5.1(c)and it is this sort of structure that the REC network is intended to discover.

We have seen that the hard non-negative constraint, while useful for reducing the space

of possible solutions, is not by itself able to extract the underlying components, but in the

following sections we shall look at softer forms of constraint, which in many casesoffer a

signi�cant impr ovement in this respect.
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5.3 Imposing soft constraints with penalty terms

Hard constraints on a network model — imposed for example by limiting the number of

outputs, or by forcing output or weight values to lie within �xed ranges— are useful when

we canbesure they are justi�ed, that is when we are certain that the optimal solution will be

found within theseconstraints. However, in many caseswe know only the form we would

like the solution to take, but cannot be sure in advance to what extent the model will be able

to comply with this wish.

A common approach in such casesis to penalisethe system for violating the constraint,

by de�ning a measure of the extent to which the model is deviating from the ideal situation.

This measure,
�

, may be added in to the system's error function E to give a penalised error:

Ep
�

E �

� �

(5.1)

where the parameter
�

controls the extent to which the penalty
�

in�uences the form of the

solution, or equivalently determines the relative importance of the terms E and
�

.

This technique is often known as regularisation, �rst studied in detail by Tikhonov and

Arsenin (1977)as a means of �nding unique solutions to otherwise under-constrained, or

ill-posed, problems. Regularisation plays an important role in neural networks (Bishop, 1995,

Chap. 9), and in computational vision (Ballard et al., 1983;Poggio et al., 1985). In the neural

network literatur e, regularisation is usually applied to weight, rather than output values,

although the method has also been used to constrain the hidden-unit activities of MLPs to

encourage ef�cient representations (Chauvin, 1989a). The term `regularisation' is avoided

here becauseit is often used speci�cally to refer to the idea of smoothinga function approx-

imator, particularly in the context of neural networks. The penalties intr oduced below will

primarily be functions of the outputs alone, although weight penalties are considered in

Section5.5.

Penalty terms are also used asa method for nonlinear programming (e.g., Fletcher, 1987,

Chap. 12), where the penalty parameter is increasedtowards in�nity in successiveapprox-

imations. This gives a means of �nding the approximate region of a solution (on a multi-

modal error surface) by applying the constraint
�

only loosely at �rst, but with increased

insistenceat eachiteration.

For the purposes of the REC network, we shall add penalty terms to the network's acti-

vation objective function Er (4.5),giving a penalised error

Ep
�

Er �

� �

�

�

x
�

�

x
� 2

�

� �

(5.2)

and an overall objective function of

EP
�

�

� Ep � � (5.3)

Recall that the network aims �rstly to infer the optimal outputs for a particular input given

its current weights, and secondly, and more importantly , to infer the bestsetof weights over

a seriesof inputs (Section4.1);the penalty term in (5.2)takes on two corresponding roles.

First, where an objective function basedon reconstruction error alone has multiple min-

ima, a penalty may constrain the activation processto a single solution. This is required only
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when weight vectors are linearly dependent (an issuecovered in more detail in Section5.7).

Second,the penalties help constrain the learningprocessin caseswheretherearemany setsof

weights that minimise reconstruction error (aswe have seenin several previous examples).

Conceptually, the penalties induce additional residuals in the REC network by shifting

the minimum of Ep (5.2) slightly away from that given by reconstruction error alone, to-

wards the `ideal' values of the outputs. Theseresiduals help to drive weight values towards

the desired solution. Mathematically, the penalty term
�

, although a function of the output

values, is indir ectly a function of the weights too (since the outputs are dependent on the

weights), so minimising EP (5.3) requires the discovery of weights that jointly minimise re-

construction error and the penalties incurr ed by the output values they produce. We shall

seein Section5.3.3that the RECnetwork's Hebbian learning rule (4.15)performs stochastic

gradient descent on the penalised error (5.3), con�rming that the penalty term, as well as

dir ectly in�uencing activation, also has the desired indir ect effect on learning.

What form of penalty
�

should be used? Recalling from Chapter 2 that we wish output

values to be asindependent aspossible,we might consider somefunction basedon the joint

statisticsof the output values ai . Thereare two main problemsassociatedwith this approach:

1. Accurate estimation of sample statistics requires a large number of data points. In

practical terms, this meansthe system requiresan extra mechanism to collect statistics

over a period of time.

2. The problem is compounded when considering joint statistics. A full test of indepen-

dence requires estimation of both joint and marginal densities, demanding a much

greaterquantity of data to give accurateresults. In terms of the RECmodel, this would

also require each output to have knowledge of all other output values, for example

by meansof lateral connections,which would incur a signi�cant additional computa-

tional cost.

An approach of this type is used in Schmidhuber 's (1992)`predictability minimisation' net-

work. The two problems noted above necessitatean extra level of structure in this architec-

ture,whereeachoutput usesits own prediction network to `listen' to all of the other outputs,

and to try to make its own responsesasunpredictableaspossible (given the other outputs).

Problem 2 may be avoided, however, by making use of the observation made in Sec-

tion 2.5,namely: providing that the system maximises information throughput (and we saw

in Section4.11 that minimising reconstruction error achievesthis), then simultaneous min-

imisation of the sum of the individual output entropies will make the outputs as indepen-

dent aspossible. This gives an approachthat allows penalties to becalculated by considering

the statistics of eachoutput in isolation. It is interesting to note that this is in somesensethe

opposite of Schmidhuber 's approach, becauseby minimising individual entropies, we are

trying to make each of the output values as predictable(in isolation) as possible. Because

the outputs can be considered separately, we may decompose
�

into å n
i � 1

�

i �

ai � where the

penaltyfunctions �

i attempt to impose a low entropyconstraint on eachoutput.

A full solution to this problem would be to relate the �

i �

ai � to the expected increasein

entropy that a particular value ai would bring to the distribution as a whole. This requires

that each penalty �

i be adaptive, based on the distribution of past values of the outputs
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Figure 5.2: (a) Four candidates for a sparseness-promoting penalty. Each function � has
been multiplied by a constant so that �

� 5
�

� 5. The underlying functions are (i) �

� a
�

� a2,

(ii) �

� a
�

��� a � , (iii) �

� a
�

� log � 1 � a2
�

and (iv) �

� a
�

��� � a � . (b) A simple function �

� a
�

�

a2
� a � 1

�

2 that attempts to produce binary outputs by penalising output values other than

zero and one.

(problem 1). Furthermor e, while we know that low entropy distributions tend to be highly

peakedat oneor morevalues,entropy itself gives no cluesasto the location, or evennumber,

of peaks to expect in the �nal output distributions, particularly at the outset of learning. An

entropy-based penalty is therefore unable initially to put global pressure on output values

toward particular values, and is likely to result in a learning processcharacterisedby large

numbers of local minima.

We may avoid these problems, but only by making some strong assumptions. If we

have suf�cient prior knowledge to know where the peaks (or modes) of the �nal output

distributions will occur, a penalty �

i need only be a function of the deviation of ai from the

modes. Furthermor e, if they occur at the samelocations for eachoutput value, then we may

use the samepenalty function � for eachoutput, giving asthe penalised error

Ep
�

�

x
�

�

x
� 2

�

�

n

å
i � 1

�

�

ai � � (5.4)

Figure5.2shows (a) a number of possiblepenalty functions for a distribution peakedat zero,

and (b) a penalty function, namely

�

�

a�

�

a2
�

a
�

1 �

2
� (5.5)

for distributions peaked at zero and one. Equation (5.5) can be used as a soft binary con-

straint, to encourageoutput values to take on binary values, without requiring the network

to be a purely binary system. We shall, however, concentrate primarily on penalties of the

type shown in Figure 5.2(a).

5.3.1 Sparseness-promoting penalties

A sparsecode is characterisedby most of the elements being at or closeto zero most of the

time (Section2.7). Thus, a penalty that increasesasan output value moves away from zero

is an intuitively appealing means to encouragesparseness.To help us decide which of the
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Figure 5.3: `Getting from A to B with a sparse linear code.' (a) Given a choice between a

two- and a one-stageroute, a sparsecode favours the latter becauseit is shorter. (b) When
the distancesare the same,the `sparser' route is the one with fewer stages.

penalties of Figure 5.2(a) (or other similarly shaped functions) is most useful, we need to

make a further observation about sparseness.Where possible, a sparsecode will represent

a pattern in terms of a few large-valued feature coef�cients, rather than many smaller ones.

For the caseof a linear generative model, asused by the RECnetwork, this idea canbemade

more concrete with a simple analogy.

Figure 5.3(a)shows two possible routes from A to B. With A the origin, and B a point to

be encoded, it is the second,dir ect, route that correspondsto the sparsecodebecauseit only

requiresthe useof a single `direction' (feature vector) to reachB. Using this analogy, a sparse

code is one that discovers short routes to its data points. The shortest possible distance is of

course always given by the straight-line route. The limiting caseis shown in Figure 5.3(b).

Here the choice is between a two-stage journey from A to B, and a journey taking the same

route, but in a single stage.Although the distancesinvolved are the same,a sparsecodewill

again favour the latter becauseit involves only a single feature.

Applying this idea to the RECnetwork, we seethat if the weight vectors have unit length

then the `distances'involved for a particular representationaremerely the magnitudes of the

output values ai . This makes

�

�

a
�

�

�

a
�

(5.6)

as shown by line (ii) in Figure 5.2(a)a natural choice of penalty function, becauseit results

in the overall penalty
�

being equal to this distance. It deals with all but the limiting case,as

depicted in Figure 5.3(b).To ensure in this example that the choiceof a single large feature is

penalised less than two small ones,we require � to be sublinear, i.e. to satisfy the condition

that

�

�

a� b� �

�

�

�

a
�

�

�

b
�

� 


�

�

a� �

�

�

b� � (5.7)

To achieve this, the absolute value of the gradient must be at its maximum at a
�

0. This

immediately allows us to rejectthe function �

�

a�

�

a2, asshown by Figure5.2(a)(i),for which

this condition clearly doesnot hold.
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A problem arisesbecausewe must also have a minimum at a
�

0. Both conditions cannot

be ful�lled simultaneously without a discontinuity in the gradient (a cusp) at this point. An

example of a function that doesful�l our criteria is given by

�

�

a�

�

�

�

a
�

which is plotted asline (iv) in Figure 5.2(a),or more generally

�

�

a�

�

�

a
� 1� r

� r � 1 � (5.8)

In practical terms, the discontinuity in gradients of both (5.6)and (5.8)at a
�

0 may prove to

be a problem, particularly if we wish to usea gradient-based optimiser to minimise Ep (5.4).

The problem is compounded for (5.8)by the fact that the gradient tends to
� �

around a
�

0.

For thesereasons,we might wish to relax the sublinear condition (5.7)to apply only to values

of a and b whose magnitude exceedsa certain threshold. This allows us to apply a penalty

such as

�

�

a�

�

log
�

1 � a2
�

asshown by Figure5.2(a)(iii), which hasa continuous gradient, and ful�ls condition (5.7)for

a, b � 1. The points of in�ection can,by scaling a, be moved ascloseto zero aswe wish, giv-

ing us a meansof balancing the requirements of the minimiser with those of the sparseness

constraint. It is also worth noting that if the abovepenalties are used in conjunction with the

non-negative output constraint (Section5.2)then the gradient discontinuity at zero ceasesto

be an issueanyway.

5.3.2 Penalties and network activation

It is not dif �cult to incorporate the penalty functions intr oduced above into the dynamics of

the RECmodel. Dif ferentiating (5.4)with respectto the outputs ai gives
�

Ep
�

ai
� �

2
�

x
�

�

x �

Tw i �

�

�

�

�

ai �

where �

� representsthe derivative of the function � with respectto its argument. The extra

term in this equation, ascompared with Equation (4.6),is easily modelled asa self-inhibitory

connection on eachoutput unit, as shown in Figure 5.4. Making the corresponding change

to the output update rule (4.2)gives

�

ai �

�

� rTw i �

�

�

�

�

ai � � � (5.9)

Rather than using self-inhibitory connections, we could also think of the penalties as being

applied by somecost function implemented within the output units themselves.

From a biological perspective, this could take the form of the metabolic cost of main-

taining a particular output value (Baddeley, 1996). The linear penalty (5.6) is particularly

interesting in this respect.If we assumethat the output of a biological neuron is encodedby

its �ring rate, then a linear penalty on the output is consistentwith a constant metabolic cost
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Figure 5.4: The REC network architecture, incorporating self-inhibitory connections. These

form somefunction ��� of the output value, weight it by �

�

, and feed this value back to form
part of the unit's input, used when calculating the next update to its activation value. In this

way, the revised network implements the `penalised' update rule (5.9).

for eachneural �ring event (`spike'). The idea of the brain trying to representthe world effec-

tively while attempting to minimise the amount of energy it needsto do so, is an appealing

one.

The absolute-linear penalty function (5.6)will beused extensively asa meansto promote

sparsenessin the experiments in the remainder of this thesis. Although it fails to resolve the

caseshown in Figure5.3(b)wheretwo or more featurevectorsareparallel, this is not likely to

bea major problem in practice, becausethe network's objective of minimising reconstruction

error (with a limited number of output units) applies pressure to prevent outputs being

`wasted' by representing the same feature in this way. In addition, the penalty
�

a
�

has the

practical advantage of being extremely easyto calculate and apply. Its derivative is just
�

1,

according to the sign of a, so in the recurrent model it may be applied merely by moving

eachoutput a constant amount
�

towards zero at eachiteration of the activation process.

5.3.3 Penalties and learning

We saw in Section4.7 that, in the absenceof penalties, Hebbian learning in the REC model

performs stochastic gradient descenton the expected reconstruction error ER. It is not im-

mediately obvious how to extend this to the penalised case.

We may make use, however, of the fact that the gradient of the objective function (in

weight-space) may be calculated with the outputs constant at their activation values (Ap-

pendix A). This meansthat the addition of a term that is a function of the outputs alone has

no effect on the gradient. We therefore �nd that the partial derivatives of EP with respectto
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the weights are identical to those of ER (4.14),namely:
�

EP
�

wi j
� �

2
�

� r jai � � (5.10)

The penalty doesof coursehave an effect on the gradient, but what (5.10)tells us is that this

effect is contained entirely in the dif ferenceto the output values ai induced by the presence

of the penalty term. Thus the Hebbian learning rule (4.15)continues to provide us with a

meansof minimising the objective function using stochasticgradient descent.

5.4 Penalty terms and prior probabilities

The rationale behind the choiceof penalty functions (page 71)was that their minima should

be made to correspond to the expectedpeaks of the output distributions. In this section, by

building on the maximum-likelihood approach of Section4.10,we shall seethat the link is

stronger than that, and that a connection can be made between a particular penalty function

and the application of a corresponding prior probability distribution on the RECnetwork's

output values. This gives a better understanding of the exact role of penalties, further justi-

�cation for particular choicesof function, and an insight into how penalties might be made

adaptive to match online estimations of probability distributions. The link in this context

was �rst made by Harpur and Prager (1995,1996),and has since been explored further by

Olshausen(1996).

We saw in Section4.10that the basicRECnetwork, basedon minimisation of reconstruc-

tion error, may be interpr eted as �nding outputs a that maximise the likelihoodp
�

x
�

a � . This

seemsto be the wr ong way round, becauseit is the data x that is given. What we would

really like is the outputs that maximise p
�

a
�

x � . Wenoted that the two estimateswould be the

sameif all values of a were equally likely , but in general the relationship is given by Bayes'

rule:

p
�

a
�

x �

�

p
�

x
�

a� p
�

a�

p
�

x �

� (5.11)

The density p
�

a
�

x � is known as the posteriorprobability, p
�

a � is the prior distribution of a,

and p
�

x � is often termed the evidence. The value of a that maximises p
�

a
�

x � is known as the

maximumaposteriori(MAP) estimate.

It is important to note that we are dealing solely with the determination of output val-

ues here, and that there are several assumptions implicit in the above expressions. We are

assuming that the network's world-model is correct, i.e. that the data really are generated

by linear superposition, and subsequently corrupted by Gaussian noise, and that the net-

work's weight values exactly match the true features in the environment. Strictly speaking,

we should write the densities p
�

� � as p
�

�

�

W ��� � , whereW are the current weights and � rep-

resentsthe other `background assumptions,' or hypotheses, of the RECmodel. Having noted

theseassumptions, we shall allow them to remain implicit.

Maximising Equation (5.11) is equivalent to minimising its negative logarithm (since the

logarithm is a monotonically increasing function), giving an objective function E of

E
���

log p
�

x
�

a�

�

log p
�

a� (5.12)
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wherethe term in p
�

x � hasbeendropped sinceit is doesnot depend on a. Using our previous

assumption of independent spherical Gaussiannoise on the inputs, we have

p
�

x
�

a�

�

1
Z

�

�

�

�

exp

�

�

�

x
�

Wa
� 2

�

2�
�

(5.13)

where �

2� is the noise variance, and Z a normalising function. Taking the negative logarithm

of (5.13)gives

�

log p
�

x
�

a�

�

1
�

2�

�

x
�

�

x
� 2

� C

for someconstant C.

We shall assumethat all elements of a are independent (our whole approach of looking

for low entropy codesassumesthat this is at least a reasonableapproximation). In this case

we may write the secondterm in (5.12)as

�

log p
�

a�

� �

n

å
i � 1

log p
�

ai � �

Combining theseterms and ignoring constants,we may rewrite the objective function (5.12)

as

E
�

1
�

2�

�

x
�

�

x
� 2

�

n

å
i � 1

log p
�

ai � � (5.14)

Comparing (5.14) with the penalised error Ep (5.4), we see that the two are identical (to

within a constant positive factor) if we set

�

�

�

2
� (5.15)

and �

�

a�

�	�

log p
�

a� � (5.16)

The equivalence (5.15)shows that we may interpr et the penalty parameter
�

as being the

assumed noise variance — the larger the value, the less important the reconstruction error

becomesin the determination of the MAP estimate,aswe would expect.

Mor e importantly though, (5.16)shows us that there is a dir ect relationship between the

penalty functions, as applied in (5.4),and assumedprior probabilities for MAP estimation.

We shall look at a number of penalty functions in this light in Section5.4.2below.

5.4.1 Weight estimation and maximum likelihood

We saw in Section5.3.2that Hebbian learning for the penalised RECnetwork performs gra-

dient descenton EP (5.3). In light of the above analysis we seethat minimising EP is equiv-

alent to maximising an error function

E
�

�

� log
�

p
�

x
�

a � W � p
�

a
�

W �

�

�

�

�

� log p
�

x � a
�

W � �

�

1
N

log
N

Õ
i � 1

p
�

x

 i �

� a

 i �

�

W �
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where the dependenceon the weight values has now been made explicit, and the �nal line

assumesa data set of �nite size N, with x

 i � representing elements of the data set, and a


 i �

the corresponding outputs. The product in this line is the joint likelihoodof the inputs x and

outputs a. The RECnetwork thereforeattempts to �nd a setof weights Ŵ that maximise this

likelihood:

Ŵ
�

arg max
W

N

Õ
i � 1

p
�

x

 i �

� a

 i �

�

W � �

What we would really like is to �nd a setof weights that maximise the likelihood of the data

alone, i.e.

Ŵ
�

arg max
W

N

Õ
i � 1

p
�

x

 i �

�

W �

�

arg max
W

p
�

�

x
�

�

W �

(5.17)

where
�

x
�

denotes the complete data set. The two estimatesare guaranteed equivalent only

if the random vectors x and a are fully dependent. By this we mean that for each x there is

only a single value of a with non-zero probability, or in other wor ds the density p
�

a
�

x � is a

delta function for all values of x. This a reasonableapproximation when the noise variance

�

2� is small. A fuller discussion of this issue is given by Olshausen(1996).

A technique known as the EM algorithm (Dempster et al., 1977)is also applicable here.

In this context, the network outputs a are known as hiddenvariables, whose true values, if

they could be known, would make the maximisation of likelihood (5.17)signi�cantly easier.

The algorithm, asapplied to the task here, would use some initial guessW

 0� for the weight

values and generate successiveestimates W

 1� , W


 2� , � � � by an iterative application of the

following two steps,for t
�

1, 2, � � �

E Step: Compute the distribution p̃

 t � over the range of a, where p̃


 t �

�

a�

�

p
�

a
�

�

x
�

� W

 t

	

1�

� �

M Step: SetW

 t � to the values W that maximise

�

p̃ �

t �

� log p
�

a �

�

x
�

�

W � � .

In the M step,
�

p̃ �

t �

��� � denotes the expectation over the current guess p̃

 t � at the true distribu-

tion of the hidden variables. Each iteration of the algorithm increasesthe likelihood of the

data (5.17)asdesired, unless a local maximum has already beenreached.Furthermor e, this

useful result continues to hold where the M step is only partial, i.e.where the likelihood with

respectto the estimated distribution p̃ is increasedbut not maximised.

The RECnetwork algorithm is certainly not an implementation of the EM algorithm, but

there are some similarities. Activation is a crude approximation to the E step, substituting

a full evaluation of p̃

 t � with a delta function peaked at a value of a determined by a single

sample from the data. A weight update may be viewed asa partial M step.

It might be bene�cial to adopt the full EM algorithm for training the REC network, or

at least to use a closer approximation to the E step. In doing so, however, much of the sim-

plicity of the network model would be lost, and it is not clear that it would bring drastic

impr ovements to its operation. The experiments in Chapter 7 give empirical evidence that

the network is able to provide useful results in its simple form. Furthermor e, as noted by
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Prior distribution
Penalty �

�

a�

Density p
�

a� Name Entropy (nats) Kurtosis

a2 1

	

�

2�

exp




�

a2

2	

2
�

Normal 1 � 419 0

�

a
� 1

2	

exp




�

�

x
�

	

�

Laplace 1 � 347 3 � 0

�

�

a
� 1

4	

exp

��

�

�

x
�

	

��

– 0 � 993 22� 2

log
�

1 � a2
�

	

�

1
	

2
� a2

Cauchy
�

2 � 531� –

�

�
� 0 if 0 � a � 1,

�

otherwise

1
	

� 0 
 a 


	

Uniform 1 � 2425
�

1 � 2

Table5.1:Somepenalty functions, and the corresponding prior distributions. Scalingfactors
are omitted from the penalties for simplicity . The probability density functions are given,

parameterised by the value
�

that in eachcaseis related to the distribution's variance. The
fourth column gives the dif ferential entropies,asde�ned in Section2.1.4.To allow meaning-

ful comparison, thesevalues were calculated for distributions of unit variance, except in the
caseof the Cauchy distribution, which has in�nite variance, where

�

was set (arbitrarily) to

one. The �nal column shows the distributions' kurtoses, asdescribed in the main text.

Neal and Hinton (1993),similar approximate forms of EM are used by the `K-means' algo-

rithm, and asa short-cut to the full Baum-Welch algorithm in the training of hidden Markov

models (HMMs) (e.g.Merhav and Ephraim, 1991).

5.4.2 Choice of priors

We have now seena dir ect relationship (Equation 5.16)between penalty functions and the

assumption of priors for MAP estimation. Table 5.1 shows a number of penalty functions,

including all of the sparseness-promoting penalties discussedin Section5.3.1,together with

somedetails of the corresponding prior distributions.

We saw in Section 2.1.4 that the normal (Gaussian) distribution maximisesthe entropy

over all distributions with the samevariance. Furthermor e the technique of projection pur -

suit (Section3.8.4)de�nes `interesting' projections asoneswhere the coef�cients are asnon-

Gaussianas possible. It does not therefore appear to be a good choice of prior for our pur -

poses, giving further justi�cation for our rejection of the squared penalty function (a2) in

Section5.3.1.

The absolute-linear penalty (
�

a
�

) corresponds to a Laplacian (double-tailed exponential)
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distribution. Given the observations in Section 5.3.1about the relationship of this penalty

to sparseness,we note that for a linear model the Laplacian provides a useful dividing line

between sparseand non-sparsedistributions.

We seethat the penalty intr oduced asa compromise between sparsenessand continuity

of gradient (log � 1 � a2
� ) in fact correspondsto a Cauchy prior , notable for having no de�ned

moments above the �rst. The entropy �gur e in Table 5.1 for this distribution is bracketed

becausethe inability to normalise to unit variance makes a dir ect comparison meaningless;

the �gur e is neverthelesslow for a distribution whose variance is effectively in�nite!

The �nal row of Table 5.1 demonstrates a way to implement a uniform prior (over a

bounded interval) using a penalty function. In practice this is equivalent to constraining the

output value to lie within this interval, and therefore shows that hardconstraints on output

values (such as the non-negative constraint of Section 5.2) have a simple interpr etation as

regions of zero prior probability on the outputs. We also note that while the uniform dis-

tribution maximises entropy for a discretevariable, this is not the casefor a (�xed variance)

continuous random variable.

5.4.3 Kurtosis asan indication of sparsenessand entropy

The last column of Table 5.1 gives the kurtosisof the distributions. Kurtosis is a normalised

form of the fourth centralmomentof a distribution. It is commonly de�ned as

K
�

1
�

4 �

�

a
�

a�

4p
�

a� da
�

3

for a density p
�

a� , where a is the mean and �

2 the variance of the distribution. The offset

of
�

3 is not always used, but is often included becauseit means that the baselineGaussian

distribution has zero kurtosis.

Kurtosis is intr oduced here becauseit has beenused in recent literatur e asa measure of

sparseness(Barlow, 1994;Field, 1994;Baddeley, 1996).2 Amongst unimodal distributions, it

is a meansof quantifying their `peakiness'or, equivalently , the proportion of `weight' (vari-

ance) in the tails, with a large positive value indicating a highly peaked and heavy-tailed

distribution. Indeed, we observe that the �rst three distributions featured in Table 5.1, all

peaked at zero, have increasing kurtoses, corresponding to increasing peakiness (and de-

creasing entropy). Conversely, the uniform distribution, which is lesspeaked than a Gaus-

sian, hasnegative kurtosis.

This property extends to other unimodal distributions, including those that are non-

symmetric (skewed), suggesting that high kurtosis is a good indicator of both high sparse-

nessand low entropy in theunimodalcase. Its usefulnessin more general casesis lessclear.

Kurtosis has been used as a projection index for exploratory projection pursuit (Huber,

1985;Jonesand Sibson,1987),and in an extension of this to a neural network architecture

(Fyfe and Baddeley,1995b).It is alsoa key measure in somerecent`nonlinear PCA' networks

(Oja, 1995;Karhunen etal., 1995).

It is not however clear that kurtosis is providing thesetechniques with a useful quantity .

For multimodal distributions, it is quite possible for the kurtosis to be positive, negative or

2Other measuresof sparsenesshave also beenused. Trevesand Rolls (1991)and Rolls and Tovee (1995)give

an alternative de�nition for usewith neural �ring rates,but this doesnot appear to be generally applicable.



5.5 Weight constraints 81
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 a�

a

Figure 5.5:A multimodal distribution with zero kurtosis, generatedby superimposing three

equally-spaced Gaussianswith the samewidth, but with the central one having four times
the weight of the other two. Any distribution generated in this way will have zero kurtosis.

This particular one also has unit variance. It has a dif ferential entropy of approximately
0 � 554nats.

even zero, the last of thesecasesbeing illustrated by Figure 5.5. This shows a multimodal

distribution that has zero kurtosis, but very low entropy (0 � 554nats) and could arguably be

described assparse(it is certainly highly peaked at zero).

In the light of this, we may observe that kurtosis by itself is not a reliable indicator of

sparseness,entropy, or even (sinceFigure 5.5is highly non-Gaussianbut hasidentical kurto-

sis) of deviation from a normal distribution. In this thesis,subsequentmention of degreesof

sparsenessmay be equated with kurtosis, but only amongst distributions that are unimodal

and peaked at zero — the sparsenessof other distributions is unde�ned.

It should also be reiterated that in Chapter 2 we identi�ed entropy asthe theoreticalbasis

for determining the interest of output distributions. From a practicalviewpoint however, it

is not appropriate for a simple neural network model to use entropy dir ectly, as it is both

dif �cult to estimate and, asnoted in Section5.3,dif �cult to optimise.

Consequently we have intr oduced, by the useof �xed low-entr opy priors, a meansof re-

ducing the entropy of the output distributions. The preciseform of the assumedpriors is not

crucial, since there is no guarantee that the true output distributions will ever match them

exactly. They nevertheless incorporate strong assumptions, particularly about the location

of peaks in the �nal distributions. The contention is that to make the assumptions clear in

this way is a more principled approach than to use kurtosis (or other higher order statistics

of individual outputs), for which the underlying assumptions are lesseasily understood.

5.5 Weight constraints

The penalties thus far have all been functions of the network's output values. It is quite

possible to penalise weight values in a similar way. Techniquesof this type are in common

usefor supervised neural networks (e.g.Bishop, 1995,Chap. 9), sowe shall not go into detail

here, except to note that they are also applicable to the REC network. In its simplest form,

a weight penalty term is made proportional to the sum of the squaresof the weight values.

This is easily implemented for gradient descent by incorporating a linear `decay' term in
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eachweight update, giving
�

w i �

�

�

air �

�

ww i � (5.18)

as the modi�ed Hebbian learning rule for the REC network, where
�

w is the rate of decay.

It is quite possible to interpr et such penalties in terms of priors (Mackay, 1995;Ripley, 1996,

Chap. 5) as we did for the output penalties, although the independence assumption is less

easily justi�ed in this case.Standard weight decay (5.18)corresponds to a zero-mean Gaus-

sian prior distribution on the weight values. It can also be useful to make the degree of

weight decay dependent on the magnitude of the corresponding output value, for example

using
�

w i �

�

�

air �

�

wa2
i w i � � (5.19)

This prevents the weights of `unused' output units from becoming too small.

Although weight decay in this form (5.19)is used in Section5.9.3below, the majority of

experiments described hereuseonly hard constraints on the weights, typically in the form of

upper and lower bounds on values and, in continuous domains, normalisation of the weight

values. The latter constraint is most easily applied `manually' by normalising eachweight

vector to a �xed length after a set of updates, but, if a more `online' approach were needed,

could equally be achieved using a modi�cation of Oja's rule (3.13):
�

w i �

� ai �

r
�

aiw i � �

This turns out to be the sameasthe weight decay rule (5.19)when
�

w is equal to one.

5.6 The entropy of sparsecodes

We have setout to discover low entropy codes,and have identi�ed sparsenessasone means

of characterising output distributions that may help us to achieve this. We need however

to be clear about the assumptions inherent in this approach,and the situations under which

a sparsenesscriterion alone will fail to minimise overall output entropy. For convenience,

becauseit avoids complications with entropic quantities, the discussion in this section is

basedon discrete-valued codes,but the ideas can equally be applied to the continuous case.

Let us consider what happens if we take the sparsenessassumption to its limit, while still

assuming an information-pr eserving code. In this case,eachpattern will be representedby

(at most) a single active output (we may safely reject the casewhere all outputs are always

inactive, which, though maximally sparse,is unable to convey any information). This takes

us back to a winner -take-all style of activation, which we previously rejectedin Section3.5.

Such a code does not minimiseentropy as the outputs are not statistically independent (the

fact that oneoutput is active implies that all others are inactive), but sincethis is the dir ection

in which any sparseness-promoting constraint will take us, it is worth considering whether

this doesat least give us a low entropy code.

If we consider the binary case,the bit entropy Hb (sum of the individual output entropies)

for N distinct input patterns (and therefore N used outputs) is given by

Hb �

x �

�

N

å
i � 1

pi log pi �

N

å
i � 1

�

1
�

pi � log
�

1
�

pi �

	

1
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where pi is the probability of the ith input pattern. Noting that the �rst term in this expres-

sion is simply the input entropy H
�

x � , we obtain the following expression for the redun-

dancy in this code:

Hb �

x �

�

H
�

x �

�

N

å
i � 1

�

1
�

pi � log
�

1
�

pi �

	

1
�

This hasits maximum value when all patterns are equally probable(pi �

1
�

N), giving N
�

1
�

1
�

N � log
�

1
�

1
�

N � 	

1 as the upper bound on the redundancy. This expressionapproachesa

maximum of approximately 1 � 44bits asN becomeslarge,and soa single-bit codeof this type

will have at mostthat amount of redundancy. This tells us that a maximally sparsebinary

information-pr eserving code is guaranteed to have low entropy, and gives some additional

justi�cation for pursuing sparseness.

The reason that this does not yield a minimum entropy code is that minimising terms

independently is not the sameasminimising their sum. The overall aim is to �nd the min-

imum of å n
i � 1 H

�

ai � . While the minimum may be at a point where eachof the terms in the

summation is small, it might equally be where one term is large and the remainder zero, or

somewhere in between. In other wor ds, a minimum entropy code could require entropy to

be spread thinly between many elements,or concentrated on just a few.

This gives us a feel for why �nding minimum entropy codes is a combinatorially hard

problem: for each element in isolation we do not know whether we should be attempting

to increaseor decreasethe entropy in order to work towards the global minimum. It also

suggeststhat algorithms that claim to perform general-purpose ICA by gradient descentare

likely to be making strong hidden assumptions, or be besetby problems of local minima.

The assumption we are making by attempting to minimise the sparsenessof all outputs

individually is that the entropy is indeed spread reasonably evenly between the outputs at

the minimum entropy solution. This technique can be prevented from degenerating to the

WTA solution (which is unlikely to representthe true structure of the data) by the loosebot-

tleneck at the output, as discussed in Section 5.1. Put another way, sparseness-promoting

penalties tend to spread entropy thinly between outputs, but we can prevent this from be-

coming toothin by limiting the number of outputs available.

The shapesproblem (Section 4.12.2,page 58) provides a concrete example of some of

these points. Firstly we note that the sparsestcode (in terms of minimising the expected

sum of output values) for this data set is one that representseach of the 4096distinct pat-

terns separately. Limiting the number of output units enablesus to prevent this unwanted

solution.

Secondly, however, the solution presentedin Figure4.8doesnot give aminimum entropy

code: each pattern contains only one example of each shape, so the fact that one `square-

detector' is active, for example, means that all of the others will be inactive. The minimum

entropy code in this casehasonly threeelements,eachrepresenting one of the threeshapes,

and eachtaking on one of sixteen discrete values indicating the position of the shapeon the

grid. A system that discovers such a codehas `realised' that, in this example, the conceptsof

`what' and `where' are independent. The linear model of the RECnetwork has no meansof

generating such a code, however, so we have to be content with a solution that has higher
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entropy, and greatersparseness,than the optimum, and perhaps argue that the extraction of

position is a job for a higher-level process.

5.7 Overcomplete representations and linear programming

Penaltieswere intr oduced to the RECnetwork in Section5.3 to addresstwo problems: �rst,

to resolveambiguity in activationwhere reconstruction error alone yields multiple solutions,

and second,to resolve ambiguity in learningby `pushing' outputs toward their desired val-

ues. We shall look here at a way to resolve the �rst ambiguity alone, i.e.to guarantee unique

(and useful) solutions in activation, but without considering the effects on learning. If ef�-

cient, such a technique could be useful asa fast meansof activating a RECnetwork afterthe

weights have reachedtheir optimal values.

As mentioned earlier, the ambiguity in activation only occurs when there is some form

of linear dependency in the weight vectors, resulting in a line (or plane, etc.) of solutions.

We shall concentrateprimarily on the casewhere there are more weight vectors than input

dimensions (n � m), becausethe weights must be linearly dependent in this case. We shall

say that such a setof weights provides an overcompletebasisfor representing input patterns.3

Overcomplete representationsare of interest to us, becauseit is quite possible for a set

of data to have more independent features than dimensions (Section5.1),a fact often over-

looked in the development of ICA algorithms. They are also of biological signi�cance, be-

causeit appears that such representations are used in the mammalian brain. There is, for

example, a vast increasein numbers of neurons between the retina and the primary visual

cortex, an issuediscussedin this context by Olshausenand Field (1997).

One method of resolving the ambiguity inherent in an overcomplete basiswas presented

in Section4.5:using the pseudoinverse of the weight matrix will result in the shortestoutput

vector a that ful�ls the least-squarescriterion, i.e.the solution for which å n
i � 1 a2

i is minimised.

This measure is often termed the L2-norm. Mor e generally, the Lr-norm of an n-element

vector a is de�ned as

�

a
�

r �

n

å
i � 1

�

ai
� r

�

For the casewhere r
�

1, this equation becomesidentical to the penalty term
�

(Section5.3)

when eachof the individual penalty functions is absolute-linear ( �

�

a�

�

�

a
�

). Sincethis con-

straint was adopted to �nd sparse codes, we seethat minimising the L1-norm, subject to

achieving zero reconstruction error, �nds the sparsestway to representa point in an overcom-

plete basis. Similarly, we may reject the L2-norm minimisation given by the pseudoinverse

for the samereasonwe rejectedthe a2 penalty function as a sparseness-promoting penalty.

The dif ferencebetween the two is illustrated in Figure 5.6by a simple example.

L1-norm minimisation for the non-negative casemay be expressedas a linear program-

ming (LP) problem. The standardform for linear programming (e.g.Luenberger, 1984)may

3It is also of coursepossible to have linearly dependent weights when n � m, corresponding to the situation

where the model can only representa subspaceof the input spacebut producesan overcomplete representation

within this subspace.
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w1

w2 w3

a3w3

L2-norm
�

2 � 48
L1-norm

�

2 � 67 L1-norm
�

2 � 40
L2-norm

�

3 � 51

a2 �

0

a3w3

a2w2

a1w1 a1w1

Figure 5.6: A demonstration of the dif ferencebetween the representations in an overcom-
plete system resulting from minimisation of the L2- and L1-norms. The three2-D basisvec-

tors, w1, w2 and w3, eachof unit length, areshown on the left. The representationsof a `data
point' (shown asa dotted line) are shown for a minimisation of the L2-norm (centre) and the

L1-norm (right) of the vector a �

� a1 �

a2 �

a3
�

T. Note that for the representationwith minimum

L1-norm, the vector w2, whose dir ection is furthest from the data point, is not used at all.

be written as

Minimise cTa

subject to Wa
�

x and a � 0
(5.20)

wherethe vector inequality a � 0meansthat all elementsof aarenon-negative. Thestandard

notation associatedwith LP has been adjusted here to �t in with the network model. The

problem of �nding the representation with minimum L1-norm in an overcomplete system

now simply involves setting c
�

1, i.e.a column vector with all elementsequal to one (Chen,

1995).

Note that the non-negative constraint on the elementsai is required here becausesetting

c
�

1 createsan objective function of å n
i � 1 ai , which is the L1-norm but without the abso-

lute value operator. However, removing this constraint requires no more than expanding

the matrix W with a negated version, i.e. replacing W in (5.20)with W �

�

�

W �

�

W � and a

with a�

�

�

u;v � , where u and v are both n-element column vectors. Having performed the

minimisation, a set of coef�cients without the non-negative constraint is given by a
�

u
�

v.

In coping with overcomplete representations in this way, the minimisation has been

switched entirely to the L1-norm of the output vector a, and zero reconstruction error has

becomea hard constraint. The assumption here is that an exact reconstruction will always

be possible, i.e. that the matrix W has rank m. If this were not the case,a sensiblerepresen-

tation could still be found using a two-stage process:�rst, project the input down into the

subspacespannedby W, subjectto the least-squarescriterion, then usethis projectedversion

asthe input to the LP problem (5.20).The only problem with this approach is that by order-

ing the two stagesit gives �xed priorities to the two criteria of reconstruction and sparseness,

with minimisation of reconstruction error taking absolute precedence.By contrast, the use

of penalty terms gives a way to adjustthe relative priorities through the parameter
�

.

The advantage however of casting the task asan LP problem is that it makes available a

range of techniques tailor ed speci�cally to linear programming (e.g.Gill et al., 1991). These

methods have beenthe subjectof much research in recentyears,and are likely to be signi�-

cantly more ef�cient than more general-purpose optimisers. As noted above, the absenceof



5.8 Promoting sparsenessby under -activation 86

residuals meansthat the technique is not dir ectly applicable to the RECnetwork during the

learning phase,but the next section looks at a method that could overcome this limitation.

5.8 Promoting sparsenessby under -activation

The primary role of intr oducing a penalty term into the activation error function for the REC

network is to induce an extra reconstruction error to help drive the learning processtoward

a desired solution. For `sparsenesspenalties,' i.e.all monotonically increasing functions of
�

ai
�

, this will in all casesresult in an output vector a that is closer to the origin than would

have beenthe casewithout the penalty. In the light of this, it is worth asking whether a more

simple-minded approach could achieve the sameobjective. In this section we shall examine

what happens when we remove the penalty from the error function, and simply move each

output value by a �xed amount toward zero after activation.

Weshall assumefor simplicity that n
�

m and that the weight matrix W hasfull rank (but

the ideas remain applicable in the more general case). Under this assumption, every input

pattern x may be representedwithout error in the unpenalised case. Moving the resulting

output value ai by a �xed amount
�

toward zero arti�cially induces a reconstruction error of
�

sgn
�

ai � w i , where

sgn
�

a�

�

�

�

�

�

�

�

�

�

�

�

1 if a 
 0,

0 if a
�

0,

� 1 if a � 0.

We are assuming that the change in the output value is determined solely by its original

sign, so that if the value was originally close to zero, the sign may be dif ferent after the

adjustment, i.e.the changein value may `overshoot' zero. This is mathematically convenient,

but will fail in some casesto achieve the stated aim of making all the coef�cients ai closer to

zero. Nevertheless,overshoot may always be prevented in a majority of casesby making
�

suitably small.

Applying thesechangesto all of the outputs results in a total reconstruction error r of

r
�

�

n

å
i � 1

sgn
�

ai � w i � (5.21)

Using the Hebbian learning rule aspreviously (4.15),the weight updates are given by

�

w i �

�

�

�

ai �

�

sgn
�

ai � �

n

å
k � 1

sgn
�

ak � w k (5.22)

where ai representsthe output values before applying the changestoward zero. It appears

dif �cult to associatea Lyapunov (objective) function with this update rule, but it is informa-

tive to examine the situation in a stable state (i.e.where
�

i �

�

w i �

0), assuming such a state

can be reached.If we assume
�

to be small in comparison with the expectedabsolute values

of the outputs ai , then for purposes of analysis, we may approximate (5.22)as

�

w i
�

�

�

ai

n

å
k� 1

sgn
�

ak � w k �
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To achievea stable stateunder this assumption therefore requiresthat

�

�

ai

n

å
k� 1

sgn
�

ak � w k

�

�

0 � (5.23)

In fact, in the absenceof bounds on the weights such a state will never be reached,because

the residuals intr oduced to promote sparsenesscausethe magnitude of the weight values to

grow without bound. If we assumethat the weight vectors areconstrained by normalisation,

then any changes that occur along the dir ection of the weight vector will have no effect.

Subtracting theseout results in a stability requirement of

�

� ai �

r
�

�

rTw i � w i �

�

�

0 (5.24)

where r is the residual, as de�ned in (5.21). In particular , we note that the term in the sum-

mation where k
�

i in (5.23)may be ignored becauseit representsa changesolely along the

dir ection of the weight vector. Using this fact, and substituting (5.21)into (5.24)for the case

where n
�

2, the twin requirements for a stablestateare found to be

�

� a1 sgn
�

a2 �

�

w2
�

�

w T
2w1 � w1 �

�

�

0 and
�

� a2 sgn
�

a1 �

�

w1
�

�

w T
1w2 � w2 �

�

�

0

which, sincewe assumethat w 1 and w2 are not parallel, implies that

�

� a1 sgn
�

a2 �
�

�

0 and
�

�

a2 sgn
�

a1 �

�

�

0 �

(5.25)

We may compare these conditions with the requirement for two decorrelated zero-mean

variables, i.e.the requirement that
�

� a1a2 �

�

0. It is not so easyto make a statistical interpr e-

tation of (5.25),although someinsight may begained by attempting a polynomial expansion

of sgn
�

a� . This is not possible dir ectly becauseof the discontinuity at a
�

0, but may be ap-

proximated (closeto zero) by a hyperbolic tangent with sharp cutoff, or by the Fourier series

for a square wave. In either case,the Taylor expansion results, as we would expect for an

odd function, in a seriesof terms in all of the odd powers of a.

Broadly, therefore, the conditions (5.25)are requiring some function of the higher order

joint statistics of the output values to be zero. This is potentially useful becauseif two ran-

dom variables a1 and a2 are statistically independent, then we know that

�

� f
�

a1 � g
�

a2 � �

�

�

� f
�

a1 � �

�

� g
�

a2 � � (5.26)

for any functions f and g. The right-hand side of (5.26) will be zero when a1 and a2 are

symmetrically distributed and f and g areodd, sowe may interpr et the ful�lment of (5.25)as

evidence (although certainly not proof) of the statistical independenceof a1 and a2 assuming

they are symmetrically distributed about zero. The functions f and g are often known as

contrastfunctions(Comon, 1994).

We seethat our technique of under-activation has,with two outputs, produced the func-

tions f
�

a�

�

a and g
�

a�

�

sgn
�

a� . Theseare among the possible functions suggestedby Jut-

ten and Herault (1991) for their `blind separation' algorithm. Their effect is illustrated in

Figure5.7.The solid lines show the weight values where the two conditions in (5.25)are met
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Figure 5.7:Threezero-contours from the samesparsedata aswas used to plot Figure 3.5(31,

q.v.). The values � 1 and � 2 are the anglesto the horizontal of two weight vectors, w 1 and w2,
with the (curved) lines showing the values for which ��� f � a1

�

g � a2
�

�

� 0, for the output values

a1 and a2, and various functions f and g. The dotted line shows the zero contour where f

and g are identity functions, and hence where a1 and a2 are uncorrelated, as in the earlier
diagram. The solid lines show the caseswhere f � a

�

� a and g � a
�

� sgn � a
�

, and viceversa.

for an example using the two-dimensional sparse data shown previously in Figure 3.4(b).

The conditions are only satis�ed simultaneously at two points (excluding permutations of

the weight vectors), one of which is where the weights represent the underlying indepen-

dent components of the data, marked `ICA.' Further empirical investigation shows the other

point to bean unstable solution, in that even if the network in started in this state,the weight

vectors will, under the algorithm set out above, migrate to the independent component so-

lution.

The technique that has been presented here is somewhat ad hoc, and indeed has only

beenanalysed in detail for the casen
�

2, but is neverthelessinteresting for a number of rea-

sons.Firstly it suggeststhat there may be a sparsenessassumption implicit in the Jutten and

Herault approach to ICA, at least for certain contrast functions, and this may indicate why

the algorithm hasbeenshown to fail in more general cases(Comon etal., 1991;Sorouchyari,

1991). Secondly, this technique could well be useful as a fast meansof applying sparseness

constraints to the RECnetwork. While activation with penalties requiresa potentially costly

minimisation, this method allows the use of faster techniques such as the pseudoinverse

(Section7.4.1)or linear programming (Section5.7) for the activation of the network. Exper-

iments demonstrating its use are described in Sections5.9.1and 7.3.2. Finally, even where

penalties areapplied aspart of the activation process,we have an indication that we may be

able to get away without doing a very good job of the minimisation, for example by only us-

ing a limited number of iterations. An experiment taking advantage of this idea is presented

in Section7.1.



5.9 Experiments 89

5.9 Experiments

A number of ways to constrain the solutions produced by the RECnetwork have beenpre-

sented and discussed in this chapter. In this section we look at some simple experiments

that use these ideas, and for which the unconstrained network of Chapter 4 would have

beenunable to provide correct results.

5.9.1 Independent components from linear data

In this seriesof experiments, the REC network was tested on a number of examples where

data weregeneratedby linear superposition of univariate distributions, assetout on page29.

In eachcase,appropriate priors were applied using soft and/or hard constraints. The prob-

lems tackled here are often described as linear ICA (Deco and Obradovic, 1996,Chap. 4) or

blind deconvolution(Bell and Sejnowski, 1995).

Two sparsedistributions

The �rst experiment used the data previously shown in Figure 3.4(b) (page 30), generated

by the superposition of two (Weibull) distributions peaked at zero. A two-output REC net-

work was used,with a linear penalty (Equation 5.6)applied during activation. The objective

function is therefore

Ep
�

�

x
�

�

x
� 2

�

�

n

å
i � 1

�

ai
�

�

The penalty parameter
�

was set to 0 � 1. The network was trained with a learning rate � of

0 � 005, with weight updates applied after every 500 patterns, and the weight vectors kept

normalised to unit length.

The results of a typical run are shown in Figure 5.8(a).The values of the two weight vec-

tors after every �ve weight updates are plotted as circles and crossesrespectively, with the

�nal positions shown as solid lines. The network has correctly discovered the orientations

of the two independent distributions (to within
�

0 � 1� ).

The technique of under-activating the network by a �xed amount rather than using

penalties (Section 5.8) was also applied to this problem, with qualitatively very similar re-

sults.

Two uniform distributions

The secondexperiment used data generatedby two uniform (non-sparse)distributions over

the interval �

�

1, 1� . No penalties were used, but the network's outputs were constrained

to lie within the same �

�

1, 1� interval. Results from a run with a high learning rate (5 � 0)

are shown in Figure 5.8(b). The weight vectors were again constrained to have unit length.

Updates were applied after eachpattern, and the trajectories are plotted at intervals of 5000

updates.

The weight values moved rapidly towards their �nal values at �rst, but then increas-

ingly slowly. This is becauseresidual errors are produced only by points in the `corners'

of the distribution, which are unreachableby incorrectly oriented weight vectors. Both the



5.9 Experiments 90

�10 �5 0 5 10

�10

�5

0

5

10

x2

x1

(a)

�2 �1 0 1 2

�2

�1

0

1

2

x2

x1

(b)

�10 �5 0 5 10

�10

�5

0

5

10

x2

x1

(c)

Figure 5.8: Samplesof data generated by the linear superposition of two independent uni-

variate random variables in two dimensions. In eachcasethe underlying distributions are
oriented at 18� and 60� to the horizontal, but the densities are dif ferent, as described in the

main text. The sample size is 5000for (a) and (c) and 2500for (b). The data sets(a) and (b)
arenoise-free,but (c) is corrupted by spherical Gaussiannoiseof variance 0 � 4. Eachdiagram

also shows the trajectories of the weight vectors for a RECnetwork trained on the data, with

initial and intermediate values shown by a seriesof circles or crosses,and the �nal values
representedwith a solid line.
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number of unreachablepoints and the magnitude of the errors decreaseasthe weights near

the solution.

In this casewe have used preciseprior knowledge of the extents of the underlying dis-

tributions. This example is, however, more arti�cial than most, and is only included here

becauseit is used as to illustrate several ICA techniques (e.g.Karhunen et al., 1995;Deco

and Obradovic, 1996). We should also note that we are using an extremely inef�cient way

of �nding the underlying features in this case— if a set of data really were distributed in

this way, we would be much better off using a convex hull type method (as discussed in

Section5.2) to �nd the solution.

Two non-negative distributions with noise

A thir d experiment returned to the example shown in Figure 5.1(c) (page 68), i.e. where

the data are generated by non-negative distributions, peaked at zero, with added spherical

Gaussian noise. The network outputs were constrained to be non-negative, and a linear

penalty was applied.

A sample of the data, and some sample results, are shown in Figure 5.8(c). The results

obtained are sensitive to the value of the penalty parameter
�

in this case:if set too low, the

�nal weight vectors are spread too widely , the problem observed in the absenceof penalties

in Section5.2;if settoo high the �nal weight dir ectionstend to betoo closetogether, although

this effect is far lesspronounced. Although we noted in Section5.4that the parameter
�

has

a dir ect relation to noise variance, this assumesthat we can know in advance the exact form

of the `signal' distributions, including their variance. This is unrealistic for real data, but we

should often be able to make a reasonableguess.

The results depicted in Figure 5.8(c)were obtained for
�

�

1 � 5, and gave �nal weight

values to within 2� of the correctorientations. The learning rate � was 0 � 005,weight updates

were applied after 500patterns, and the weight trajectories have beenplotted after every 10

updates.

The continuous-valued feature problem

In a fourth set of experiments, the network was tested on a higher-dimensional problem

using the data �rst intr oduced in Section4.12.3(page61). As noted there,and in Section5.2,

the non-negative constraint alone is not suf�cient to forcethe RECnetwork to produce exact

solutions.

By additional application of a linear sparseness-promoting penalty, it proved possible

to �nd accurate matches to the underlying features in both noise-free and noise-corrupted

cases. For noise-free data, preciseresults could be obtained rapidly by beginning training

with a high value of
�

, and subsequently reducing it towards zero. In the noisy case,as

noted above, the optimal choiceof
�

is dependent on the noise variance.

5.9.2 Overcomplete representations

This experiment concentrateson an example that, to the author 's knowledge, none of the

existing ICA techniques are able to tackle, namely one where the number of independent
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Figure 5.9: Samplesgenerated from three independent univariate distributions in two di-
mensions, thus requiring an overcompletesystem to representcorrectly the underlying struc-

ture. (a) Results obtained from a REC network trained on these data from random initial

starting weights. The trajectories of the weight values are representedas previously, using
circles, crosses,and pluses. (b) Results from the same network with the task deliberately

made harder by setting the initial orientations of the weight vectors close to each other at
around 90� to the horizontal.

featuresis greater than the number of input dimensions.

To �nd thesefeatureswith aRECnetwork, we require that the number of outputs exceeds

the number of inputs (n � m). The penalty functions now take on two simultaneous roles:

�rst to resolve the ambiguity in activation causedby an overcomplete linear representation,

and second, as in the previous experiments, to induce errors that push the weight vectors

toward the underlying features.

In this example, a set of data points was generated by the superposition of three uni-

variate distributions in two dimensions. Double-tailed Weibull distributions (Equation 3.17)

were used, with parameters
� �

1 and 	

�

2
3, aspreviously. They were oriented at anglesof

18� , 60� and 125� to the horizontal, with variancesof 0 � 7, 2 � 0 and 0 � 2 respectively.

A three-output REC network was used, and a linear penalty applied with a parameter
�

of 0 � 01. The network was trained with a learning rate � of 0 � 005, with weight updates

applied after 500 patterns, and the weights normalised to unit length after each update.

The results of a typical run with random initial weights are shown in Figure 5.9(a). The

paths of the weight values during learning (plotted after every 10 updates) show that the

high-variance component (at 60� ) has beenpicked out very quickly , with the network being

slower to discover accurately those with lower variance.

As an empirical test for the presenceof local minima, the same network was retrained

with the initial orientations of the weights set very closeto eachother (at around 90� to the

horizontal). Thereis adanger in this casethat only two of the featureswill befound, with one

of the weight vectors `stuck' in between. The results are plotted in Figure 5.9(b).This shows

that the high-variance feature was again picked out very rapidly , but the corresponding

weight vector `overshot' slightly to compensatefor the fact that nothing, asyet, was properly
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(a) (b)

Figure 5.10: (a) The `dictionary' of binary patterns used by both the left and the right pro-

cessesto generate the dual-component data set. Each row representsa dif ferent one of the
thirteen possible patterns, with a white square representing one and a black square minus

one, as previously. (b) An example of the weight vectors produced by a thirty-output REC
network trained on the dual-component data. Eachrow representsa dif ferent weight vector.

The left and right halves are divided with a line for illustrative purposes, but this structure
was in no way enforced by the network architecture.

representing the distribution oriented at 18
�

. Theprogressof asecondweight vector towards

this orientation was slowed, but not halted, by having to passover the 125
�

feature,with the

thir d remaining largely static until this had happened. The network took approximately

threetimes as long to reachthe solution asin the previous example.

In a �nal test, the weights wereinitialised at around 45
�

, between the two higher-variance

features.Even this did not prevent the correct solution from being found, although the time

taken was slightly longer again. In each of these experiments the �nal orientations of the

threeweight vectors matched those of the underlying featuresto within half a degree.

5.9.3 Dual-component data set

The `dual-component' data set was intr oduced by Zemel (1993)as an example requiring a

competitive system that is nevertheless able to represent two pattern elements simultane-

ously. There are twenty-two inputs. Patternsare createdby two independent processes,one

producing the �rst eleveninputs, and the other the remaining eleven. Eachprocessgenerates

one of thirteen possible binary patterns (eachoccurring with equal probability). The `dictio-

naries' of possible patterns are the samefor eachprocess,and are shown in Figure 5.10(a).

A good solution to the problem will identify the two halves of the input ascoming from in-

dependent sources.Unlike previous examples,a binary zero is here representedby a minus

one input value, to allow a zero weight to representa new `don't care' value, an issue that

will be discussedfurther in Section6.3.2.

An example of the weights produced by a RECnetwork with thirty outputs is shown in

Figure 5.10(b). With theseweights, the network will encodeevery input pattern as desired
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Figure 5.11: The prior probability density function imposed upon output values of the REC

network used to tackle the dual-component problem, produced by a combination of hard
constraints and both sparseness-promoting and `binary' penalties.

with two active outputs, eachrepresentingonehalf of the input. Learning this representation

is, however, not an easy task for what is essentially a continuous-valued projection-based

network, for a number of reasons.

Firstly, we may note that for a purely linear model, the problem requiresan overcomplete

representation, since there are only 22 inputs, but a minimum of 26 outputs are needed for

the correct solution. Secondly the solution requiresa very sparsecode,becausewe expect to

�nd only two active units for eachinput pattern. Thirdly, even when the inputs are correctly

separated into two halves, the desired representation is still overcomplete, since we require

a set of 11-dimensional values to be representedby 13output values.

To obtain solutions of the type shown in Figure5.10(b),therefore,a number of constraints

were applied to the network:

1. The output values were constrained to be non-negative (Section5.2).

2. A linear sparseness-promoting penalty (5.6)was applied during activation.

3. A `binary' penalty (5.5) was also applied, and an upper bound of one placed on the

output values.

4. Weight values were constrained to lie in the range �

�

1, 1� .

5. Weight decay (Section5.5)was applied during learning.

The exact form of the output penalty term was

�

�

a�

�

100� � a2
�

�

a
�

1 �

2
� � a� (5.27)

This was combined with the reconstruction error as in (5.4) with the penalty parameter
�

set to 0 � 3. A graph of the prior placed on the output values by using this penalty function,

combined with the `hard' constraint that the values must lie in the range � 0, 1� is shown

in Figure 5.11. This function was calculated from (5.27) using c � exp �

�

�

�

a� � , where c is a

normalising constant.

Weight values were randomly initialised in the range �

�

0 � 05, 0 � 05� , with these small

values being used merely so that the weight values of `unused' units do not clutter Fig-

ure 5.10(b). The learning rate � was �xed at 0 � 5. Weight decay was applied using (5.19)
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(a) (b)

Figure 5.12: (a) An example of the weight values produced by a �fty-output REC network

trained on the dual-component data, showing that the penalties causea sparse represen-
tation to be produced even when the output bottleneck is loosened. (b) An example of the

�nal weight values produced by the samenetwork, but with the penalty terms omitted from
the error function.

with a parameter
�

w
�

0 � 01. A stablestateof the form shown in Figure 5.10(b)was typically

reachedafter about 1000pattern presentations.Constraints 3 and 5 in the above list werenot

essentialto obtaining good solutions, but their inclusion in this instancewas found to speed

convergenceby a factor of two or more.

The use of the linear penalty (constraint 2) was however found to be essential. Even

when the network had many more outputs than required, its useprevented unwanted solu-

tions, such ascaseswhere units representonly a few bits of a pattern, from being found. An

example of the representation produced by a network with �fty outputs, but otherwise un-

changed, is shown in Figure 5.12(a).Without any form of penalty (
�

�

0), a network of this

sizewill quickly converge to a seemingly random representationof the input, an example of

which is shown in Figure 5.12(b).

A fair degreeof domain-speci�c knowledge hasbeenused in this experiment in order to

achieve the desired solution. Although it might appear unreasonableto expect to have this

amount of prior knowledge for real-world problems, the system is nevertheless arguably

more �exible than Zemel's (1993)original solution to this problem, which requires the dual

nature of the data to be `wir ed in' to the model to enable it to generatethe desired code.
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5.10 Discussion

This chapter has looked at various meansof constraining the RECmodel to enable it to �nd

ef�cient and not just completecodes for its input data. It is accepted that this approach re-

quir esvarious prior assumptions about the nature of the data. The contention is, however,

that similar assumptions are being made by most other feature-detection techniques. Var-

ious projection pursuit and ICA methods, for example, use projection indices and contrast

functions that only partially capture higher order statistics. This implicitly intr oduces as-

sumptions, but in a way that preventsus from understanding their exactnature. It is argued

that where,ashere, the constraints are explicit and easily understood, we are in a much bet-

ter position to evaluate their applicability to particular problems, and modify them where

necessary.

The next chapter takes a sideways step to explore modi�cations to the REC network's

linear generative model, but we shall return in Chapter 7 to the techniques developed here,

in order to look at their application to real-world problems.



Chapter 6

Mixture Models

The modelling framework used in this thesis incorporates the idea that single data points

may be produced by multiple causes,i.e. that the in�uences of several processesmay com-

bine to produce the observed data. The way in which this combination is achieved is often

termed the mixture model,1 and we shall refer to the function underlying this as the mixing

function. Up to this point we have used linear summation as the mixing function. While

this may be valid (or at least a reasonableapproximation) in many cases,in this chapter we

shall look at examples where more sophisticated mixtur e models are required, and at ways

in which they can be incorporated into the RECnetwork architecture.

6.1 Related work

Severalof the issuesrelating to the use of mixing functions are examined by Saund (1995).

He also discussesthe closely related ideas of imaging models and voting rules. The term

`imaging model' is used in the �elds of computer graphics and typography , where it refers

to the way in which dif ferent layers of colour are combined on a surface. A simple example

would be a number of processeslaying down white on a black surface, where one or more

layers of white are suf�cient to give a white result at any point — this is known asa `write-

white' imaging model, and corresponds to a logical OR mixing function.

`Voting rules' aremethods of combining dif ferent signals,eachrepresentingsome`belief,'

in order to achievea consensus.In this terminology , the logical OR mixing function becomes

a schemewhereby each individual can either vote `on' or can abstain: a single `on' vote is

suf�cient for the consensusto be `on.'

Similar ideas are also found in the supervised neural network literatur e with mixtur esof

experts (Jacobsetal., 1991)and ensemblesor `committees' of networks (Perrone and Cooper,

1993). The mixtur e of experts model has a network divided into separate subnets, with

their outputs mixed under the control of a gating network. The mixing function is poten-

tially quite complex, but in practice it tends to be used to select a single output from one

of the subnets. Such an architecture can therefore be viewed as mixing at a slightly higher

level, with each subnet becoming an `expert' in a particular region of the input space,as

1The term `mixtur emodel' is also sometimesused to describea linear combination of densities in probability

density estimation — it is used here in a more general sense.

97
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Figure 6.1: Part of a network implementation for a general mixing function f . The units
labelled `f ' and �̀ i f ' compute the corresponding function of their inputs. The unit labelled

` � ' computes a product. The remaining two units are linear and labelled with their output

values. The dashed lines representfeedforwar d and feedback connections from other �rst-
layer and output units respectively.

opposed to combining multiple signals for a single input pattern as we shall consider here.

At a higher level still, entire networks may be trained separately and their predictions sub-

sequently combined. The outputs may be combined by averaging (for regression),majority

voting (for classi�cation), or a more complex weighted combination (Krogh and Vedelsby,

1995).

6.2 Incorporating mixing functions into a network

Beforeexamining examplesof mixtur emodels for particular problem domains, we shall look

in this section at how a general form of mixing function can be incorporated into the REC

network model.

Consider a general mixing function f , which takesasarguments the values of all outputs

weighted by the feedbackconnection weights to a particular input. This gives

�

x j �

f
�

w1ja1 � � � � � wn jan �

asthe jth element of the reconstructed input, and
�

Er
�

ai
���

2
�

�

i f �

�

w1ja1 � � � � � wn jan � �

�

x
�

�

x �

Tw i � (6.1)

as the derivative of the reconstruction error, where
�

i f is the partial derivative of f with

respectto its ith argument. In the following equations the arguments to
�

i f are omitted for

brevity.
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Figure 6.1shows how this mixing function can be incorporated into the network. This is

in effect a graphical representation of (6.1). The original REC model (Figure 4.2)was much

simpler since f was linear, making
�

i f �

1,and removing the need for the extra units shown

here.

Despite the extra complexity in activating the network for the general case,learning re-

mains simple. The result from Appendix A tells us that the gradient of Er with respectto the

weights may be evaluated assuming the outputs a are �xed, so that
�

Er
�

wi j
���

2
�

x j �

�

x j �

�

�

i f � ai � (6.2)

Referring back to Figure 6.1, we seethat (6.2) corresponds still to local Hebbian learning,

since the input to the ith output unit along its jth link is given by
�

x j �

�

x j �

�

�

i f � .

6.3 Models for binary patterns

Problems based on binary data give an example where the linear model is incorrect, since

under this model two superimposed `one'sgive a `two,' which is outside the binary domain.

We saw in the lines experiment of Section 4.12.1that even with this incorrect model it is

possible to get good results provided that the degreeof overlap between featuresis reason-

ably small in comparison with the overall magnitude of the feature vectors. With substantial

overlap, however, the inaccuraciesof the mixtur e model prevent the correct solution from

being found.

6.3.1 Write-white imaging models

The lines data setis formed according to a write-white imaging model.2 As mentioned previ-

ously, this correspondsto a logical OR mixing function. To allow gradient descentactivation

and learning this canbe`softened' by linear interpolation to form a `soft OR' function (Saund,

1995),which gives

�

x j �

1
�

n

Õ
k � 1

�

1
�

akwkj � (6.3)

as the reconstructed input. A plot of this function (for n
�

2 and w1j �

w2j �

1) is shown in

Figure 6.2(a).

In Saund's experiments, the objective function used was basedon log-likelihood in the

binary domain:

Eb �

m

å
i � 1

log � xi
�

xi �

�

1
�

xi �

�

1
�

�

xi � � � (6.4)

The experiments below (Section6.5.1)explore the use of the soft OR mixing function in con-

junction with the squared residual (Equation 4.5)asthe error metric.

2Of coursea write-black model (asused by Saund) is exactly equivalent if the binary representationsfor white

and black areswapped. Write-white is used asthe `default' here simply becausethe majority of diagrams in this

thesis use white to representpositive values.
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Figure 6.2: Mesh and contour plots of two possible mixing functions for use with a write-
white imaging model. (a) The soft OR function (6.3), produced by linear interpolation be-

tween a zero at the origin and a one at all the other vertices of a � 0, 1
�

-hypercube, shown
here for n � 2 and w1j

� w2j
� 1. (b) A saturated linear function that, while not as theoret-

ically attractive, lends itself more readily to a network implementation; the parameters are

the sameasfor (a).

A network implementation of the soft OR function requires the full complexity of Fig-

ure 6.1. This complexity is undesirable, since it requires more computation to activate

the network than previously: the evaluation of the error function and its gradient is more

costly, and a minimiser will typically require more gradient calculations becauseof the non-

quadratic nature of the error surface. It is worth considering therefore whether it is possible

to produce a similar but simpler mixing function with a schemecloser to the original net-

work model.

The principal requirementsof the mixing function are that a combination of any number

of ones should give a one, and that a complete set of zeroes should combine to give zero.

A secondary requirement is that there be some form of interpolation between thesebinary

limits, ideally with two or more values that are less than one combining to give an overall

reconstruction that is also less than one. All of theserequirements were met by the soft OR

function of Figure 6.2(a), but if we relax the �nal requirement and allow multiple values

below one to give a value of one when mixed, we can use the much simpler function shown

in Figure 6.2(b). This is just a `saturated' linear summation with a maximum value of one.

Using this mixing function, we have that

�

�

x j
�

ai
�

�

�
� 0 if

�

x j �

1,

wi j otherwise.
(6.5)

An extra modi�cation makes life even easier. It is only essentialto apply the saturation limit

on
�

x j (in order to achievea zero reconstruction error) when the input value x j is one. When

this is done the gradient of the reconstruction error with respectto the outputs is simply
�

Er
�

ai
� �

2
�

x
�

�

x � � w i

exactly asfor the original network (4.6)— the casewhere
�

x j �

1 in (6.5)no longer needsto be
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considered separately, becausex j �

�

x j will be zero anyway. Another advantage is that this

removesthe discontinuity in the error gradient which causesproblems for someminimisers.

The method for activating the output units therefore remains unchanged from the lin-

ear model (4.2), and all the modi�cations required to give the new mixtur e model can be

incorporated into the �rst-layer units, which now compute

r j �

�

��� x j �

max
�

å k akwkj � 1 � if x j � 1,

x j �

å k akwkj otherwise
(6.6)

where max
�

� is a function that returns the greater of its two arguments. Weight adjustment

is achieved by standard Hebbian learning (4.15),but a slight modi�cation can impr ove per-

formance. Becausepatterns in this environment are produced using an OR operation, an

input of zero means that no output unit should write to that location (i.e. all units should

have a corresponding weight of zero), while an input of one means only that someunit or

units should have a corresponding weight of one. As a result of this, negative error signals

(resulting in downwar d pressure on weight values) are more signi�cant than positive ones.

This imbalance can be re�ected by using a larger learning rate for negative weight changes

than for positive ones,giving asthe modi�ed learning rule

�

wi j �

�

�
�

��� air j if r j 
 0,
�

�

air j otherwise
(6.7)

with �
�

�

�

�

.

In Section 6.5.1, the method of mixing discussed here is applied to the lines problem,

and its effectivenesscompared with both the unmodi�ed network and the soft OR mixing

function. Before that we shall look at an extension of these ideas to slightly more complex

models.

6.3.2 Write-white-and-black imaging models

It is also possible for binary patterns to be formed by processesthat explicitly produce ze-

roes as well as ones. In terms of an imaging model, this means that they may write both

white and black; in terms of voting rules, they can vote `yes' or `no,' or can abstain (`don't

know/car e').3 Wehave already seenaproblem of this type with the dual-component data set

(Section5.9.3).The solution used therewas simply to encodewhite using � 1,black using
�

1

and `no colour ' using 0, while continuing to use the linear mixing function. The limitations

of this approach are analogous to those of the network used to tackle the lines problem in

Section4.12.1,namely that (for example) multiple oneswill combine to give a value greater

than one. This was not a problem when using the dual-component data set, since each in-

put value was produced by exactly one process.In more complex environments, one would

need to determine the appropriate voting rule — this could be a majority vote, or a softer

variant whereby any processvoting against the majority intr oduces some degreeof doubt

into the outcome, representedfor example by values with a magnitude lessthan one.

3Such patterns might more properly be seenas ternary rather than binary since an input could take on one

of threevalues: white, black or `no colour.' In the casewhere at least one processwrites white or black to each

input value, however, the patterns will be binary.
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Saund (1995)argues that a linear mixing function is not appropriate, becauseopposing

predictions by dif ferent output units will tend to cancel out, resulting in `little global pres-

sure for [units] to adopt don't know values when they are not quite con�dent about their

predictions.' He therefore suggestsa mixing function with boundary values given by:

�

x j �

�

� � 0 if å k ak
�

wkj
�

�

0,
å k akwkj

å k ak
�

wkj
� if,

�

k � akwkj �

� �

1 � 0 � 1
�

�

The use of a normalised sum means that two opposing votes will not fully cancel out, but

will produce a degreeof uncertainty in the combined prediction, causing a �nite reconstruc-

tion error and driving any prediction that con�icts with the consensustoward zero. The

remaining values for
�

x j should ideally be determined by linear interpolation, but this has a

cost that is exponential in n, so Saund suggestsa tractable approximation.

It is, however, possible to avoid this considerable complexity. We saw in Section 5.9.3

how the required `global pressure' to adopt don't know values could be provided instead

by priors on the output values and weights (penalties and weight decay). In environments

where, in addition, multiple processespotentially write to a single input, a schemedir ectly

analogous to the saturated linear mixing function presentedin Section6.3.1could be used.

6.4 Modelling occlusion

Occlusion in a visual sceneoccurswhen one object is partially or fully obscured by another.4

A number of approacheshave been taken to discovering occlusion in machine vision (see

Chiu, 1996,Chap. 1, for a review). Theseinclude the useof T-junctions in line drawings, �rst

detailed by (Huf fman, 1971),stereopsis (Malik, 1996),lighting effects (Yang and Kak, 1989),

or motion of the viewer (Chiu, 1996)or of objectswithin the scene(Marshall etal., 1996).

Herewe shall look at adif ferent meansof determining occlusion, one that doesnot utilise

knowledge about junctions, or any of the depth cueslisted above. Weshall alsoassumethere

is no perspective, meaning that all objectswill appear the samesize whatever their relative

depth. A good real-world analogy is therefore one of painting objectsonto a planar surface.

A sceneis produced by painting a selection of the objectsin a particular order. The system's

task, having beenpresentedwith a number of such scenes,is to determine the (unoccluded)

appearanceof eachobject. Under theseconditions, it would be impossible to infer any depth

information without someform of constraint on the visual environment: the constraint here

is that there are a limited number of distinct objects5 and we can therefore use bottlenecks

and sparsenessconstraints (Chapter 5) to discover them.

The write-white imaging model could beconsidered a simple caseof an occlusion model:

one in which there is no need to consider the order in which objects are written, since the

fact that they are all of the samecolour makes it impossible to determine relative depth even

if we wish to.
4It is also of course possible to have a concaveobject partially obscure itself, but for simplicity consideration

here is limited to planar objectsperpendicular to the line of sight
5As in all previous examples, the system has no translation invariance, so congruent objects at dif ferent

locations are treatedasdistinct.



6.4 Modelling occlusion 103

To add occlusion to the write-white-and-black imaging model however does require a

notion of depth. In terms of voting rules, all processesvote in depth order, closest �rst:

the �rst non-abstention is decisive. In other wor ds, for a particular point in the scene,the

imaging model considers only the closestobject whose boundary includes that point.

This can be achieved with a mixing function of the following form:

�

x j �

n

å
i � 1

bi jaiwi j � (6.8)

where bi j is a weighting between the ith processand the jth input location based on the

relative depth of the objectswithin the sceneand i's `vote.'

The boundary conditions for this model are that ai �

� �

1 � 0 � 1
�

and wi j �

� �

1 � 0 � 1
� �

�

i � j � .

The possible values for ai include
�

1 here to allow for the casewhere the output values are

allowed to become negative to represent the inverted form of their weight vectors (black

becomeswhite, white becomesblack). The depth of each object will be representedby di ,

with larger values used for objectscloser to the observer. Under theseconditions the mixing

function should select,for eachposition j within the scene,the colour of the object i with the

largest di from all those with non-zero ai and non-zero wi j. Mor e formally ,

bi j �

�

�
� 1 if i � S and di �

maxk � Sdk, where S
� �

k :
�

ak
�

�

1 and
�

wkj
�

�

1
�

,

0 otherwise. (6.9)

As before, some form of `softening' is required to deal with intermediate values. Firstly,

we need a function that interpolates between the boundary values for the ai and wi j given

by (6.9),such as:

bi j �

�

�
� 1 if i

�

arg maxk �

dk
�

akwkj
�

)

0 otherwise.
(6.10)

Secondly, we need to soften the maximisation, to allow alternative possiblesourcesfor a par-

ticular point to compete during training. This can be achieved with a normalising function

of the form

bi j �

g
�

di
�

aiwi j
�

�

å n
k� 1 g

�

dk
�

akwkj
�

�

(6.11)

where g
�

� is a monotonically increasing function. When g
�

x �

�

ex, this becomesthe well-

known `softmax' function (Bridle, 1990a,b).In practice it was found that the use of softmax

could causeproblems for the minimiser , and better results were obtained using g
�

x �

�

x3. A

possible explanation for this is shown in Figure6.3,whereboth versions of the maximisation

function areplotted for n
�

2. As the value of oneof the arguments to the softmax function is

changed, the threshold moves while the shaperemains otherwise constant, asshown by the

parallel contours in Figure 6.3(a). The cut-off for the x3-normalisation, by contrast, is very

sharp when one of the values is low, but the zero-one transition becomesmore gradual as

that value increases,producing contours that radiate from
�

0 � 0� in Figure6.3(b).This results

in the elimination of the plateau regions of the softmax function, which could explain the

impr oved performance of gradient-based optimisers with this form of the function.
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Figure 6.3:Mesh and contour plots of two softened maximisation functions. (a) The softmax
function, produced by setting g � x

�

� ex in (6.11), and shown here for n � 2 and a1
� a2

�

w1j
� w2j

� � 1. (b) An alternative function, with g � x
�

� x3, and the parameters otherwise
as in (a).

The error gradients with respectto both output and weight values are far from straight-

forwar d for this model, becausethe mixtur e weightings bi j used to calculate the recon-

structed input (6.8)are themselvesfunctions of the outputs and weights, asare the depths di .

For this reason,the output values are best calculated by a minimisation technique that does

not require dir ect evaluations of the gradient (such as the simplex method). Learning poses

a problem, but if we make the assumption that any residual error requires action from all

active units, whatever their relative depth (sincean error meansthat the depths may well be

wr ong anyway), then Hebbian learning (4.15)is again a natural choice,and has been found

to work reasonablywell in practice.

Experiments using this occlusion mixtur e model are presented below in Sections6.5.2

and 6.5.3. Unfortunately there is no simple network interpr etation of the calculations re-

quir ed by this model. One approach that might lend itself more readily to a network imple-

mentation would be to include a temporal mechanism, and `play back' the objectsin depth

order, most distant �rst, in a method dir ectly analogous to the use of a z-buffer in com-

puter graphics. Softening could be incorporated as necessaryby giving units performing

the reconstruction a partial memory of previously written values. Such an approach is not

discussedfurther here, but would merit further investigation.

6.5 Experiments

6.5.1 The lines problem revisited

Section4.12.1gave results produced by training the basicRECnetwork on the lines data set,

and it was noted at the time that the network's mixtur e model was incorrect for this data.

In this section, we shall compare the performance of the original network on this task with

both the soft OR and the saturated linear models of Section6.3.1.

In the experiments eachnetwork was trained on anumber of variants of the data set,each

consisting of 10000randomly generated patterns with a dif ferent value of p (the probability
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p Linear Soft OR Saturated

0.2 524 165 123

0.3 1105 252 121

0.4 2002 478 137

0.5 7945 1225 169

0.6 — 8010 275

0.7 — — 655

0.8 — — 2728

0.9 — — 39080

Table6.1:The results from training threenetworks on the lines data set. Theaveragenumber

of patterns required to reach a stable solution is shown for each network (linear, soft OR,
saturated linear), and for a range of values for the line probability p. A blank in the table

indicates that the network showed no signs of reaching a solution within 50000patterns.

of a line appearing in eachof the sixteen locations), the values varying from 0 � 2 up to 0 � 9 in

stepsof 0 � 1.

Each of the three networks (linear, soft OR, saturated-linear) had 20 output units, and

weight changeswere made after each pattern presentation. The linear network was given

a `binary' penalty (5.5) with parameter
�

�

1 � 0, and trained with a learning rate � of 0 � 4.

The soft OR network did not use penalised activation, and was trained with �

�

1 � 0. The

saturated linear network used a linear penalty (5.6)with
�

�

0 � 1, and weight updates were

calculated using (6.7) with � �

�

2 � 4 and �

�

�

0 � 4. The parameter values given here are the

onesfound to be best for a particular network, but the results obtained were broadly similar

for a wide range of values.

The results for all threenetworks are shown in Table 6.1. For eachtype of network and

value of p, the approximate number of pattern presentationsrequired to reacha stablesolu-

tion is shown. The numbers were produced by averaging the results from �ve runs of the

network with dif ferent random initial weights. A network was judged to have reached a

solution when all sixteen lines had been found, and when the weights for the units repre-

senting theselines were all either lessthan 0 � 15or greater than 0 � 85.

As found previously, the linear network was able to �nd solutions reasonablyrapidly for

small values of p, but failed for values greater than 0 � 6. As expected, the soft OR network

showed some impr ovement on this, �nding results after fewer patterns, and for values of p

up to 0 � 6. This concurs roughly with Saund (1995),who reports a positive result using the

samemixing function but a dif ferent objective function (6.4)for p
�

0 � 625.

Dramatic impr ovements were obtained however with the saturated linear network,

which was able to produce results extremely rapidly for values of p up to 0 � 7. It should

also be noted that the saturated linear network required well under half the CPU time per

pattern compared to the soft OR network. The network continued to produce solutions for

values of p up to 0 � 9, albeit requiring nearly 40000patterns to achieve this. It is worth bear-

ing in mind though that for p
�

0 � 9, 68% of the input patterns are all ones, and therefore

convey no useful information about the structure of the data, and a further 15%have only

one zero. A random sample from this data set is shown in Figure 6.4.
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Figure 6.4:A random sample from the lines data set for p � 0 � 9.

Figure 6.5:Someexample input patterns from the occluded squaresdata set.

6.5.2 Occluded squares

In this experiment, the data set was composed of combinations of 4 � 4 squareson a 6 � 6

grid. Squareshad a white border (denoted with input values of 1) and were �lled black (de-

noted by
�

1). Eachinput pattern was composedof two such squares,eachat one of the nine

possible positions, picked at random. The squares were superimposed such that one par-

tially occluded the other (or fully occluded if they happened to occupy the sameposition),

with an input value of 0 used for points occupied by neither square (the background). Four

example input patterns are shown in Figure 6.5.

A model6 with nine outputs was used. The output values were constrained within the

range � 0, 1� , and the weights in the range �

�

1, 1� . The depths di were allowed to vary in

the range � 1, 50� . The soft maximum function (6.11) was used with g
�

x �

�

x3. A linear

penalty (5.6) with parameter
�

�

0 � 3 was applied and Hebbian learning (4.15) with rate
�

�

0 � 4 was used to update the weights. A stable solution, such as the one shown in Fig-

ure 6.6, was typically reachedafter about 300 pattern presentations. In this con�guration,

the presenceand relative depth of the nine possible squares was correctly determined for

eachpattern.

6.5.3 Illusory contour formation

Illusory contours are regions of an image where an edge is perceived even though there is

no corresponding luminance gradient. Much has beenwritten about this phenomenon (e.g.

Lesherand Mingolla, 1995;Kumaran etal., 1996)with analysis ranging from low-level neural

6The systemsused to tackle the problems in this and the following section are referred to simply as`models'

since, as mentioned in Section 6.4, the methods used do not �t readily into a network model. For convenience

though, much of the language associatedwith networks (weights, units, etc.) is retained.
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Figure 6.6: The �nal weight values from the occluded squaresexperiment.

Figure 6.7: An example of a �gur e exhibiting illusory contours, after the manner of Kanizsa
(1979).

mechanisms to high-level cognitive theories. Here we shall examine whether the occlusion

mixtur e model put forwar d above is consistentwith the ideas of illusory contour formation.

Most people, on staring at Figure 6.7 for a short while, will perceive a white square

`�oating' above four black ones. Associated with this, and particularly when the �gur e is

viewed monocularly , they will often perceive the central white square to be brighter than

the surrounding white areas,with the boundaries of this bright areaproducing the so-called

illusory contours. Something about our visual system causesus to `see' �ve squares and

assign relative depth to them, rather than just the four black hexagonal shapesthat are on

the page. In a simple experiment to reproduce this effect, a model similar to that used above

(Section 6.5.2)was trained on combinations of 3 � 3 solid black or white squares on black

or white backgrounds. The squares could appear in one of nine positions equally spaced

over a 7 � 7 grid. Each training pattern consisted of a random number (1, 2 or 3) of super-

imposed squares, on a background that was either black or white with equal probability.

The squaresthemselveswere also black or white with equal probability, except that the one

furthest from the viewpoint was never the same colour as the background. As previously,

white was representedby 1 and black by
�

1. Examples of the training patterns are shown

in Figure 6.8.
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Figure 6.8:Someexamplesof the input patterns used to train the `illusory contour ' model.

Ten outputs were used, with one of the units `hard-wir ed' with a weight vector of all

ones to represent the backgrounds. In addition, it was found necessaryto `tell' the model

about the background by �xing the value of that unit at either 1 or
�

1, according to the

background colour, and �xing its depth at 1. The outputs ai of the other units were allowed

to move in the range �

�

1, 1� , and their depth values di in the range � 1, 50� . During learning

the weights were constrained to lie in the range � 0, 1� , so that a unit's weights themselves

only represented the presenceor absenceof an object, its colour being determined by the

sign of the output value.

After an average of about 150pattern presentations,with a learning rate � of 0 � 4 and a

linear penalty with parameter
�

�

0 � 5, the model converged to a state where each weight

vector representeda square in one of the nine possible positions, asdesired. In this con�gu-

ration, the model was tested on the pattern of Figure 6.7. The resulting pattern of activation

was asfollows: the `background' unit had its activation and depth at the �xed values of 1 � 0;

the four units representing squaresin the corners of the grid all had activations of
�

1 � 0 and

depths in the range 4 � 4 to 5 � 1; the unit representing the central squarehad an activation of 1 � 0

and a depth of 13� 8. Thus the representation produced by the model was of a white back-

ground, four black squares of roughly equal depth, and a central white square positioned

above them.

There is no suggestion that either the visual environment or the model used here are

akin to those of humans. What this experiment does demonstrate, however, is that in a

simple environment consisting solely of opaque black and white squares,the modi�ed REC

model is able to learn that squaresunderly the patterns, and subsequently to interpr et Fig-

ure 6.7ascontaining four black squareswith one white one partially occluding them. In the

visual environment of humans, there are many non-square objects,but it is a reasonableas-

sumption that square shapeshave a signi�cantly higher prior probability than squareswith

missing corners. It is quite possible that the `illusion' produced by Figure 6.7 is similarly

the brain's `maximum a posteriori' interpr etation of that �gur e. The illusory contours could

then be explained by feedbackfrom the high-level interpr etation of shapesto the earlier lev-

els of processingresponsible for edge-detection, which `�ll in' details that make the overall

representation more consistent.
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6.6 Discussion

The assumption that separatecausescombine linearly can often be found in models of real-

world signals, such asspeechand vision. At a low level of analysis (at the level of frequency

components, for example), or for simple signals (where features are non-overlapping, for

example), the linear assumption may well be valid. At a higher level, or for more complex

signals, the assumption ceasesto hold: objects that overlap in a visual scenedo not sum

linearly, they occlude one another; a speech model based on phonemes should take into

account the nonlinear transition effectswhen they are joined.

This chapter has looked at ways to extend the linear model to account for more complex

modes of interaction between causes.We saw in Section6.2how a general mixing function

could be incorporated into the network model, and that while the activation becamemore

complex, learning remained local. Interestingly, the extra complexity appeared primarily in

the feedback dir ection — this may give a further clue as to why, in biological systems,we

observemany more feedback than feedforwar d connections.

The OR-based models of Section 6.3.1 provide a simple example of nonlinear mixing.

A possible practical application would be to the processingof hand-written characters.To a

�rst approximation, the independent components of such charactersare the dif ferent strokes

of the pen. The write-white model deals correctly with the overlap of these strokes, and

could give an important advantage over a linear model, particularly if the pen were rela-

tively wide. An experiment exploring this idea is reported in Section7.2.

The write-white-and-black model of Section 6.3.2gives a useful extension to standard

binary models by allowing the inclusion of `don't care' states.It could be used, for example,

in a visual environment composed of multiple non-overlapping black-and-white objects,or

to detect independent processesthat eachproduce a dif ferent part of a bit pattern.

Finally, and most importantly , if the ideaspresentedin this work are to beextended to an

object-level analysis of visual scenes,it is essential that the notions of depth and occlusion

be included in the models. Section6.4 looked at one means of achieving this, but of course

many other thorny problems, such as those of scale, translation and rotation invariance,

remain.



Chapter 7

Applications and Practical Issues

The operation of the RECmodel hasso far beendemonstrated only on arti�cial data. In this

chapter, several experiments are described where the network is applied to realdata. The

tasksare all in the �elds of vision and speech,two areaswhere low-level feature detection is

highly applicable.

The results are highly promising, and these techniques could provide a useful prepro-

cessingstep in futur e pattern-recognition systems. In particular we shall seethat the net-

work is able automatically to develop waveletcodes, a subject of considerable recent interest

in the signal-processingcommunity .

For thesetechniquesto beused in realapplications, it is important that the computational

burden is not too high. At the end of this chapter we shall look at somemethods that can be

used to make large networks run more ef�ciently .

7.1 Natural image coding

In the past, unsupervised networks have beenshown to extract the principal components of

image patches (e.g.Sanger,1989). For images with stationary statistics1 the principal com-

ponents correspond to a Fourier transform (Field, 1994)and assuch do not dir ectly convey

any positional information — a single edge, for example, will typically be representedasthe

superposition of a number of the principal components. Therefore,although they are decor-

related, we should not expect to �nd principal components as the underlying independent

featuresof natural images. Theseissuesare discussedfurther by Field (1994)and Olshausen

and Field (1996b).

Several authors have proposed an image code based on 2-D Gabor wavelets (Watson,

1983;Daugman, 1985;Field, 1987),which achievesa minimum in the joint uncertainty be-

tween spatial and frequency resolution (Daugman, 1985),and uses primitives that bear a

close resemblanceto receptive �elds found in the mammalian visual cortex (Field and Tol-

hurst, 1986;Jonesand Palmer, 1987). Most importantly from our point of view, a wavelet

code of this type is highly sparse and has very low entropy (Daugman, 1989),and there-

fore gives a very ef�cient way to represent images. This section explores the ability of the

techniques presentedin this work to generatesuch codes.

1i.e.where the statistics at eachpoint in the image are identical. This is a reasonableassumption for natural

scenes.

110



7.1 Natural image coding 111

Figure7.1:One of the 512 � 512grey-scaleimagesof natural scenesused to generatetraining

data for an image-coding network.

In these experiments, data were obtained by taking square patches from ten 512 � 512

grey-scaleimagesof natural scenesfrom the American northwest. 2 The imageswereprepro-

cessedusing a �lter with frequencypro�le R
�

f �

�

f e	


 f � f0 �

4
where f0 �

200cycles/image, as

described in detail by Olshausenand Field (1997).The �lter 's effect is to `whiten' the images

by (approximately) �attening their power spectra. This prevents low-fr equencycomponents

from dominating the REC network's squared error term, and hence the codes it generates.

The �lter also has a low-pass element to put a uniform upper bound on spatial frequencies

at all orientations, and thus counteract the side-effects of sampling with a rectangular grid.

An example of one of the images (before �ltering) is shown in Figure 7.1.

An initial experiment used randomly sampled 8 � 8 patchesfrom the imagesasthe input

to a REC network. The aim was to simplify the network's operation as far as possible, so

that it could be scaled to larger problems. Rather than performing a full minimisation at

the activation stage, the gradient-descent dynamics of the network (Section 4.2) were used

dir ectly with a limited number of iterations.

For each pattern, the network was given a single feedforwar d pass with the activation

rate � set to 1 � 0, equivalent to the activation of a simple linear network. Then, six iterations

of the network were made according to (5.9)with �

�

0 � 3 and
�

�

0 � 4. The penalty function

used was �

�

a�

�

�

a
�

(5.6),so in practice this could be implemented simply by moving each

output a �xed value �

�

towards zero at eachiteration. A �nal iteration was made without a

penalty, and with �

�

0 � 05.

Weight updates were calculated with an initial rate � of 0 � 01, and applied after every

100patterns. After approximately 20000pattern presentations, � was reduced to 0 � 002.The

weight values were stable after about 30000patterns, and are shown in Figure 7.2(a).

2Thanks are due to Bruno Olshausenand David Field for providing theseimages.
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(a) (b)

Figure 7.2: (a) The weight vectors produced by training a REC network on 8 � 8 patchesof
natural images. Eachof the 64squaresrepresentsone of the weight vectors, and eachof the

64grey pixels within a square representsan individual weight value. (b) The principal com-
ponents of the samedata, ordered left-to-right and top-to-bottom. In both (a) and (b), zero

is representedby mid-gr ey, with positive values shown with progressively lighter shades,

and negative values darker. The contrast for eachfeature vector has beenscaledso that the
element with greatestmagnitude is either white or black.

Almost all the features extracted by the REC network have a consistent `wavelet-like'

form. Four features representbright or dark regions in eachof the four corners of the 8 � 8

samples (two in row 4 of Figure 7.2(a), one in row 6, and one in row 7); the remainder

may all be characterised as edge-detectorsat various scales,spatial frequencies,orientations

and positions. Eachhas a line about which it is approximately anti-symmetric, i.e.eachlight

region is mirr ored by a dark region of similar shapeand size.

The features produced by the REC network are in stark contrast to the principal com-

ponents of the same data, obtained by singular value decomposition, and shown in Fig-

ure 7.2(b). Becausethe whitening �lter does not fully �atten the power spectrum, we see

that the principal components are ordered in terms of increasing spatial frequency. Unlike

the featuresproduced by the network, none of the principal components are localisedin the

8 � 8 grid, and sinceall componentsareconstrained to beorthogonal, the orientations, where

discernable,are all much the sameasthat of the �rst component.

7.1.1 Coding ef�ciency

To give a quantitative feel for the degree to which the two dif ferent codes reduce re-

dundancy, entropy measurements were made for each component of the raw data, the

principal-component code, and the network code. The data used for this test were 4096

non-overlapping 8 � 8 patchesfrom the image shown in Figure 7.1.

In order to calculate the entropies of the outputs from the RECnetwork with the weights

shown in Figure 7.2(a),the weight matrix was �rst scaled to have a determinant of magni-

tude one. This means that both generative and recognition mappings are in effect volume-
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Code Sum of entropies (nats) Reconstruction error

Raw data 199� 0 –

PCA 163� 8 0 � 0%

RECnetwork 135� 0 0 � 7%

Table 7.1: Entropy calculations for 8 � 8 patchesof whitened image data, and for the same
data representedby two (approximately) volume-conserving codes. Entropies are the sum

of the individual entropies of each of the 64 code elements, calculated as described in the

main text. The reconstruction error is the MSE for a reconstructed image asa percentageof
the original image variance.

conserving(Section2.1.4),and a comparison of dif ferential entropiesbecomesmeaningful. To

generatethe network-coded versions of the images, the reconstruction error alone (without

penalties) was minimised.

In theory this could have been done simply by premultiplying eachdata sample by the

inverse of the weight matrix. In practice the non-orthogonality of the weights means that

the matrix is poorly conditioned(Presset al., 1986,Chap. 2), and use of the inverse leads to

many large output values, destroying the sparseproperties of the code. Instead, therefore,

code values were calculated by conjugate gradient minimisation, ending when changesin

all outputs were less than 0 � 001. So although no explicit penalties were used, there is an

implicit sparsenessconstraint in this technique. Becausethe optimiser is started at the origin

and has limited accuracy, it will tend to favour results where the outputs are closeto zero.

As a result of this approach,reconstruction errors were small but not zero. The MSE was

approximately 0 � 7% of the image variance. In terms of loss of input information, this is a

fairly small price to pay for an ef�cient code. In practice, when the reconstructed image was

quantised to 256grey-levels, it was found that the error resulted only in dif ferencesof one

grey-level and that in lessthan 0 � 1% of the image pixels.

ThePCA codesareeasierto calculate. Theprincipal components form awell-conditioned

matrix whose determinant is automatically one, the codesmay be obtained by premultiply-

ing the data by the inverse (transpose)of the matrix, and the resulting reconstruction errors

are zero to within machine precision. However, we expect the PCA codes to have signi�-

cantly greater redundancy.

Entropies were calculated by discretising the distributions with a �xed bin size of 0 � 05,

resulting typically in about 80 non-empty bins. The results are listed in Table 7.1. These

show that the redundancy in the raw data is much reduced by rotating it to the principal

component axes,aswe would expect,sincewe know that the coef�cients soobtained are un-

correlated. However, the redundancy is reduced by approximately the sameamount again

using the featuresobtained from the RECnetwork.

We may note that the maximum possible sum of entropies here, obtained by assuming

a normal distribution of variance equal to the image variance, and calculating entropy as

above, is 204� 1 nats. It is much more dif �cult however to say what the true total entropy of

the input is, and henceobtain the lowerbound for the sum of the output entropies. Calculat-

ing the entropy of a 64-dimensional distribution would require far more data than we have

here to obtain any sort of meaningful �gur e.



7.1 Natural image coding 114

For the particular test image used here, the most ef�cient information-pr eserving code

(assuming, asis reasonable,that all 4096patchesare distinct) would requireonly log2 4096
�

12 bits or loge4096
�

8 � 3 nats to represent any sample of the data, but this is not a useful

comparison, since the code's ability to generaliseto other images would be extremely poor!

The ability of the REC network (or any other system) to generateef�cient image codes

from these data is severely limited in this example by its being restricted to consider only

8 � 8 patches in isolation. Much of the redundancy in these and other images occurs at

distances of far greater than 8 pixels, but the network has no means of discovering and

removing these.Evidence of the greatef�ciency (and inherent sparseness)of codesbasedon

wavelets with much larger extents is given by Daugman (1988).

7.1.2 A larger image-coding network

The resultsof Figure7.2(a)have alsobeenextended to larger image samples.A RECnetwork

with 256inputs and 192outputs was trained on 16 � 16 patchesof the samedata described

above. Besideits increasedsize, the network was otherwise identical to that used previously.

Stableweight values were obtained after approximately 45000pattern presentationswith a

learning rate � of 0 � 01and a further 15000with a rate of 0 � 002.

Theseareshown in Figure7.3(a),and areused in the following sectionto perform a closer

examination of the nature of the wavelet codesbeing produced.

7.1.3 Analysis of the wavelets

The fact that a REC network with a very simple sparsenessconstraint is able automatically

to generatewavelet codesis certainly of theoretical interest,both becausethey are known to

be ef�cient, and becauseof the links to biology. An immediate practicalapplication of such

a network however is in analysing the wavelets produced by data from a particular visual

environment, and using this information to createef�cient wavelet codestailor ed speci�cally

to the statistics of that environment. This section describeshow such an analysis could be

carried out, and looks at the results obtained through this method. The technique is similar

to that used by Jonesand Palmer (1987)for characterising the receptive �elds of cats.

The weight vectors shown in Figure 7.3(a) were �tted, using a least squares criterion,

to 2-D Gaborwavelets(Daugman, 1985). The wavelets were modelled using the following

formula:

G
�

x � y �

�

A exp �

�

�

�

�x2
�

2
�

�y2
	

2
� � � cos�

�

2�

�

�xu0 �

�yv0 �

���

�

where the coordinates
�

�x �
�y � are the result of rotating

�

x � y � by an angle
�

�

and then trans-

lating by
�

�

x0 �

�

y0 � . The cosineterm is a plane wave, and the exponential term an elliptical

Gaussian envelope. There are a number of parameters: A gives the amplitude, x0 and y0

denote the centre of the wavelet,
�

its orientation (relative to the x-axis),
�

and 	 relate to the

spatial extentsperpendicular and parallel to the orientation (width and length) respectively,

�

u2
0 � v2

0 �

1 � 2 gives the spatial frequency, arctan
�

v0
�

u0 � the frequency orientation (relative to
�

), and
�

the phase.

The �t was performed by minimising the SSEbetween the weight values and a Gabor

wavelet (sampled on a 16 � 16 grid of notional side-length one) with respect to the nine
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(a)

(b)

Figure 7.3: (a) The weight vectors produced by training a 192-output RECnetwork on 16
�

16patchesof natural images,depicted asin Figure7.2. (b) A setof 2-D Gabor wavelets �tted
to the values shown in (a). The �tting method is described in the main text.
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(a) (b) (c)

Figure 7.4: (a) One of the weight vectors from Figure 7.3(a)(row 6,column 8) depicted using

a mesh plot. (b) A Gabor wavelet �tted to theseweight values by the method described in
the main text. (c) The dif ferencebetween (a) and (b).

parameters A �

�

�

	

� u0 � v0 �

�

� x0 � y0 and
�

. The minimisation was performed using a simplex

search method (e.g.Presset al., 1986,p. 289). For this to be successful,it was important to

have reasonableinitial estimates for the parameter values. These were made by �nding,

for each network output, the coordinates of the maximum and minimum weight values

and using their orientation, position and separation to estimate values for
�

�

�

x0 � y0 � and

u0 respectively. The remaining parameters were initialised with �xed estimates (A
�

0 � 3,

a
�

b
�

0 � 6,
� �

�

�

2, v0
�

0).

This method of initialisation enabled the minimiser to �nd a reasonablematch in all

192cases.The wavelets obtained by matching in this way are shown in Figure 7.3(b). The

mismatches between the weights and the �tted wavelets had a variance of 6 � 2%
�

�

3 � 8%�

of the image variance. Figure 7.4 shows (a) one of the weight pro�les, (b) the �tted Gabor

wavelet and (c) the dif ferencebetween the two.

While dif ferencesbetween the weights and the �ts could generally be accounted for by

random `noise' resulting from incomplete convergenceof the weight values,systematicdevi-

ations were apparent in someinstances,and curvatur e in normal probability plots indicated

that the residues were not always normally distributed. This might indicate that Gabor

wavelets do not properly describe the features in all cases,or could simply be the result

of local minima in the �tting process,or the lack of robustness to outliers inherent in the

squared error metric.

In any case, the parameter values given by the �tting processallowed several useful

statistics of the wavelet-like features to be deduced. Several of these are graphed in Fig-

ures 7.5 and 7.6. Figure 7.5(a)shows the ratio of length to the width (i.e. the aspect ratio)

of the Gaussian envelopes in the spatial domain (given by
�

�

	 ). Thesevalues are in close

correspondence,both in mean and range, to physiological results from the cat striate cortex

reported by Jonesand Palmer (1987).In (b) the relative areawas calculated using the areaof

the ellipse de�ned by the half-height contour of the Gaussianenvelope. There are a number

of outliers representedin the last bin of the histogram. Figure 7.5(c)shows that there are a

greater number of wavelets with high spatial frequenciesthan low, as one would expect in

order to achievea `tiling' of frequency space(Field, 1994).

Figure 7.5(d) shows the number of cyclesof the plane wave lying within the width of the

Gaussianenvelope, with the boundary taken to be at 5% of its peak value. There is a clear

upper bound in this measure at approximately 1 � 75. The histogram (e) shows the degreeof
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Figure 7.5: Histograms for various measuresof the Gabor wavelets shown in Figure 7.3(b).
Further details of the calculation of these quantities are given in the main text. (a) The

ratio of length to width for the Gaussianenvelopes. (b) The ratio between the effective area

occupied by the wavelets and the full areaof the 16 � 16 image. (c) The phaseof the plane
wave (at the centre of the Gaussianenvelope). (d) The spatial frequency of the plane wave,

measured as the number of cycles over the width of the 16 � 16 image. (e) The dif ference
between the orientations of the plane wave and the envelope. (f) The number of cycles of

the wave within the width of the envelope.



7.1 Natural image coding 118

0 5 10 15

0

5

10

15

Y
 P

os
iti

on
 (

pi
xe

ls
)

X Position (pixels)

(a)

  1.5

  3

  4.5

0

30

60

90

120

150

180

Orientation
(degrees)

Spatial frequency
(cycles per image)

(b)

  2

  4

  6

0

30

60

90

120

150

180

Orientation
(degrees)

Spatial frequency
(cycles per image)

(c)

Figure 7.6: Someindicators of the coveragegiven by the Gabor wavelets of Figure 7.3(b) in

the spaceand frequency domains. (a) A scatter-plot of the centres of the wavelets on the
16 � 16 grid of pixels. The centres do not in all caseslie within the grid, and four points

are outside the axesused here. (b) The `footprints' of all the wavelets in frequency space.
The ellipses are isoamplitude contours of the spectral responsepro�les. Thesegive an idea

of the relativebandwidths, but their sizeshave beenscaledby a constant factor to allow the

individual elementsto bepicked out in the diagram. (c) Footprints from a setof ten wavelets
whose centresoccur in a limited areaof the image patches,shown dashed in (a). The ellipses

here show the half-heightsof the spectral responsepro�les, indicating the degree to which
frequency-spaceis covered by the wavelets.
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mismatch between the orientations of the spatial envelope and the plane wave. In the great

majority of casesthey are closely aligned. Finally, Figure 7.5(f) shows the phaseof the cosine

wave at the centre of the wavelets. There is a very marked peak at 90� , indicating that the

majority of wavelets have odd symmetry. This is an interesting result, asphysiological data

typically show a much higher proportion of pro�les with approximately evensymmetry. We

can characterisethis by saying that the network appearshere to favour edge-detectorsover

line-detectors.

Figure 7.6(a)shows that the wavelets are fairly evenly spread in the spatial domain, and

(b) indicates both that the frequencyorientations aresimilarly well spread,and that the mag-

nitudes appear to come in two bands centred very approximately at 0 � 8 and 3 � 3 cycles per

image, asalso indicated by Figure 7.5(c).The degreeto which frequency spaceis covered by

the wavelet representationis indicated by Figure7.6(c),which shows the frequencyresponse

pro�les for ten wavelets centred in the middle of the 16 � 16 grid. Almost the entire space

up to 4 � 2 cyclesper image is contained within thesepro�les. Other examples of such `foot-

print' diagrams have been produced by Jonesand Palmer (1987). The meansof calculating

the responsepro�les from the wavelet parameters is discussedin detail by Daugman (1985).

There are many further issues relating to the interpr etation of the wavelet codes, and

their relation to physiological data. Olshausen and Field (1997), for example, addressthe

issuethat the `features' taken dir ectly from weight values here are related to, but not dir ectly

equivalent to, classicalreceptive �eld pro�les. Such issuesare however outside the scopeof

this work. The purpose of this section is rather to show how a wavelet analysis may bedone,

and to give the results of such an analysis on the weights produced by a RECnetwork.

Gabor wavelets form a very large family, and until now the choice of a set of wavelets

for image coding or analysis has primarily been dir ected by a mixtur e of theoretical con-

siderations, physiological data, and guesswork. There is, however, no single set that will

yield optimal results in all environments. The optimal aspectratios in particular are likely

to depend on the frequency with which straight edgesoccur in the images. The automatic

generation of wavelet codesby the REC network, combined with an analysis of the results,

provides a new technique that has the potential to determine wavelet parameters for highly

ef�cient codesthat are tailor ed to particular visual environments.

7.1.4 A comparison with Olshausen and Field' s sparsecoding

Similar codesto those presentedhere have beenreported by Olshausen and Field (1996a,b,

1997).The methods they used arealsovery similar, but neither the techniquesnor the results

are exactly the same,so someof the dif ferencesare highlighted here:

� Olshausen and Field use (up to) ten iterations of conjugate gradient minimisation for

activating their model. The simulations described here use a smaller number of iter-

ations of simple gradient descent, corresponding dir ectly to a network model. Eight

iterations were used in total, but very similar results have beenobtained using as few

as four iterations of the recurrent model. A comparison of this method with a full,

and more complex, minimisation showed that this approximation, besides reducing

simulation times dramatically, actually improvesthe quality of the results.
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� Olshausenand Field use adaptive penalty terms, basedon moving averagesand vari-

ancesof the output values. This approachwas found to be unnecessaryto produce the

results given here. Indeed, if not applied carefully, there was a tendency for learning

with this technique to becomeunstable, with variances for a few units becoming very

high, and the rest closeto zero.

� The wavelets that result from the two methods are similar in most respects,but Ol-

shausen and Field's features show a much higher proportion of `sandwich'-like fea-

tures, i.e.where there are one and a half or more cycles of the oscillatory component

within the wavelet's envelope. As we saw in Figure 7.5(d), the number of such cy-

cles for the results in Figure 7.3(a)cuts off quite sharply at about 1 � 75. This allows the

wavelets to be interpr eted more dir ectly asedge-and line-detectors, and bearsa closer

resemblanceto physiological results.

In addition, a number of new extensions to the results have been made, described in the

following two sections.

7.1.5 Coding with non-negative features

We saw in Section5.2 that where a system is detecting `real-world' features, there is a case

for making the outputs non-negative, becausenegative coef�cients have no natural interpr e-

tation. By permitting negative network outputs, we appear to have ignored this argument

in the image-coding experiments.

It may beargued, however, that this approachis just a short-cut made possibleby the fact

that the features that are produced have a symmetry such that, if negated, they would still

represent `valid' wavelets. In other wor ds, we could produce the same codesby doubling

up the features with their negated versions and applying the non-negative constraint, but

doing so would signi�cantly increasesimulation times with no real gain.

It has been demonstrated that this argument holds in practice by repeating the initial

coding experiment with 8 � 8 patches,but using a network with non-negative outputs. The

results were very similar in form to thoseof Figure 7.2(a),and in particular the featureswere

found to maintain their symmetry and wavelet-like shapes.

7.1.6 Coding without pre-whitening

The use of a whitening �lter to preprocessthe image data, as mentioned earlier, prevents

the reconstruction error from becoming swamped with residuals from low frequency com-

ponents in the images, and thus from failing to representhigh-fr equency features. From a

biological perspective, there is good evidence that this kind of �ltering is performed in the

retina (Atick and Redlich, 1992).

From a more general point of view, however, we appear to be cheating slightly by ap-

plying a �lter that puts the data into a form more amenable to the REC network. A truly

unsupervised system cannot always expect this luxury .

In an experiment to try to tackle this issue, a network was trained on raw grey-scale

images, without any form of pre-�ltering. A single simple modi�cation was made to the
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Figure 7.7:The weight values from a 144-output RECnetwork trained on 12 � 12patchesof

unwhitened images.

image-coding network described previously, in the form of an extra term in the Hebbian

learning rule:

�

w i �

� ai
�

ai
�

r � (7.1)

This is just the standard rule (4.15)with a factor of
�

ai
�

added. Broadly speaking, the justi�ca-

tion for its inclusion is asfollows. Lower frequenciesin the raw imageshave higher variance.

During learning, therefore, the residuals, and hence the weight changesto any active unit,

will tend to be dominated by low-fr equency components too. If we could arrange, however,

for units that were tending towards representing low-variance high-fr equency components

to have a lower learning rate, then they would have moreof a chanceto averageout the low-

frequency `noise' in their weight changes. A very simple means of adjusting learning rate

basedon variance (about zero) is simply to include an extra term relating to the magnitude

of the unit's response.

A 144-output network was trained on un�lter ed 12 � 12 image patchesusing the modi-

�ed learning rule (7.1). The initial learning rate was set higher than previously (to 0 � 2), but

the network's parametersand method of activation wereotherwise the sameasbefore. After

approximately 40000patterns, the last 10000with a reduced learning rate, the resultsshown

in Figure 7.7were obtained. A good proportion of the features(over 80%)are wavelet-like.

The remainder are low frequency components that are lesseasily characterised. Using the

standard learning rule, almost all of the features tended to be `uninteresting' ones of this

type.

To the author 's knowledge, this is the �rst demonstration of the automatic development

of a large number of localised wavelet-like features from unwhitened image data. While

we have a practical demonstration of its effectiveness, there remains scopefor developing

a better theoretical understanding of the effect that the modi�ed learning rule has on the

learning process.
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Figure 7.8:A sample of the data used in the script-coding experiment.

7.2 Coding of handwritten script

In this experiment, the REC network was applied to images very dif ferent to the natural

scenesused previously. The data were based on twenty-�ve pages of handwritten script

written by a single author, as described by Senior (1994).3 A sample of the data is shown

in Figure 7.8. Each page was subsampled to a 512 � 720 8-bit image, and the pixel values

then negated and scaled to lie in the range � 0, 1� , with zero indicating white and one black.

Randomly sampled 12 � 12 patches of the images were used as the input to the network.

A network with 108outputs was activated using the recurrent model, as in Section7.1,but

using 12 rather than 8 iterations of gradient descent. The penalties and other parameters

were the same as in the previous examples. Network outputs were constrained to be non-

negative, and weight values to lie in the range � 0, 1� .

The network used an OR-type mixtur e model using `saturated' �rst-layer units as intr o-

duced in Section 6.3.1. This corresponds to a write-black imaging model in this case,and

re�ects the fact that separatepen strokes mix in an OR-like way. The means of calculating

the �rst-layer activations was a version of Equation (6.6),modi�ed slightly to re�ect the fact

that the inputs are not fully binary:

r j �

�

��� x j �

max
�

å k akwkj �

�

� if x j �

�

,

x j �

å k akwkj otherwise,

where the threshold
�

, above which an input is considered to be `on,' was set to 0 � 8.

The stable weight values are shown in Figure 7.9. Despite the random initial values, we

seethat the weights have all (with the slight exception of thoseat row 6,column 8)converged

to values where they represent features that are connectedand localised within the 12 � 12

grid. The predominant orientation of the features is just off the vertical, corresponding to

the slant of the script.

The experiment was repeated with the normal (i.e. purely linear) imaging model, and

gave similar results. However the featuresproduced by this model, with an averagelength

of approximately 3 � 0 pixels, were not as extended as those in Figure 7.9, whose average

length is about 4 � 8 pixels. This provides evidence that the use of an OR-type mixtur e model,

wheresuperimposed featuresdo not incur a reconstruction error, is bene�cial in this casefor

extracting extended features.

Nevertheless, we might expect to �nd dependencies in handwritten charactersextend-

ing over a greater spatial extent that those produced here, corresponding, for example, to

3Thanks are due to Andr ew Senior for making thesedata available.
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Figure 7.9: The weight vectors from a 108-output REC network trained on 12 � 12 patches
from imagesof handwritten script. The weights are displayed with shadesof grey, asprevi-

ously, but scaledso that zero is white, and one is black.

full strokes and loops of the pen. The network's ability to discover such features is limited

here by the need to reconstruct accurately with only a constrained number of outputs. Fur-

thermore, no effort was made to segmentor align individual letters within the patches,and

thus to limit the degreeof variation within the data.

A greater number of output units could help to give a larger and sparser representation,

but in the con�guration described here it was found that this approach led largely to the

intr oduction of `junk' features. The increaseduse of penalties might overcome this, but an

alternative method would be to feed the network outputs into a secondlevel of processing,

and thus produce a higher-level representationbasedon combinations of the featuresshown

in Figure 7.9.

7.3 Speechcoding

The coding of speech is another area where an unsupervised feature-detection system is

highly applicable. Speechsignals have great complexity, and the high-level causesresponsi-

ble for them (such aswor ds, or the identity of a particular speaker)are suf�ciently removed

from the raw signals that it is dif �cult to apply a supervised system at a low level without

losing important information or making false assumptions.

Particular dif �culty is posed by the wide range of time-scalesover which speechfeatures

canoccur. Vowel sounds canbecharacterisedby fairly constant waveforms for up to 400ms,

while stopconsonants(such as`t' and `k') can result in complex transients on the scaleof just

a few milliseconds (O'Shaughnessy,1987). Speechis typically preprocessedinto a seriesof

framesover time, but the size of the frames is a trade-off between the need to capture short-

time featuresand the desire to reduce the redundancy inherent in featuresthat are constant

for long periods.

This section describessome experiments where the RECmodel has beenused to extract

features from speechsignals, with data obtained by preprocessing the raw waveforms in
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Figure 7.10:A sample of 170frames of speechdata, corresponding to 1 � 7 secondsof speech.

Eachrow of the image shows the values over time for one of the 24coef�cients derived from
the �lterbank outputs, and each column representsone frame of data. Lighter grey-levels

indicate larger values. The rectangle, with a width of 10 frames, indicates the size of the
samples of this data used as single input patterns to the REC network. The image consists

largely of white bands of high energy, known as the formantsof voiced speech. Theseare
often horizontal, corresponding to steady-statevowel sounds, but also in placesmove up or

down, where the formants areundergoing transitions. We canalso seeabrupt changesin the

image, corresponding to various stops. Lessvisible at this level of contrast, since they tend
to have lower energy than the formants, are various bursts of high frequency, produced by

fricatives.

two dif ferent ways.

7.3.1 Filterbank representation

It is almost universal amongst speechprocessingsystems to adopt a frequency-basedrep-

resentation at an early stage of processing. Indeed, it appears that the basilar membrane

performs such a transformation in the peripheral auditory system of humans (see,for ex-

ample, Buser and Imbert, 1992).One meansof acquiring such a representation is by using a

�lterbank, a seriesof (partially overlapping) bandpass�lters whose centresare spread over a

range of frequencies.

The �lters' centre-frequenciesare not usually spacedevenly, becausecertain frequencies

require more precisediscrimination than others for the understanding of speech. A com-

monly used meansof warping the spaceis the mel-scalede�ned as:

Mel
�

f �

�

2595log10




1 �

f
700

�

�

This scalebroadly mimics the responseproperties of the basilar membrane.

In this experiment a sample of 200 sentencesfrom the Wall Street Journal (WSJ)con-

tinuous speech database (Paul and Baker, 1992) were used as the raw data. These were

preprocessedinto a notional �lterbank representation,modelled by performing a short-time

Fourier transform and convolving with 24 overlapping triangular �lters covering the range

from 0 Hz to 8 kHz (the Nyquist limit) equally spacedon the mel-scale. The Fourier trans-

form used a Hamming window of width 25ms, and the frame rate was 10ms.

The logarithms of the �lter outputs were taken, and the resulting coef�cients shifted and

scaled to have approximately zero mean and unit variance. A sample of the data is shown

in Figure 7.10. The 24 coef�cients for eachframe were used in `segments'of 10 consecutive

frames as the input to a REC network, giving a total of 240 inputs. The total time period

covered by each input pattern was therefore (a little over) 100 ms. The network had 200
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Figure 7.11: The weight values from a 200-output REC network trained on speech data

representedby �lterbank outputs. Eachrectanglecorrespondsto one of the weight vectors.
Values are representedby grey-levels, aspreviously (seeFigure 7.2).

output units. Activation was much the same as for the image-coding networks, using the

samesparsenesspenalty, and 12 iterations of gradient descent.Becausethere was no reason

to expect the featuresto show the symmetry of the wavelets found in the image-coding case

(seeSection7.1.5),the network's outputs were constrained to be non-negative.

The weight values obtained after approximately 80000 training patterns are shown in

Figure 7.11. The weight vectors has been reordered so that they appear in groups that

broadly correspond to similar types of features. The network has identi�ed many of the

`standard' featuresof speech.Level formants (horizontal white bands) are visible singly at a

range of frequencies(row 1 of Figure 7.11). We also �nd a number of low frequency voicing

patterns (row 1), and combinations of formants (rows 1–2). In somecasesthe formants start

or end within the 10-frame segments(rows 3–4).There are a number of `vertical' featuresat

a range of positions in time (rows 4–6). The majority of thesecorrespond to bursts of noise

over a wide range of frequenciesat the onset of speech(a black line followed by a white

line). Several vectors representing rising and/or falling formants are clearly visible (rows

6–7). There are also a number of `silence' features (row 7), and �nally (row 8) a number of

vectors corresponding to short high-fr equency bursts, such asthose generatedby fricatives.

We note, therefore, that the network hasisolated a number of components that are `inter-

esting' characteristicsof a frequency-basedrepresentation of speech. A fuller discussion of

such featuresis beyond the scopeof this work, but further details may befound, for example,

in O'Shaughnessy(1987).

In order to test the practical merit of a representation basedon these features,a simple

phone-recognition task was devised. It was basedon data from the DARPA TIMIT speech

database(Zue et al., 1990). The data were initially preprocessedwith a �lterbank as pre-
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viously. Two supervised single-layer neural networks (with sigmoid output units) were

trained on 6400dif ferent samples of phones (basicspeechsounds) from the database.Each

training pattern was generated by using �ve frames either side of the `middle' of a particu-

lar phone, as designated by the segmentation data in the database. The number of distinct

phones in the databasewas reduced from 61 to 40 using a mapping described by Robinson

and Fallside (1992).

One of the networks (with 240 inputs) was trained on 10-frame segmentsof the (�lter -

bank) data, and the other (with 200inputs) on the outputs of the RECnetwork, now without

a penalty term, when presentedwith the samedata. The networks were testedon a setof 350

patterns separatefrom the training data. After a number of runs, the network using the raw

data was found to averagea recognition rate of 58� 8%, while that using the REC network's

representation achieved an averagesuccessrate of 70� 4%.

What this suggestsis that the representationcreatedby the RECnetwork, despite having

a lower number of dimensions, gives a signi�cant advantage to subsequent processingby

supervised systems. In particular , sincethe supervised networks used were single-layer, we

may conclude that the preprocessedrepresentation has a higher degreeof linear separability

than the original data. This experiment is slightly arti�cial, however, and further work will

be needed to assesswhether such representationscan offer a real advantage to state-of-the-

art phone recognition systems.

7.3.2 Mel-frequency cepstral coef�cients

It is common to perform another preprocessingstep for speechdata beyond that of gener-

ating the �lterbank representation outlined above. This aims to deconvolve the excitation

of the vocal tract from its responsecharacteristicsat any particular time. It can be achieved

with a further Fourier transform from the log-spectral domain, or more speedily approxi-

mated with a discrete cosine transform, and results in mel-frequencycepstralcoef�cients, or

MFCCs (see,for example, Gales,1995).

Such representationsoften form the basic input to HMM-based speech-recognition sys-

tems. Inherent in thesesystemsare the assumptions that one frame of data is independent

from the next (Rabiner, 1989), and that individual coef�cients within each frame may be

well-modelled by Gaussian distributions, or mixtur es of a small number of such distribu-

tions. Neither of these assumptions is correct. There are dependenciesover many frames

of speechat standard rates,and while MFCCs are approximately decorrelated, they may be

multimodal, and contain complex higher-order dependencies,asillustrated by a plot of two

such coef�cients shown in Figure 7.12(a).

In a secondspeech-codingexperiment, a RECnetwork was trained on MFCCs of speech

data from the Resource Management (RM) database (Price et al., 1988). The inputs were

created from three consecutive frames of 12 MFCCs, giving a total of 36 inputs. The same

number of outputs were used in order to allow a complete representation to be formed. The

method of promoting sparsenessby under-activation (Section5.8)was used in this instance

to constrain the network. While this method is less theoretically justi�ed than the penalty-

based approach, the computational simplicity of activating the network with a pseudoin-

verse (Section 4.5) reduced learning times (on an HP C160workstation) from �ve or more
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Figure 7.12:(a) A scatterplot for the �rst two mel-fr equencycepstral coef�cients from 30000

frames of speechdata, demonstrating the multimodality of the distributions and strong sta-
tistical dependency. (b) Two of the outputs of the REC network described in the main text

when presentedwith the samedata. The cross-shapednature of the plot is indicative of low
statistical dependencebetween the coef�cients, and the strong vertical bar shows that the a7

value is highly peaked at zero.

hours for the previous examples in this chapter to just a few minutes.

Output values were unconstrained, weight updates applied after 100 patterns, and

weight vectors normalised to unit length. The results after approximately 200000 pattern

presentations are shown in Figure 7.13. The experiment was repeated several times with

dif ferent initial weights, including one run with the weight matrix initially set to the identity

matrix, in order to check for the presenceof local minima, but the form of the results was

very similar in eachcase.

There are some interesting similarities between the features of Figure 7.13and the `dy-

namic' features (Furui, 1986) commonly used as a preprocessing step for HMM systems.

The �rst two rows of Figure 7.13representcomponents that are staticover the threeframes.

Most of the next two represent featureswhere the coef�cients of the centre frame are close

to zero, while those on either side have equal magnitudes but opposite signs. This is just

the dif ferenceapproximation to a �rst derivative. There are also a number of features (sec-

ond half of row 4, and row 5), where the central frame coef�cients are large, and the side

coef�cients both have smaller magnitudes and opposite sign. This approximates a second

derivative. Thesefeaturesare similar in form therefore to deltaand delta-delta(or acceleration)

coef�cients, which are a popular means of capturing the between-frame dynamics of cep-

stral coef�cients. The dif ferenceshere are �rstly that eachfeature is basedon combinationsof

the cepstral coef�cients within a frame, rather than eachin isolation, and secondly that they

have been produced dir ectly from the statistics of the data, rather than through theoretical

considerations.

Calculations of mutual information were made both between inputs to the network and

between outputs. The mutual information between each pair of values was estimated by

normalising each coef�cient to have unit variance, approximating both joint and marginal

densities by `binning' with bin-widths of 0 � 3, and calculating I
�

x i; x j � according to Equa-
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Figure 7.13:The weight values from a RECnetwork trained on speechdata in patterns con-

sisting of threeconsecutiveframes of twelve MFCCs. Eachof the 36weight vectors is plotted
using three lines. Each line has twelve points, corresponding to the twelve coef�cients in a

frame. The dif ferent lines correspond to the three dif ferent frames. The �rst of the three

is plotted as a dashed line, the second solid, and the thir d with alternate dashesand dots.
The zero level is shown as a dotted line. All the lines are plotted to the samescale,but the

vertical axis hasbeenomitted for clarity since the scaling is arbitrary .
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Figure 7.14: Grey-scale representations of the upper triangles of the pairwise mutual in-
formation matrices for (a) the inputs � x i �

x j
�

to a REC network consisting of three frames

of MFCCs from speechdata and (b) the corresponding outputs � ai �

aj) produced with the
weight values shown in Figure 7.13. The grey-levels were set on a linear scalewith white

representing zero and black the maximum value from both matrices (2 � 3 nats). Eachpixel,
therefore, gives an indication of the mutual information between two of the code coef�-

cients, corresponding to its row and column. Particularly prominent, unsurprisingly , are
the strong dependencies between one MFCC and the same coef�cient in adjacent frames.

(b) shows that the transformation made by the REC network has greatly reduced mutual

information between coef�cients.

tion (2.4). 10000 data samples were used in the estimate. This crude approximation was

neededbecauseof the computational intensity of calculating such measures.The results are

depicted in Figure 7.14,and show that the mapping produced by the network createsa sub-

stantial decreasein mutual information between coef�cients, as we would hope. It seems

likely that feature-detection of this sort hasthe potential to provide a valuable preprocessing

step in preparing data for HMM (and other) speech-processingsystems.

7.4 Reducing computational complexity

In this section we look at some of the practical issuesassociatedwith REC networks, and

in particular at ways of reducing the times taken to activate and train networks so that they

may feasibly used on larger problems, or in systemswith strong time constraints.

7.4.1 Activation techniques

The computational cost of the RECnetwork is in large part determined by the method used

to activate it, namely someform of minimisation of the objective function with respectto the

output values. A good general-purpose minimiser , such as one using a conjugate gradient

or variable metric method (Presset al., 1986,Chap. 10) requires �

�

n � line minimisations for
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n unknowns, with each line minimisation requiring an approximately constant number of

evaluations of the objective function and its gradient vector. In our case,the time taken to

compute both the basicobjective function (4.5)and its gradient (4.6) is �

�

mn � (for m inputs

and n outputs), giving an overall cost for the minimisation of �

�

mn2
� .

It may be possible in some cases,however, to use lessgeneral but correspondingly less

complex techniques. Recall that if all weight vectors are mutually orthogonal, the REC net-

work may be correctly activated in a single forwar d pass,simply requiring eachof n output

units to multiply and add m pairs of input and weight values, and giving a complexity of

�

�

mn � . A backward passof the recurrent model has the samecost, so the overall complex-

ity remains at �

�

mn � if the output values can be obtained by a �xed number of iterations.

Such a schemeis possible if the degree of non-orthogonality in the �nal weight vectors is

small. Wavelet codesare an example where this is the case— while not all the weights of

Figure 7.3(a) for example are orthogonal, many are becausethey are localised in dif ferent

regions of the 16 � 16grid. The fact that these,and many of the other results in this chapter,

were produced with a �xed number of iterations of gradient descentdemonstrates empiri-

cally that using the network model dir ectly can give good results with real-world data.4

In order to representthe computational complexity solely in terms of the number of input

dimensions, we may further note that for an m-dimensional input, the network will require

�

�

m � outputs to capture all input information, giving a complexity of �

�

m3
� for a general

minimisation technique, and �

�

m2
� for the network model.

We have already seen(Section4.5) that where constraints on activation are not required

(asmay be the caseafterthe learning process),the pseudoinverse of the weight matrix may

be used as a cheap means of network activation ( �

�

m2
� when n

�

m). A practical problem

occurs,however, asnoted in Section7.1.1,when the weight matrix is ill-conditioned. It may

nevertheless be applicable when the dimensionality of the problem is not too large, and

may also be used during learning if we approximate sparsenessconstraints using the under-

activation technique of Section5.8. The effectivenessof this method in a practical example

was demonstrated in Section7.3.2.

7.4.2 Pruning

In most of the experiments we have seen,many of the �nal weight values are very close to

zero. This sparsenessin the weight vectors may be exploited by ignoring weights that are

closeto zero when activating the network. This technique is commonly used in neural net-

work models (e.g.Bishop, 1995,Chap. 9) and is known aspruning. Herewe are talking about

pruning connectionsonly, but the possibility of pruning units is discussedin Section8.3.

All that is needed is for weight values whose magnitudes are below a certain small

threshold to be removed from output calculations. If, for example, all features have only c

non-zero elements(wherec � m), the costof evaluating errors and/or error gradients would

be reduced to �

�

cn � . In practical terms, the amount of pruning possible would need to be

suf�cient to compensatefor the computational overheadof implementing sparseweight ma-

4This is not to say that near-orthogonality cannot be exploited when using techniques other than simple

gradient descent. The results produced by Olshausen and Field (1996a,b,1997),for example, demonstrate the

effectivenessof using a conjugate gradient method with a limited number of iterations.
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trices.

Weight pruning canalso increasethe speedof learning, sincefewer weights meansfewer

weight updates to be calculated and applied. Indeed it may also speed the convergenceof

learning by removing the `noise' of small weight values oscillating around zero. The one

major limitation of this approach, however, is that the pruning must not be applied at too

early a stagein learning, i.e.before we can know for sure that particular connectionswill not

be signi�cant in the featuresrepresentedby eachof the output units.

7.4.3 Faster learning

We noted in Section4.5 that gradient descent tends to be a slow minimisation method, and

therefore looked at other techniques for �nding optimal outputs for the REC network. In

determining weightupdates, however, we have been using gradient descent throughout in

the form of the Hebbian learning rule.

When using MLP networks, a variety of faster methods for minimising error with re-

spect to the weights are commonly applied. These include conjugate gradient and other

second-order methods, aswell as various heuristic techniques (see,for example, Jervis and

Fitzgerald, 1993).

Suchmethods have not beenused in this work, becausethe emphasishasbeenon devel-

oping and understanding a simple network model. There is no reasonin principle, however,

why they should not beapplied to the RECnetwork if training times are important, or if par-

ticular tasksare besetby problems of local minima.

7.5 Discussion

This chapter has attempted to demonstrate that the ideas put forwar d previously may be

applied to real data with interesting results. The REC network is most applicable in com-

plex environments, where patterns are typically composed of many independent and non-

orthogonal features,and at a low level of processing,where those featuresmay be assumed

to mix at leastapproximately linearly. Visual and auditory environments ful�l thesecriteria,

and hencethe experiments have concentrated on these.The results are promising, and will,

it is hoped, give grounds for developing the work in this area.

We set out a theoretical framework for an information-pr ocessingsystem in Chapter 2,

and argued that information theory canbeused to de�ne the `true' goalsof an unsupervised

system, even if a model does not use the theory dir ectly. In this chapter, we have returned

to some of these ideas, and seen that the REC model does indeed reduce the entropy of

its outputs while simultaneously preserving input information, and does indeed reduce the

mutual information between them.

In the next, and �nal, chapter, we shall review the principal resultsof this thesisand their

relation to the work of other researchers,and look at ways in which they might be extended

in the futur e.



Chapter 8

Conclusions and Future Work

This thesis has set out a framework for the automatic generation of codes based on the

twin goals of maximising information transfer and reducing mutual information between

the codeelements. It hasdescribed the development of a recurrent network model (the REC

network) that aims to achieve the �rst goal by minimising reconstruction error and the sec-

ond by the application of various constraints, in particular through the use of low-entr opy

priors.

The cost of using recurrent activation is relatively high compared to the more common

feedforwar d methods, but canbe justi�ed for a number of reasons:it results in a very simple

learning rule; it removesthe constraint of orthogonality found in severalother unsupervised

models; it means that no changes to existing weights are required to accommodate new

patterns and that all weight values relate dir ectly to the features they encode;and �nally it

allows the network to operate without an explicit recognition model, relying instead on the

generative model, which is likely to be simpler and more robust.

The simplicity and locality of the basic network are attractive features that remain even

when it is adapted to include penalties and nonlinear mixtur e models. The network also

appearsto berobust in the sensethat simpli�cations suchaslimiting the number of iterations

used in activation and `under-activating' do not dramatically degrade, and in some cases

even impr ove, the quality of the results.

The network has been shown in a variety of casesto generate `low entropy codes,' this

term being favoured over the more commonly cited `minimum entropy,' `independent' or

`factorial' codes to re�ect the fact that it is virtually impossible to generate complete, fully

independent, codes in real perceptual environments. The aim instead has been to reduce

code redundancy asfar aspossible within a simple framework.

The approachof using penalties hasassumedthat it is possible to predict in advance the

approximate probability distributions of the code coef�cients in the optimal solutions. The

recent work of Bell and Sejnowski (1995,1996,1997)on blind deconvolution uses exactly

the same assumption. There are a variety of other ICA techniques that do not consider

distributions dir ectly, but usevarious nonlinearities to capture higher order statistics (Jutten

and Herault, 1991;Karhunen et al., 1995;Oja, 1995). The problem with theseapproachesis

that it is not easy to determine what assumptions are implicit in the nonlinearities that are

used.

Other approaches,most notably that of Comon (1994),approximate the dependencies

132
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Retina LGN V1

Figure 8.1:A hugely simpli�ed depiction of the early visual system in mammals, represent-
ing only one hemisphere, and the input from only one eye. LGN is the lateral geniculate

nucleus, and V1 the primary visual cortex, with arrows representing connecting �br es. The
sizesof circlesand arrows give a very rough indication of the relative numbers of cells and

connections, but are not drawn to any kind of scale. See,for example, Kandel et al. (1991)
for a more detailed description.

between coef�cients dir ectly using cumulants and polyspectra. To make the technique

tractable, Comon proposesan algorithm that considers only a pair of coef�cients at a time,

but this requires the assumption that the independent components are linearly separable.

This is a reasonableassumption for blind deconvolution problems, but not in general for

feature detection. In particular , the problems we considered in Chapter 7 are not amenable

to algorithms of this type, sincenone of the featuresare fully independent of eachother, and

so extracting them in a stepwise manner is unlikely to minimise the overall redundancy.

A common featureof all the alternative techniquesmentioned here is that they areunable

to produce representationsof higher dimensionality than their input. The RECnetwork, by

contrast, is able to develop overcomplete representations,a property that could prove useful

asa preprocessingstep for recognition systems.

8.1 The biological perspective

The REC network was developed primarily from practical considerations rather than a de-

sire to model neurophysiology. Nevertheless, the overall structure was inspir ed by the pat-

tern of connections in the brain, and there are some interesting links to be made, both as a

basis for futur e modi�cations to the RECmodel, and asa meansof shedding some light on

the brain's operation.

Feedbackis undoubtedly an extremely important part of the brain's structure, and one

that is overlooked by the majority of neural network models. In the visual pathway of mam-

mals, for example, the signals from the retina are fed to an area of the thalamus known as

the lateral geniculate nucleus (LGN), from where they are in turn fed to the primary visual

cortex, usually termed V1. This arrangement is depicted in Figure 8.1. There are however

somewhere between 10 and 100 times as many connections back from V1 to the LGN as

there are in the forwar d dir ection, suggesting that feedback plays a key role in this stageof

processing.1

This �ts nicely with the structure of the REC model: not only does the network incor-

1It is inconceivable that, in an organ ascostly (in metabolic terms) asthe brain, evolution would produce this

disparity in numbers of connections if the function of feedbackwere not of great importance.
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porate feedback, but it is also far more important for the generative model (in the reverse

dir ection) to be accuratethan the recognition model. Indeed, using recognition weights that

are equal to the generative weights is simply a very crude approximation to a recognition

model that happens to work. Pece(1992)describes in more detail the modelling of the vi-

sual pathway with a feedbackmodel of this type. The discussion in Section4.1gave further

referencesto related work.

A secondarea of interest is that V1 has a much larger number of cells than the primary

source of its input, the LGN. This raises the possibility that the cortex may be forming an

overcompleterepresentation. We have seenin this work that the REC network is capable of

generating such representations,and indeed that they may be required in order to produce

minimum entropy codes.This issue is also discussedby Olshausenand Field (1997).

A thir d issue is the REC model's use of iterative processing. Is it possible that the brain

usesa similar method? In discussing this issue,Mumfor d (1992)citesGray and Singer (1989)

asevidencefor the existenceof cortical oscillations with a period of 20–30ms (corresponding

to frequenciesof 35–50Hz). It is possible that thesecould be the result of the synchronising

mechanism that would beneededfor iterative processing.Basedon measurementsof neural

responsetimes, this would give time for �ve to six iterations in which to perform recogni-

tion, but other considerations such asthe need for additional processingand damping could

easily reduce this to two or three.

Whatever the exact �gur es, it seemsthat the slow hardwar e of the brain does not have

time for many iterations of a recurrent activation process.This observation need not con�ict

with the REC model, since experiments have shown that in some casesthe results can be

improvedby reducing the number of iterations. This number could be reduced further by

using a recognition model that is able to get closeto the optimal solution in a single forwar d

pass. In the brain, it is possible that the feedback connections are used for `of�ine training'

of the forwar d connectionsduring sleep,an idea exploited by the Helmholtzmachine(Dayan

etal., 1995;Hinton et al., 1995),and discussedfurther in Section8.3.

8.2 Limitations

Inherent in the REC model are several key assumptions that limit the scope of this work.

Someof theseare discussedhere.

We beganby assuming a linear mixtur e model. In many environments this is not a good

approximation to the way in which independent components mix. Redundancy-reducing

linear models may be a useful �rst step in a processingsystem,but there is still likely to be a

need for nonlinear models at later stages.

This issuewas partially addressedin Chapter 6, but still limited us to �xed mixtur e mod-

els tailor ed to speci�c problems. An ideal system would adapt its mixtur e model as well

as the parameters within it. However, having an unsupervised system explore the entire

spaceof nonlinear functions in an unconstrained way is unlikely to produce useful results.

A more pro�table approach could be to have multiple levels, eachwith the aim of reducing

redundancy, and eachwith greater nonlinearity than the previous one. This work has only

tackled the low levels of such a system.
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The technique of penalising outputs that was intr oduced in Chapter 5 assumesthat we

have some idea of the true distributions of the data's underlying causes. An ideal system

would not requiresuchprior assumptions, and would determine the distributions automati-

cally, but onceagain the removal of all constraints is likely to produce an intractable problem.

Theremay, however, bescopefor making the penalties adaptive to a limited degree,an issue

discussedfurther in the next section.

We have assumedthroughout this work that it is always desirable to reduceredundancy.

This is not necessarily true: in a noisy system, there may be a need to introduceredundancy

to limit the impact of noise-induced errors. However, it is a theorem of information theory

that the reduction of redundancy to achieve optimal compression and the intr oduction of

redundancy to reduce errors on a noisy channel may be treated as two separateproblems

(known assourcecodingand channelcodingrespectively). In other wor ds, although we have

only addressedthe �rst of these in this work, a subsequent consideration of ways to intr o-

duce redundancy need not con�ict with the techniques presentedhere.

A further assumption in this thesis is that patterns presented to the REC networks are

static. We have also assumedthat eachpattern is generated independently from the last, an

approachthat was inherent from the initial de�nition of a memoryless source(Section2.1.1).

In real environments, it is common for patterns to be both dynamic and strongly correlated

over time. Except for the simple approach of building a single input pattern from several

consecutivetime-slices (used in the speech-codingexperiments of Section7.3),temporal pat-

terns have not been explored in this work. The advantages that could come from doing so

are discussedin the following section.

8.3 Directions for future work

There are many ways in which this work could be extended, some of which have already

beenmentioned in earlier chapters. Somefurther suggestionsare given here:

Temporal processing. There is scopefor building a temporal aspectinto the RECnetwork,

to allow it to discover dependencies not just between inputs at any one instant, but

also over time. This could be achieved with some form of memory mechanism in the

�rst and/or secondlayer of units. This would not only allow the network to generate

more ef�cient codes in dynamic environments, but would also provide a natural and

�exible way to learn invariances. In a visual environment, for example, the sameobject

can appear at a variety of positions, scalesand viewing angles, making it dif �cult for

recognition systems to identify it as the same in all cases.However, an object that is

present at one instant in usually also present at the next, albeit possibly transformed

in some way. Finding temporal dependencies for moving objects therefore allows a

system to automatically learnthe nature of thesetransformations. This issue has been

discussedby Földi ák (1991)and Edelman and Weinshall (1991),and demonstrated in

recentwork by Wallis and Rolls (1996)— it would be interesting to apply theseideas

to the RECmodel.

Adaptive penalties. The penalty functions intr oduced in Chapter 5 were �xed in advance

of learning. Making these adaptive to a limited degree could prove useful in some
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cases,such aswhere there is a wide variation in features' variances. The distributions

underlying the penalties could, for example,beadapted to re�ect the mean (or perhaps

mode) and variance of the individual output values. Indeed suchan approachhasbeen

used by Olshausenand Field (1996a,b),but asmentioned in Section7.1.4,there can be

problems with stability when using this technique.

Multiple priors. In a similar vein, there are situations where it could be useful to assume

dif ferent prior distributions for dif ferent output values, rather than penalising eachin

the sameway. It is possible, for example, for a set of data to be clustered, but for there

to be additional structure within eachcluster: in such a caseit could be useful to place

`binary' priors on the outputs representing cluster centres, re�ecting the idea that a

point is either in or out of a particular cluster, and unimodal priors on the remainder.

Initial experiments using this idea reveal problems with local minima in both activa-

tion and learning, but it might be possible to overcome these by prioritising outputs

according to their role, or using a multi-layer system where the residuals from one

stageare fed to the next for further `explanation.'

Growing and pruning. The experiments in this work have all used �xed size networks.

There could be advantages,particularly for very large problems, in allowing the net-

works to expand or contract according to need as learning progresses.The addition

of extra units to a network could be incorporated as an extension of the `vigilance'

mechanism discussed in Section 4.8: if reconstruction error exceedssome threshold

but there are no `unused' units, then a new output unit could be added to the network

and its weights adjusted to represent the residual error. Similarly, output units could

be `pruned' if particular output values are found to have very low variance, indicating

that the units are not being used. The easewith which outputs can be added to or

removed from the REC network comes from the fact that the representation of each

feature is entirely localised within the connections to the corresponding unit.

Lateral inhibition. All competition in the REC network is achieved via feedback connec-

tions. In competitive networks it is more common for competition to come from lat-

eral inhibition, i.e.dir ect inhibitory connections between outputs. Olshausen and Field

(1997) show that it is quite possible to view the mathematics of the REC model in

terms of lateral connections, but we have avoided doing so in this work becauseof

the additional advantagesof feedback(such asthe explicit representation of the resid-

ual and the ability to consider alternative mixtur e models). Nevertheless, there could

be advantages to building a model that has bothtypes of connection. Suitable lateral

connections, for example, could provide a fast means of �nding a `winner ' from two

strongly competing output units, thus reducing the number of iterations required to

fully activate the network.

Topographic mapping. In the brain, cells responding to similar features tend to be located

near to eachother. Network models such as the self-organising map (Kohonen, 1982,

1990)are able to mimic this behaviour. In the REC model there is no such ordering,

since there is no concept of `distance' from one output to another. However, by dis-

tributing the outputs over, for example, a plane and making connections according to
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the distancebetween them, it should prove possible to intr oduce theseideasto the REC

network. Short-rangeexcitatory connectionsat an early stageof learning, for example,

could be used to encourageneighbouring units to respond to similar patterns.

A separate recognition model. The REC network is based on the model of Figure 4.1(b)

(page 42), where there is no explicit recognition model, and recognition is instead

achieved through a number of iterations of the generative model. We have argued

that this approach gives several useful properties. Nevertheless, there is scope,partic-

ularly in highly nonlinear systems,for having a recognition model that is separatefrom

the generative model. This is the approachused in the Helmholtzmachine(Dayan etal.,

1995),where the two setsof weights canbetrained in distinct `wake' and `sleep'phases

(Hinton et al., 1995;Neal and Dayan, 1996).Without abandoning the recurrent model,

it could be useful to incorporate some of these ideas into the REC network. Separate

recognition weights, for example, could allow activation to be achieved with fewer it-

erations, while the error-driven approach would still allow good representationsto be

found without requiring an accuraterecognition model.

Stochasticity. We noted in Section5.4.1that, by using only the MAP estimate of the output

values in learning, the RECnetwork fails to guaranteea maximum likelihood solution.

If instead it carried a distribution of output values from the activation stageto the learn-

ing stage,it would achieve a full implementation of the EM algorithm. One meansof

performing this without abandoning the network model is to make the outputs stochas-

tic, that is for them to take on values according to the full posterior distribution for a

particular input pattern, rather than just the value with maximum probability. By this

MonteCarlomethod, the output values would, over a number of patterns, come to rep-

resentthe output distribution. This is the approach used, in the binary case,by the

Helmholtz machine and its predecessorthe Boltzmannmachine(Ackley et al., 1985). In

the REC network such an approach could, at the expenseof greater complexity in ac-

tivation, yield better results from the learning process.It is not clear that it would give

much bene�t where the output priors are unimodal, but for more complex multimodal

casesthe impr ovement is likely to be signi�cant.
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Appendix A

Error function gradients for the REC

network

Error functions for the REC network are minimised with respect to both outputs and

weights. There is nothing complicated in the mathematics associatedwith this, but it is

not easyto make the associatedvector calculus clear in a concisenotation without someex-

planation. This appendix sets this out, and helps to show why, at the expenseof recurrent

activation in the RECmodel, learning is straightforwar d.

A single-pattern error function E for the RECnetwork is, very generally, somefunction of

the inputs, the network weights, and the output values. The aim of activation is to minimise

E with respectto the outputs a, and of learning to minimise
�

� E� with respectto the weights

W. For easeof notation, we shall reshapethe weight matrix W into one large column vector

w. The input data are �xed, so we may think of the error for these purposes as being a

function of the weights and outputs only, where the outputs themselves are also functions

of the weights. We can make this explicit by writing E as

E � w � a
�

w � � �

Activation minimises E w.r.t. a for a �xed value of w. Assuming a is unconstrained, the

minimum occurs at a stationary point, so the gradient of E w.r.t. a is zero,1 which we shall

write as

�

aE
�

w �

0 � (A.1)

In general, for a scalar function f
�

x � y � of dependent scalar variables, we may write the

gradient as

df
dx �

�

f
�

x
�

�

f
�

y
dy
dx

�

Extending this relation to the vector case,and applying it to the error function E, we may

write

�

w E
�

�

w E
�

a � J �

�

aE
�

w (A.2)

1When the values of a areconstrained, and the minimum occurs on the boundary of the permitted values, it

is quite possible that (A.1) will not be satis�ed. Weshould note that the resultsof this analysis cannot be justi�ed

fully in this case.
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where J is the Jacobianmatrix with elements

Ji j �

�

aj
�

wi
�

Equation (A.2) gives the gradient of the error function w.r.t. the weights and hence, after

negation, yields a learning rule for stochastic gradient descent on
�

� E� . This expression is

potentially complex, but for the fact that the condition (A.1) resulting from the activation

stageallows us to simplify (A.2) to

�

w E
�

�

w E
�

a

for the stable output values a. This tells us that the full gradient in weight-space is equal to

the partial gradient with the outputs a �xed. It is this simpli�cation, which has come about

as a result of the minimisation at the activation stage, that allows us to use local Hebbian

learning rules in all variants of the REC network presentedin this work. This contrasts, for

example, with feedforwar d MLPs, where activation is simple, but learning is non-local and

more complex.


