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Multi view Geometry: Pro les and Self-Calibration

Abstract

An importantgoal of computervision is the simultaneousecovery of cameramo-
tion andscenestructurefrom multiple views. Frequentlythe solutionof this prob-
lem demanddhe estimationof the epipolar geometryof the sequencef images,
encodedin fundamentaimatrices Thesecan be satishctorily obtainedthrough
a numberof methodswhenimagefeaturescorrespondingo the sameobjectsin
space— suchas points, lines, texture etc. — can be easily matched. However,
whenthe scenes comprisedof smooth,texturelesssurfacesthe determinatiorof
suchcorrespondenceas adif cult problem.

In this situationthe mostprominentfeaturesof theobjectsbeingviewedarethe
pro les or appamentcontous. This dissertatiordevelopsan ef cient techniqueto
estimatethe epipolargeometryfrom pro les in the importantcaseof circular mo-
tion. In contrastto previous methodsthe solutionproposecherecanbe usedeven
for surfaceswith simplegeometry It alsoemploys asequentiabpproachgbtaining
theindependentomponent®f the epipolargeometrystep-by-stepFinally, it does
notdemandhe solutionof ary large scaleoptimisationproblem.

Oncethe epipolargeometryis estimatedthe projectve structureof the scene
canbedeterminedTo updatehis projectvereconstructiorio anEuclidearone,the
cameramustbe calibrated.In this dissertatiora novel self-calibrationtechniques
introducedpasedn obtainingtheintrinsic parameterghatupdatethefundamental
matricesto essentiamatrices This simpleapproactprovidesanalgorithmfor the
linear computationof the varying focal lengthsof the camerasplus a nonlinear

methodthatcanre ne theinitial solutionandalsoobtainotherintrinsic parameters.
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[...] In geometry(whichis theonly sciencehatit hathpleasedGodhithertoto bestowon
mankind) menbggin at settlingthe signi cations of their words; which signi cations]...]
they call de nitions, and placethemin the baginning of their redoning

ThomasHobbes(1588-1679)Leviathan partl, chapted, 1651.
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Chapter 1

Intr oduction

1.1 Motivation

Two problemsweretackledin this thesis: estimationof epipolargeometryfrom
pro les (section3.3 andchapter4) and cameraself-calibration(chapters). They
bothhave along historyin computewision,andmuchhasbeenwritten aboutthem
(anextensve bibliographyto the subjectscanbe foundin the correspondinghap-
ters). Theamountof attentiondravn by thesetopicsis justi ed, for they arecentral
to thesolutionof akey problemin computewision,whichis therecoveryof camen

motionand 3D scenestructure fromvideosequences

1.1.1 ShapefromX

Severalapproachesave beenusedto attacktheseproblems.In shapefrom shad-
ing the 3D structureof an object can be inferred from a single image by using
physicalmodelsthatlink theintensityof thelight re ected from a surfaceto prop-

ertiesof the surfacematerialandthe orientationof the surfacewith respecto ex-
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ternallight sourceq74, 75, 160]. Shapefromtexture algorithmsintendto recover
both 3D structureand motion from the relatve deformationof homogeneousgex-
ture elementson a surface,denotedtexels[157, 86, 105. Another possibility is
shapefrom specularity which usesspeculare ection asa cluefor scenestructure
[88, 11, 119]. In shapefromfocusthe blurring of the imageat differentdistances
from the cameraoffersinformationaboutsurfacedepth;acommonvariationof this
methodis obtainedwvhenthefocusof thecameras deliberatelychangedo blur the

image,atechniqueknown asshapefromdefocug120,144,117, 22].

1.1.2 Geometry-BasedAlgorithms

Althoughextremelyusefulfor speci c applicationsponeof themethodsnentioned
above is as e xible asor producegesultswith accurag comparableo stereoor
multicamerageometry-basedystemdq41, 70]. A commonfeatureof this classof
techniquess the computationof projective invariantsrelatedto the setof cameras
in the form of the epipolar geometry trilinear constaints, or genericmultiview
camen relations(chapters3 and4), andthe useof intrinsic cameraparameters,
which canbe eitherprecomputedr computedafter the estimationof the epipolar

geometry(chapterb).

Dir ectversusFeature BasedMethods. In orderto obtaintheseprojectveinvari-
antsit is necessaryo matchelementghat canbe seensimultaneouslyn images.
If the matchedelementsaarewhole areasof theimage,or ary otherimagequantity
directly measurablat eachpixel, the techniquds dubbeda directmethod[77]. If,

alternatvely, a sparsesetof matchedieaturess used,suchaspoints,linesor con-

tours,the methodis denotedo befeature based[149]. For a comparisorbetween
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thetwo approachesee]3].

1.1.3 Structure and Motion from Pro les

To estimatethe structureand the motion of smoothtexturelesssurfaces,neither
direct nor featurebasedmethodsusingpointsor lines areappropriate.In this sit-

uationthe pro le of the surfaceis the mostdominantfeaturein the image,andit

offersimportantinformationfor determiningboth the shapeandthe motion of the
surface[28]. Moreover, evenwhenthe matchingof otherfeaturess possible the
informationprovidedby the pro les shouldnotbe neglected.Oneof the objectves
of this work was, therefore the developmentof practicalalgorithmsfor estimating

the epipolargeometryof a sequencef imagesfrom pro les.

1.1.4 CameraSelf-Calibration

The invariantsencodedoy the epipolargeometryor other multiview camerarela-
tionsareprojectveones,.e., they allow therecovery of scenestructureandcamera
motiononly up to a projectve transformatiorf40, 63] . To upgradethis projective
transformationnto an Euclideanone, or at leastinto a similarity transformation,
it is necessaryo obtainthe intrinsic parameter®f the cameraghat acquiredthe
images. If the Euclideanstructureof the scenes alreadyknown, this knowledge
canbe usedto computethe camergparametersin atechniquecalledcamea cali-
bration [49, 155]. For unknavn scenesa moregeneralapproachdenotedcamen

self-calibration[109], mustbe employed.

Critical Motions for Self-Calibration. Thereis a rich pool of algorithmsde-

signedto solve the self-calibrationproblem. However, therearetheoreticalimita-
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tionsto whatthesealgorithmscanachieve, dueto theoccurrencef critical-motions
(section5.4.2),which arecameracon gurationsthatinvolve the self-calibrationup

to the point of renderingit impossible.Until now, self-calibrationandthe analysis
of critical motionshave beendoneindependentlyandthis work attemptedo close
this gapby developinga self-calibrationalgorithmwith built-in critical motionde-

tection.

1.2 Approach

Although projective geometrywasthe main mathematicatool usedto developthe
ideaspresentedh thisthesis greateremphasisvasgivento arigorousanalysighan
to pure geometricinsight whenerer that was possible. When needed geometric
argumentsvereonly complementaryo the analyticalones,for it is the opinion of
the authorthat intuition is not a substitutefor formalism, but only an aid andan

inspirationto the developmentf a scienti ¢ work.

As anengineeringliscipline,computervision adoptsthe commonparadigmof
representingheworld throughmodelsthatarecomplex enoughto allow usefulde-
scriptionsof realphenomendyut neverthelessimpleenoughto rendertheanalysis
of thesgphenomenanathematicallyractable Fromthis perspeciie, it is moreben-
e cial to think of modelsasbeingusefulor not, insteadof simply qualifying them
asright orwrong. Considetheaf ne cameramodel[1]. Strictly speakingits useas
adescriptiorof realcamerass, mostof thetime, wrong. However, it is well known
that the advantagesbtainedin employing it can,in somecircumstancessurpass
possiblegainsattainedfrom adoptingthe more complec projectve cameramodel

[70]. Thesameis truefor ignoringlensdistortionor otheropticalaberrations.
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1.2.1 Modelsand Approximations Adopted

Theprojective or pinholecamerawhichis probablythe mostimportantmodelused
in geometriccomputervision, was adoptedalmosteverywherein this work. An
exceptioncanbe foundin section3.3, which madeuseof af ne approximationo
solve the problemof estimatingthe epipolargeometryfrom pro les undergeneral
cameramotion. Again in section3.3 andalsoin chapter4, smoothobjectswere
modelledas  surfacesj.e.,subsets of  suchthatfor eachpoint there
existsa properpatchin  whoseimagecontainsa neighborhoodf in [118].
Still in chapter4, the overlappingof a nite humberof imagesof arotatingobject

wasapproximatedo theimageof a surfaceof revolution.

Validity of the Models. Most of the succesf geometriccomputervision de-
pendson the validity of the pinhole cameramodel. Although someapplications
demandhe correctionof lensradial distortion[32], for the rangeof focal lengths
usedherethepinholecameravasanentirelyappropriatenodel. Theconditionsfor
the validity of the afne cameramodelarewell-known: narrov eld of view and
largefocal length[73].

Sincea B-splinewas tted to the pro les of the objectsusedin this work, it
was requiredto modeltheseobjectsas  surfacesor at leastpiecavise  Sur
faces(if two control points are allowed to coincide). This conditionis violated
by surfaceswith fractal patcheswhich, althoughcontinuouseverywhere,are not
differentiableanywherein the fractal patch. This situationroughly corresponds$o
highly spiky surfaces,for which, therefore,the algorithmspresentechereshould

notbeemployed.

Finally, for the purposesf this work the assumptiorthat the overlappingof
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a nite numberof imagesof a rotating objectcanbe regardedasthe imageof a
surfaceof revolutionwasempiricallyveri ed asvalid for anglesof rotationbetween

successie snapshotsf upto

1.3 Contrib utions

Themaincontributionsof this thesisare:

a solutionto the problemof motion estimationfrom pro les in the caseof
circularmotion, basedon symmetrypropertiesof imagesof surfacesof rev-
olution; this is the rst solutionto the problemof motion estimationfrom
pro les thatis both practicalto implementandgeneralenoughto allow the

Euclidearreconstructiorof thescene;

a novel self-calibrationtechnique,basedon the Huangand Faugerascon-
straintsfor essentiamatricesthe methodintroduceds e xible, for it canbe
employedfor imagesequencewith any combinationof x edandvaryingin-
trinsic parametersandit alsotakesinto accounthe proximity of therelatve
motion of camergpairsto a critical con gurationfor self-calibrationgreatly

improving its robustness.
Minor contributionsinclude:

a specialisatiorof a genericmethodfor estimatingepipolargeometryfrom
pro les to theafne caseaidedby a new parameterisatioof the af ne fun-

damentamatrix thatis bothminimal andgeneral,

anovel minimal parameterisationf thetrifocal tensorthatcanbe easily ex-

tendedo provide minimal parameterisation®r multiview tensorof ary de-
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gree.

1.4 Outline of the Thesis

Chapter 2. This chaptermpresents brief review of sometopicsof projectve ge-
ometryusedelsavherein this thesis. It introduceshomogeneousoordinatesand
describeghe representatiomf geometricprimitives suchas points, lines, planes
andsurfacesin suchcoordinates.t thenanalysesheimagingprocessarriedout
by a projectve cameran the contet of generaprojective transformationsFinally,

it discussesomeissuegelatedto the projectionof planesandsurfaces.

Chapter 3. An overview of epipolargeometryand multivew camerarelationsis
presentedn chapter3. It startswith the derivation of the fundamentamatrix, dis-
cussingts degreesf freedomaplaneplusparallaxrepresentatioandtheessential
matrix. It alsomentionsmethodgor computingthe fundamentamatrix from point
matchesand succinctlydescribesaspectsf the epipolargeometryof af ne cam-
eras. The summaryof epipolargeometryis closedwith a quick presentatiorof
epipolargeometryandsmoothsurfaces anddescribesan algorithmfor estimating
afne epipolargeometryfrom pro les, presentingesultsof implementatioronreal
data.

In addition,this chaptetbringsasummaryof geometryof multiple camerasvith
emphasi®n thetrifocal tensor It derivesa novel minimal parameterisationf the
trifocal tensoranddiscusse#s computation.Furthermorethe chapterspecialises
the discussiorof the trifocal tensorto the af ne case,and,at last, mentionssome

aspectof multilinearcameraelations.



8 CHAPTER1. INTRODUCTION

Chapter 4. This chapterdescribesn detail oneof the main contrikutionsof this
work, which is the developmentof analgorithmfor estimatingthe epipolargeom-
etry of aturntablesequencdasedsolely on pro les. It bringsan extensve bibli-
ographicreview on motion estimationandreconstructiorfrom pro les, followed
by a discussioron symmetryof imagesof surfacesof revolution. A novel param-
eterisationof the fundamentamatrix is derved, which is thenusedto developan
algorithmto estimatethe epipolargeometryof the cameras.The implementation
of this algorithmfor realimagesis alsoshowvn in chapter4, and examplesof 3D
reconstructiorusing the motion obtainedfrom the estimationof the epipolarge-
ometryarepresentedThe resultsobtainedin this chapterarethe productof close

collaborationcarriedoutwith Kwan-YeeKennethWong.

Chapter 5. This chapterbeginswith a summaryof currentandpastliteratureon
self-calibration.It thenproceedgo review somepropertiesof the essentiamatrix,
the HuangandFaugerasonstraintswhich areusedto develop a linear algorithm
for computationof focal lengthsgiven the fundamentaimatricesrelatedto a set
of cameras. An analysisof this algorithmprovidesa methodfor detectingcritical
cameramotions,andthe solution provided by the linear algorithmis thenre ned
througha nonlinearprocedureahatalsotakesinto accountcritical motion con gu-

rations.Experimentatesultsfor both syntheticandreal dataareshowvn.

Chapter 6. The conclusionpresentsa summaryof the work andpointsto direc-

tionsfor futureresearcton thetopicsdiscussedh thisthesis.



Chapter 2

Projective Geometry

Letnooneenterwhodoesnotknowgeometry

Plato(429-3478.C.),
EliasPhilosophusAristotelisCategorias Comentaria

2.1 Intr oduction

Projectve geometryis the invarianttheory of the group of projectve transforma-
tions [133, p. 41]. If Euclideangeometryis interpretedas the geometryof the
straightedgeandcompassprojective geometryis thegeometryof the straightedge
alone[31].

This chaptempresents brief review of somefundament®f projectve geometry
thatwill be necessaryhroughoutheremainderof this dissertationNo attempthas
beenmadeto provide a comprehensie surwy, which canbe foundin mary good
works on projective geometry[133, 140, 30, 31] andcomputervision [8, 115 41,
70]. Althoughthetreatmenbf the subjectpresentedhereis non-standarandsome
ratheradvancedtopicsarecovered,a readerpro cient in projectve geometrymay

wantto skip this chapterandproceedo chapter3.
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2.2 HomogeneousCoordinates

Homaeneougoodinatesareananalyticaltool mostsuitablefor tacklingproblems
in projectve geometry playing a role equvalentto the one Cartesiarcoordinates
play to Euclideangeometry{108]. Considerapoint inthe -dimensionakpace
with Cartesiarcoordinategivenbythe -tuple . Theexpres-
sionof  in homogeneousoordinatess the setof -tuples
. Corversely given the homogeneousoordinates
of apoint in the -

dimensionalspace the Cartesiancoordinatesof ~ will be given by

, if Cf , the point  is saidto be at in nity in

direction , andit cannotberepresenteth Cartesiarcoordinates.

A vectorialrepresentationf in thecanonicabasisandin homogeneouso-

ordinateds givenby the setof columnvectors where
(2.1)

The correspondingepresentatiomf  in Cartesiancoordinateds given by

where
(2.2)

if . Henceforththerewill be madeno distinctionbetweera pointandits
vectorialrepresentatiom thecanonicabasiswhethelin homogeneousoordinates

or not, exceptwhereexplicitly mentioned.

From the above discussionit canbe seenthat the representatiomf a pointin
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homogeneousoordinatess actuallya set,andthe equation

(2.3)

expressesin fact, the equality betweenthe sets
and . Interpretingequality be-
tweenrepresentationsy homogeneousoordinatesas an equality betweensetsis
a formal way of avoiding having explicitly to write the free scalefactorsof the
termsinvolved,or having to usethesymbol to indicate“equality upto anonzero
scalefactor”, asit is commonlydone[66]. Hereafterthe vectorialrepresentation
of an -dimensionabbject in homo-

geneousoordinatewill beshortenedo

WedgeProduct and WedgeOperator. Let , beasetof -
dimensionahomogeneousectors,andlet  bethe matrix given by

. Finally, let  bethematrix obtainedrom by remaoingits

-th row. Thewedg productof , denoted , IS
de nedas
(2.4)
Moreover, giventheset , Of -dimensionahomogeneous
vectors thewedg opemator of , Is de ned asthe multilinear

(i.e., linearon each ) mappingthattakes to the unique
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antisymmetrianatrix suchthat

(2.5)

for all

2.2.1 Linesand Planesin HomogeneougCoordinates

Considera point  in 2D spacewith vectorial representatiorin Cartesiancoor

dinatesgiven by andlying on aline . Therefore satis esan
equationof theform

(2.6)
where , and areparametersle ning theline. If is representeth homoge-

neouscoordinates(2.6) canberewritten as

(2.7)

where isthevectorialrepresentationf in homogeneousoordinates.
In generalthe equationof an -dimensionaplane in homogeneousoordinates

is givenby

(2.8)

where
Theintersection of thelines and canbe corvenientlyexpressedn homo-

geneougoordinatess . In generaltheintersection of -dimensional
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planes is givenby thewedgeproduct

The Duality Principle. From(2.7)and(2.8)it canbeseerthat,algebraicallythe
role of aline or moregenerallyof ahyperplaneis dualto thatof a pointwhenthese
objectsarerepresenteth homogeneousoordinatesThus,atheorem regarding
hyperplanesindpointshasadualtheorem wheretheword “point” is substituted
by “plane” andvice-versa,appropriatdinguistic adjustmentsiotwithstandingas
statedby the duality principle [133, p. 79]. An immediateconsequencef this
principleisthatthe -dimensionaplane de nedbythe points ,

is givenby

2.2.2 Conicsand Quadrics in HomogeneougCoordinates

Considertheequation

(2.9)

of aconic . In homogeneousoordinateg2.9) becomes

(2.10)

where

(2.11)
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Thematrix is therepresentationf theconic in homogeneousoordinatesin

generaltheequationof a -dimensionafjuadric is givenby

(2.12)

were isa symmetricmatrix.

Giventhequadricde ned by thenonsingulamatrix , thesetof planes that
satisfythe equation de nesthe ervelopeof the quadric . Given
apoint andaquadric , theplane is de ned asthe polar of  with

respecto (gure 2.1).

—_—

Figure 2.1. The plane s polar to the quadric  with respect to the point

DegenerateCases If thematrix of aquadricis singular the quadricis saidto
be dgyeneiate Let betherankof thequadric . Particularcasef interest

occurwhen:
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0] — in this casethe quadriccorresponds$o a hyperplane , andit
canbeexpresse@s ;
(i) — in this casethe quadriccorrespondso a pair of hyperplanes

and , andit canbeexpresseds ;

Giventhe -dimensionalpoints , the pair of planes
tangentto the nondgeneratequadric  andcontainingthe points , denotedas

, is givenby

(2.13)

2.3 Projective Transformations

A linearoperatorappliedover thehomogeneousepresentatioof a pointde nesa
projectivetransformation More formally, a projective transformation  from

to isde ned as

(2.14)

where isanonzero matrix. Since and arerepresentations
of pointsin homogeneousoordinatesthematrix  in thede nition of the projec-
tive transformation canbeconsideredasthe equivalenceclass

Thereforethe equalitybetweerthematrices and  associatedvith projectve

transformations and  correspondso an equality betweentwo sets. Hence-



16 CHAPTERZ2. PROJECTIVEGEOMETRY

forth, therewill be no distinction madebetweenthe projectve transformation

andtheset (shortenedo ) thatde nesthetransformation.

Of specialinterestarethe projectve transformationgrom  to , from
to andfrom to . Thebijective projectve mappings and
are a 3D projectivetransformationand a 2D projectivetrans-
formation respectrely. Thereis a hierarchyof suchtransformation®btainedby
successie specialisatiorof the projectve transformatiorto af ne, similarity, and
Euclideantransformation$42]. This canbeunderstoody notingthatarny nonsin-

gular or homogeneoumatrix suchthat

(2.15)
where denotesheMoore-Penroseverseof , canbedecomposeds
(2.16)
:rely@cl'n/e - af:
transformation transformation
and,moreover, thematrix  in (2.16)canalsobedecomposeds
uppertriangular
matrix rotationmatrix
(2.17)

purelyafne similarity
transformation transformation

The similarity transformation  correspondgo a scaling(by the factor ), fol-

lowedby anEuclideantransformatior(rotation( ) plustranslation( )). Thetreat-
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mentshavn above for thestrati cation of projectve transformationgeneralisethe

oneintroducedn [62].

2.3.1 Projective Cameras

The imagingprocessproducedby a projectve cameracanbe interpretedasa se-

guenceof threeprojective transformation$115,41]:

@ a mappingfrom the 3D world coordinatesystemto the camera

coordinatesystemyepresentefly thematrix ~ givenby

(2.18)
where isa rotationmatrixand isa translationvector
(i) a mappingfrom the 3D cameracoordinatesystemto a 2D image
plane representetdy thematrix ~ suchthat
(2.19)
(i) a mappingcorrespondindgo a changeof coordinateon theimage

planerepresentetdy thematrix givenby [41]

(2.20)
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where is the camerafocal length', is the aspectratio,
is theskew angle is the skew, and arethe coordinatef
the principal point (for a geometricinterpretationof theseparameterssee

[41]).

Theoverallmappingcorrespondingo theimagingprocesss thereforegivenby the

matrix where

(2.21)

Thematrix is denotedprojectivecamer matrix, andthe matrix  corresponds
to the matrix of intrinsic parametes. The matrices and arejointly named
matricesof extrinsic or external parametes. If thematrix is known, thecamera
is saidto becalibrated Hereaftertheexpressionsthe camera ” and“the intrinsic

parameters ” shouldbe readas“the camerawith projectve cameramatrix given
by ” and*“the intrinsic parametersepresentedby the matrix ", respectiely.
Obsenrethatthecamera givenby (2.21)is notin the mostgeneraform of afull
row rank matrix, becausehematrices and arealwaysinvertible. If this

constraintis ignored,the generalform of a projectve cameramatrix will be given

by

(2.22)

Thepoint thatresultsfrom applyingthe transformatiorcorrespondindo  to a

point — see gure 2.2— is denotedheprojectionorimageof on

IStrictly speaking,the term is the productof the magni cation factor by the focal length;
however, sincethesefactorscannotbe decoupledjt is commonpracticeto referto their product
simply asfocal length.
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Figure 2.2. Sequence of projective transformations carried out by a projective camera:
rotation and translation  from world to camera coordinate system, projection from
camera coordinate system to image plane, and transformation in image coordinates. The
point is the camera optical centie, and the line s the optical ray associated with the
point

The point  with homogeneousepresentation correspondingo the right
null spaceof istheopticalcente of thecameraandfor eachpoint inthecamera
coordinatesystemthe setof 3D points given by
de nesaline denotedastheopticalrayor rayassociateavith theimagepoint

asseenn gure 2.2.
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2.3.2 Afne Cameras

Afne cameas are an importantsubclasof projectve cameras.A camera is

afne if [115]

(2.23)

It hasbeenshown [1, 115,135]thatif thedepthof the scenen thedirectionof the
optical axisis muchsmallerthanthe averagedistanceof the sceneto the camera,
the projectve cameracanbe approximatedy anaf ne camera.

Theright null spaceof  is avectorof theform . Therefore,
the optical centreof anafne camerais atin nity in direction . An afne

cameracanbe obtainedby substituting(2.19) by

(2.24)

in the sequencef transformationsnvolvedin theimagingprocesof a projectve
camerawhere correspondso the orthographigorojection[115] of a pointin

3D spaceontotheplane

2.4 Projection of Planesand Surfaces

Let beaplanein 3D spacesuchthatit containgheopticalcentre  of acamera

. Considemow apoint on ,withimageon givenby . It followsthatthere



2.4. PROJECTIONOFPLANESAND SURFACES 21

isa suchthat
(2.25)
and
(2.26)
(2.27)

Multiplying (2.25)ontheleftby  andsubstituting(2.26)and(2.27)in theresult,

oneobtains

(2.28)
andthereforetheimageof theplane isaline . Analogouslyit is easy
to shaw thattheplane whoseimagecorresponds$o aline is givenby

(2.29)

2.4.1 Projection of Implicit Surfaces

Let beaquadricin 3D spacewhere

(2.30)
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andlet bethecamera . Let now be the setof pointson the

opticalray of animagepoint , i.e.,

(2.31)

For eachimagepoint the  degreeequationn

(2.32)

may have zero,one,or two real solutions. When(2.32) hasonly onesolution,the
line will betangento . Substituting2.31)in (2.32)andimposingtheconstraint

thatthe equationrmusthave only one(real)solution,oneobtains

(2.33)

which corresponds$o theequatiorof aconic  [34] (also[28, p. 70]). Obserethat
if thecamera is notof theform , but ageneric matrix with rank
threeandright null space , theconiccanstill befoundby the methoddescribed

if oneconsiderghe new pair camera-quadric givenby

(2.34)

where , resultingin the sameexpressiorasfoundin [34]:

(2.35)
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where  denoteghe adjointof the matrix . The methodusedto derive (2.33)
is in factanapplicationof eliminationtheory[103], which canbe naturallyusedto

extendtheresultsto higherordersurfaceq123, 124], aswill beshavn next.

Projecting Cubic and Quartic Surfaces. A  degreeimplicit surfacein  can

berepresentedsa symmetrictensor of degree ,i.e.,

(2.36)

For acamera , considerthe optical raysgivenby (2.31)associateavith
eachimagepoint . Substituting(2.31)in (2.36)oneobtainsa degreepolyno-

mial in  givenby

(2.37)

The projectionof  will correspondo solutionsof with multiplicity greater
thanone. A necessanandsufcient conditionfor any polynomial to have
multiple rootsis thatthe resultantof andits dervative is zero[90]. The
resultantof two polynomialsis de ned asthe determinanof the Sylvestematrix
of the polynomials[90, 23]. Therefore,an analyticalexpressionfor the implicit
curve correspondingo the projectionof  canbe derived by applyingthis con-
dition to . It hasbeenshawn thatif the degreeof the implicit surfaceis ,
the degreeof the projectionwill be [53]. Thus,the projectionof implicit
surfacesof degreesthreeandfour will produceimplicit curvesof degreessix and
twelve, respectrely. As anexample, gure 2.4 shaws the twelfth-degreeimplicit

curve correspondindo the projectionof the fourth-degreeimplicit surfaceshown
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Figure 2.3. Torus corresponding to the fourth-degree implicit surface
— — rotated by aboutthe axis and translated

10 units along the  axis.

in gure 2.3.

Implicit cubicsurfacesareof particularinterestor solidmodelling. They arethe
surfacesof highestdegreethat, in general have a rational parameterisatiofiL32],
and cubic surfacepatchescanbe easilyjoined to form more complex continuous

forms[131].

2.5 Summary and Conclusions

This chapterpresented review of someaspectof projectve geometrynecessary

for a betterunderstandingf this dissertationThe maintopicscoveredwere:

Homogeneousoordinates— the presentatiorof homogeneousoordinateseem-
phasisedheinterpretatiorof thehomogeneousgector asaclassof equiva-
lence simplifying thenotationby avoidingtheexplicit representationf scale
factorsandmakinguseof conceptdrom settheory;homogeneouesepresen-

tationsfor importantgeometricprimitives, suchas points, lines, planesand
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Figure 2.4. Projection of the torus shown on gure 2.3. The curve shown is an implicit
twelfth-degree polynomial.

guadricsurfaceswerediscussed,;

Projective transformations — thesewerereviewedin a broadcontext, thenspe-
cialisedto the casesf particularinterestto computervision; the exposition
onthehierarchyof transformations— projectve,af ne, Euclidean— gener
alisesprevious algebraicapproachesprojectve camerasvereintroducedin

thesameframewnork asgeneralprojectve transformations;

Imaging of planesand implicit surfaces— nally, theimagingproces®f planes
andimplicit surfacesyegardedasa projectve transformationyvas

brie y discussedandillustratedwith an exampleof the projectionof a
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orderimplicit surface.



Chapter 3

Epipolar Geometry and Multicamera

Systems

This chapterpresentsan introductionto epipolar geometry which is a setof ge-
ometricrelationsderived from stereocamerasystems. Besidesthe generalcase,
two particularcon gurationsof thegenericrelationsarealsostudied:onefor af ne
camerasandonefor camerassziewing smoothsurfaces. A new parameterisation
of the af ne fundamentammatrix is introducedand appliedto the problemof esti-
mationof af ne epipolar geometryfrom imagesof smoothsurfaces. The chapter
alsobrie y reviews someaspect®f multicamerasystemsin particularthetrifocal
tensorandits af ne specialisationA novel minimal parameterisatioaf thetrifocal
tensoris presentedwhich canbeeasilyextendedo parameterisenultiview tensors

of arny degree,suchasthe quadfocaltensor

27
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3.1 Intr oduction

This sectionfollows the approachof Zhang[164], which uni es the treatmentof

thefundamentamatrix for projective andaf ne cameras.

3.1.1 The Fundamental Matrix

Considera pair of cameras and  with distinctoptical centres.Theimageof a

point oneachcamerawill begivenby thepoints and , where

(3.1)

(3.2)

Let  bethe homogeneousepresentatiof the optical centreof . Therefore,
the points on theline connecting to  canbe expressedn termsof the

parameter as

(3.3)

For aparticularchoice of theparameter , thepoint will beequalto

Therefore, ,and

(3.4)
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Multiplying both sidesof (3.4) by , Which is nonzerosincethe optical

centredf and aredistinct,oneobtains

(3.5)

This equationis the algebraicexpressiorof the epipolar constaint, andthe matrix

(3.6)

de nesthe fundamentamatrixor matrixof and . From(3.5)and(3.6)it
canbe seenthattheimage on  of apointwith correspondingmage on

will satisfy where is aline given by , denotedepipolar line.
This con gurationis symmetric,i.e., thereis anepipolarline on which
thepoint lies. A geometricinterpretationof the epipolarconstraintcanbe seen
in gure 3.1. Theright andleft null spacef , denotedas and :

respectrely, aregivenby

(3.7)

(3.8)

The homogeneousectors and aredenotedright andleft epipoles andthey
representheimageof the optical centreof eachcameraasseenfrom the other(see
gure 3.1). Thepoints andthe optical centresof and de ne anepipolar

plane

Degreesof Freedomof . A generic matrix hasnine degreesof freedom

(dof), onefor eachof its entries. Thefundamentammatrix, however, is de ned only
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X

P P’
Figure 3.1. The epipoles and correspond to the images of the optical centres and

, respectively. The point on camera  corresponding to on camera must lie on
the epipolarline . Thepoints , and dene the epipolarplane .

up to a scalefactor sinceif a matrix satis esthe epipolarconstraintfor point
correspondencdsetweenimagesoncameras and ,sodoes ,forary
Thereforejt canbeimposedhat , Where indicatesary matrixnorm,
e.g.,Frobeniusmormor -norm[58]. Moreover, since correspondso theproduct
of aranktwo matrix anda nonsingulamatrix, ascanbe seenin (3.6),

Thesetwo constraintseducethenumberof dof of  to seven.

3.1.2 PlanePlus Parallax Representation

It hasbeershaw [63] thatthefundamentainatrixrelatingany two camerass invari-

antto theapplicationof acommonprojectvetransformatiorio theworld coordinate
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systemj.e.,thefundamentamatrix ~ associatedvith the pair of cameras and
is the sameasthe oneassociatedvith the cameras and

for any full-rank matrix . Thiscanbeeasilychecledby substituting  and

in (3.6)
(3.9)
andsubstitutingtheidentity (whereit is assumedhat )
(3.10)
in (3.9),whichthenbecomes
(3.11)
By choosing , thematrices  and become and
, or, denoting by andusing(3.8), . Inthis

notationthe expressiorof thefundamentamatrixis simpli ed to

(3.12)
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Obsenrethatif thematrix  in (3.12)is substitutedy any matrix

(3.13)

theresultingfundamentamatrix is thesamg63]. However, since and arefull

row rank,choosing ensureghat is nonsingular
Let now be the homogeneousepresentatiof a given plane
suchthat

(3.14)

Onecanverify thatthis conditionenforcesthe optical centresof and not
tolieon . Letnow betheimageof apoint lying on . The optical ray
associateavith andthecamera  canbe parameteriseds ,
where isthefree parameterHowever, for agiven , mustlie on
or , andtherefore, . Projecting on the camera

oneobtainsapoint givenby

(3.15)

if in(3.13)ischosenas . Thecondition(3.14)preventsthematrix  from
being singular and thereforethe imagesof pointslying on  arerelatedby the
invertiblemap , hencefortidenotedglaneinducechomaraphy[100, 102]. Note
thatif no referencas madeto the fundamentalmatrix in the derivation of (3.15),

the conditionof distinctopticalcentrescould be droppedge.g.,the cameragelated
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by arotationabouttheir commonoptical centre.

Still assumingdistinct optical centresthe vector canbe seento correspond
to the vectorialrepresentatiof the Cartesiancoordinatesof the direction of the
translatiofrom  to  inthecoordinatesystenof  (thetranslatiorfrom
to in thecoordinatesystenmof is givenby ). Thus,thefundamentamatrix
is determinedy anarbitraryplaneinducedhomographyandtherelative translation
betweerthe camerasThisis the basisof the planeplus parallax approactj29, 92,

2,78, 152 for analysinghe geometryof multicamerasystems.

3.1.3 The EssentialMatrix

Assumenow thatthecameras and havetheform indicatedin (2.21),i.e.,

(3.16)

(3.17)

Substituting(3.16)and(3.17)into (3.6),oneobtains[102]

(3.18)

Multiplying (3.18)on theleft by andontheright by resultsin amatrix

denotedessentiamatrixor matrix[96], givenby

(3.19)

(3.20)
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Obsene thatthe essentiamatrix dependonly on therelative motion betweerthe
two cameras: and arethe translationandrotationof  with

respecto |, respectiely.

Degreesof Freedomof . Analogouslyto the fundamentamatrix, the essential
matrix is de ned only up to a scalefactorandits determinanis zero. However,

for the decompositiorgivenby (3.20)to be possible two further constraintamust
beimposed[76], and,asaresult,thematrix hasonly ve dof This factcanbe

exploitedin self-calibrationalgorithms,aswill beshowvn in chapters.

3.1.4 Computation of the Fundamental Matrix

Giventwo setsof imagesof the 3D points , Obtainedfrom the
cameras and ,denotechs and |, respectrely, eachcorrespondence
provides,whensubstitutedn (3.5),oneequationonthe entriesof . If enough(at
leastseven)of suchequationsareavailable,a systemof equationsanbe solvedfor
. Differentmethoddor solvingtheseequationswill producedifferentalgorithms

to computethe fundamentamatrix.

Analytical Methods. Denoting asthevectorbuilt out of thematrix

by stackingits columns[104], the constraint canberewrittenas

(3.21)
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where indicatesthe Kronecler product. If sevencorrespondencesreavailable,

(3.21)canbeaugmento a systemof sevenlinearequationggivenby (with )

(3.22)

Let and beary two linearlyindependentectorsin thenull spaceof . There-
fore, any solutionof (3.22)canbe expresseds . Substituting
thegenerakolutioninto the constraint , oneobtainsathird degreepoly-
nomialon thatwill have, in general,threesolutions,eachcorrespondingo a

differentfundamentamatrix [63, 164.

For noise-freedatathe rank of  will be seven even for . However,
the detectionof imagefeaturesis not a perfectprocess. Thereare a numberof
algorithmsfor featuredetection,whetherthe featuresare points or corners[60,
59, 139], edges[107, 16, 17, 38], contours[83, 26, 36, 21, 12] etc. In the case
of cornersthe effect of noiseis modelledby consideringthatthe true position of
the pointsis disturbedby an additive error with Gaussiardistribution. Denoting
the singularvaluedecompositior{svd) of as , With

, the least-squaresolution of (3.22) becomes . However,
the fundamentalmatrix ~ suchthat doesnot necessarilyful Il the
criteria . To obtaina matrix  that satis esthis constraint,one can
computethe singularvalue decompositiorof , obtaining , and
make , Where isobtainedfrom by zeroingthelastelement

in thediagonalof
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A commonfeatureto analyticalmethodss thatthey minimisealgebraic error
[100, 68], which is an error measurethat doesnot have a geometricor physical
interpretationUndertheassumptiorf isotropicandhomogeneou&aussiamoise,
bestsolutionscanbe achiezed by minimising the geometricerror [100, 68, 164],
which correspondso the averageof the Euclideandistancebetweeneachpoint

andtheepipolarline ,asshavnin gure 3.2.

Figure 3.2. For each point correspondence the epipolar lines and
can be computed. The square of the geometric error for the pair is then given by
, and the average geometric error will be —

Iterati ve Methods. In orderto minimisethe geometricerrorwhenestimatingthe
epipolargeometry it is necessaryo make useof iterative proceduressincethis
formulation doesnot allow for an analyticalsolutionto the problem. Giventhe
pair of correspondingpoints anda fundamentamatrix , let

and be the associateepipolarlines. Thus,the

squareof the geometricerrorof this con gurationwill begivenby [102, 164

(3.23)
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If  correspondencemreavailable,the averagegeometricerror for the con gura-

tionwill be

— (3.24)

Theproblemisthento nd a , ranktwo matrix thatminimisesthecostfunc-

tion (3.24). This canbe achiezed by using standarchumericalmethodg99, 126]

suchasNewton-Rhapsoror Levenbeg-Marquardtandan appropriatgparameteri
sationof thefundamentaimatrix. Themostnaturalparameterisationyhere
: , suffersfrom two problems: rst it is notminimal, i.e., it involves

moreparametershanthenumberof dof of ; secondijt doesnotensurehecondi-

tion . Two otherpossibilitieswerediscussedn [102]:

(3.25)

and

(3.26)

Both parameterisatiorsrenot minimal, sincethey involve eightparametersMore-
over, they arealsonotgeneralfor they cannotrepresenton gurationsin whichthe
epipolesareatin nity . As will beshown in section3.2, this animportantparticu-

lar caseof the epipolargeometry An alternatve parameterisatiors introducedin
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theappendixA, which, althoughnot generaljs minimal anddoesnot precludethe
epipolesrom beingatin nity . ThegradientandtheHessiarof in (3.24)for this
parameterisatioarealsogivenin theappendixA.

A thoroughevaluationof severalanalyticalanditerative methodgor estimating

the epipolargeometryfrom pointmatchesanbefoundin [45, 102,65, 164).

3.2 Afne Epipolar Geometry

For af ne camerasthe epipolargeometryhassomespecialproperties Theseprop-
ertiescanbederivedby usingdifferentapproachesuchasGrassman-Caylealge-
bra[46], directsubstitutionof theaf ne camera®ontothe expressiorfor the funda-
mentalmatrix[115], or projectve geometry{110]. Thelattermethodis morein the

spirit of thiswork, andthereforeit will bediscussedherein moredetail.

3.2.1 The Af ne Fundamental Matrix

Considertwo afne cameras and . Without loss of generality it canbe
imposedhat

(3.27)
If hasa differentformat, thereis an af ne transformatiorthat whenapplied

to bothcamerawill transform to theform of (3.27). As discussedn subsec-
tion 3.1.2,the fundamentamatrix ~ relatedto and is invariantto the

applicationof sucha transformation.Considemow the projectie transformation
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givenby

(3.28)

The transformation is a very particularprojective transformation.It doesnot
satisfycondition(2.15),andit canbe usedto producequasi-afne reconstructions
[67]. By applyingthis transformatiorto both and , theresultis anew pair

of matricesgivenby

(3.29)

where representsa possiblynonzerovalue. Substituting(3.29) in (3.12), one

obtains

(3.30)
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Thereforea naturalparameterisatiofor theaf ne fundamentamatrixis

(3.31)

where . Sincethe overall scalefactoris notimportant,the af ne
fundamentamatrix hasonly four dof. Therefore the parameterisatiom (3.31)is
not minimal, sinceit has ve parameterslt couldbe arguedthatto turn (3.31)into
aminimal parameterisationt would be enoughto make ary of the entries , , ,
or equalto one. However, theresultingparameterisatiowould not be general,
for it would preventthe x edparametefrom beingzero,whichis a perfectlyvalid

situation.A betteralternatve is to expresg(3.30)as

(3.32)
where , and . Theright andleft null
space®f are

(3.33)

(3.34)

Therefore, and arethe directionsof theright andleft epipoles,respecirely.
This parameterisatiois similar to theoneintroducedn [111], andit canbeshavn

that,if isthedistanceof anepipolarline to the origin of the coordinatesystermon
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theright image,the distanceof the correspondingpipolarline to the origin of the
coordinatesystemontheleft imageis . Thus,the parameterisatioshovn in
(3.32)is minimal, generalandit allows for ageometricnterpretatiorof eachone

of theparameters, , and .

3.3 Epipolar Geometry and Smooth Surfaces

A detailedexposition of estimationof epipolargeometryfrom imagesof smooth
surfacesis givenin the chapter4. This sectionconsidersonly somebackground
materialandresultsrelatedto the af ne epipolargeometryof smoothsurfaces.
Considera surface of type , asde ned in section1.2.1, viewed by two
pinholecameras and . The following de nitions are presentedas a quick

review [28]:

a contour genemtor associatedvith the surface andthe camera cor
responddo the spacecurve suchthat for all points theline

passinghroughtheopticalcentreof and istangento at ;

theimageof the contourgeneratoassociateavith thecamera isaprole

or appaientcontour,

if two contourgeneratorsassociateavith the surface andthe cameras

and intersectthepointsof intersectioraredenotedrontier points

theepipolarplane de ned by the opticalcentersf thetwo cameras and

andanassociatedrontierpoint  istangento thesurface at ;

the epipolarlines correspondindo the epipolarplane aretangentto their

associateghro les andarecalledepipolartangents
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The tangentpoints of associateapipolartangenciecorrespondo the imagesof
the samepoint on the surface , namely the frontier point. The above de nitions
areillustratedin gure 3.3. The key obsenation aboutthe epipolargeometryof

cameraviewing smoothsurfaceds thefollowing property[125, 2§:

Property 1 Epipolarlinestangentto thepro le in oneimage correspondo epipo-

lar linestangentto thepro le attheotherimage.

frontier point

contour generator

epipolar tangency

apparent contour

epipolar plane

camera center

epipole

Figure 3.3. The frontier pointis a x ed point on the surface, corresponding to the intersection
of two contour generators. The epipolar lines corresponding to the frontier point are tangent
to the pro les . Images courtesy of Kwan-Yee Kenneth Wong.

Theproblemin estimatingthe epipolargeometryfrom pro les liesin thedif culty

of establishingmagecorrespondence® be usedin the computationof the cost
function (3.24). The solution comesfrom property1: the geometricerror to be
minimisedwill bethedistancebetweerepipolarlinesandtheclosestangenipoints

onthepro les [25, 24, 28], asshovn in gure 3.4.
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(b)

Figure 3.4. Geometric error for corresponding epipolar tangencies. The dashed line on each
image is the epipolar line corresponding to the solid epipolar line on the other image. The
distance between the dashed lines and the tangency point on the solid line is the geometric
error to be used in the minimisation of (3.24).

The direct applicationof this method,however, is not practical. First, seven
epipolartangenciesnustbeavailable,whichis only possiblevhentheobjectbeing
viewed hasa very rich geometry Secondunlesstheinitialisation of parameter
the optimisationprocesss madevery closeto the true solution, the algorithmwiill
bepoisedto gettrappedn alocalminima. An exampleof this situationis shovnin

gure 3.5.

3.3.1 Afne Epipolar Geometry of SmoothSurfaces

Whenan af ne approximationcanbe made,the applicationof propertyl canbe
greatlysimpli ed [111]. Insteadof searchingor the full setof parameter®f the
fundamentamatrix, onecaninitialise and atarbitraryvalues.Then,epipolar
linestangentto the pro les attheseanglescanbeeasilyobtained.Let and be
two suchlines,andlet and bethecorrespondingpipolarlines at the second

image. The distancedrom theselinesto the origins of the respectre imagecoor
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Figure 3.5. Result of a direct search for epipolar tangencies satisfying property 1. Although
there is no ground truth available, a qualitative analysis shows that the solution found
corresponds to a local minima: since the camera motion is roughly planar, one of the
epipolar lines should be nearly parallel to the horizon [4], which does not happen. Images
courtesy of Roberto Cipolla.

Figure 3.6. Estimation of epipolar geometry from pro les under af ne approximation. The
epipolar lines are parallel to the horizon, as expected from planar motion (compare with
gure 3.5), and therefore the result is qualitatively correct.

dinatesystemsanbecomputedas and , . Finally, the solutionof the
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systemof equations

(3.35)

givesthe parameters and . Theremainingtangentlines canbe usedto com-
putea costfunctionsimilarto (3.24). Theminimumnumberof epipolartangencies
necessaro solvetheproblemis now four, amorerealistic gure. Moreover, thedi-
mensiorof thesearchspacenasbeenreducedo two. Thisprocedures summarised

in algorithm3.1,andexperimentaresultsareshavnin gure 3.6.

Algorithm 3.1 Estimationof theaf ne epipolargeometryfrom pro les.
initialiseangles and in (3.32);
while not corvergeddo
nd tangentgo thepro les attheangles and ;
selectary two tangents and atthe rst imagecorrespondingo tangents
and atthesecondmage;
computethe distances and from the linesto the origins of the
respectre imagecoordinatesystems;
solve theequationg3.35);
update and tominimise(3.24)for theremainingepipolarlines;
endwhile

3.4 Geometryof Multiple Cameras

Thefundamentamatrix is the specialisatiorior two views of generaimulticamea
tensos [64, 45, 71], which arealgebraicexpressiongor the constraintghe match-
ing of featuresalongimagesimposeson the projectie basisof the sceneandthe
cameras. Besidesthe fundamentalmatrix, the bestknown of thesemulticamera

tensorsarethe trifocal tensor[136, 137, 64, 66, 45, 46,47, 18] andthe quadfocal
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tensor[45,19,71,138§. It hasbeenshown in [45] thatthequadrilinearelationsare
linear combinationsof the bilinear ones(expressedy the fundamentamatrices)
andthe trilinear ones(expressedy the trifocal tensor),andthat ary highermul-
tilinear relationcanbe obtainedfrom the bilinear, trilinear and quadrilinearones.
This sectionwill brie y review someaspect®f thetrifocal tensorandgenericmul-

tilinear relations.

3.4.1 Trifocal Tensors

This sectionmakesextensve useof the Einsteinnotationfor tensord39] andde -

nitionsintroducedn [66]. Thematrix givenby

(3.36)

can be written as , Wherethe subscriptis the index of the column, and
the superscripis theindex of therow. Therefore, represents row vectorand
represents columnvector In general, represents tensorof degree

. Finally, any equationof the type is shortenedo :

following the Einsteinsummatiorconvention.

Considerthe projectve cameras : and , and
let , and bethehomogeneoueepresentationf theimages
at , and ofaline inspace.Thereforetheplanes ,
and intersectat . Thisconditioncanbe usedto derive the expression

(3.37)
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where

(3.38)

de nesthetrifocal tensor[136, 66]. Letnov , and betheimagesof apoint
in 3D spaceeachonetaken from the camerawith correspondinguperscrip{see

gure 3.7). Then,

(3.39)

Thetrifocal tensoris a tensorthatplaysfor triplets of cameraghe same
role thatthe fundamentamatrix playsfor stereosystems.Obsenre that (3.37)and
(3.39) arelinear equationan the entriesof the tensorthat canbe usedto transfer
pointsandlinesmatchedn apair of viewsto athird one.Since(3.37)is anequality
in homogeneousoordinatesit providesthreeequationsn theentriesof  , two of

which arelinearly independentAnalogously (3.39) providesnine equationsn the

entriesof  , four of which arelinearly independenf66]. The generalexpression

of thetrilinear constmaintis

(3.40)

Parameterisation of the Trif ocal Tensor Therearetwenty-s&enentriesin the
trifocal tensor However, theseentriesarenotindependentConsidetthreearbitrary
cameramatrices,which, togetherhold dof. Thetrifocal tensordoes
not dependon the underlyingprojectve frame,i.e., the sametrifocal tensorcanbe

obtainedby transformingthe camerasccordingio anarbitraryprojective transfor
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mation , which has fteen dof. Thus,thetrifocal tensorhas dof.
Thetwenty-s@enentriesof thetrifocal tensorarerelatedthrougha setof nonlinear

constraintghathave beenthoroughlyinvestigated46, 47, 18].

Minimal parameterisationsf thetrifocal tensorhasbeengivenin [148,91, 47].
Theparameterisatioim [148]is givenin termsof theinvariantsof six pointsin three
views[127, 162, andit doesnot describean explicit functionthatmapsary given
eighteemumbersnto a trifocal tensor This dif culty is overcomein [47], where
thetrifocal tensoris explicitly describedn termsof eighteerparametersHowever,
a simpler parameterisatiocan be obtained,in which it is not necessaryo solve
ary polynomialequatiornto obtainthetensor thereforeavoiding multiple solutions.

Considerthetransformation  givenby

(3.41)

where : . Applying this transformatiorto the cameramatrices

, and ,theformof is preseredfor whicheservaluesof , and are

usedwhich canthenbechosersuchthat

(3.42)

Now thereis noremainingdegreeof freedomin , but theoverallscaleof  can
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still besetsothat

(3.43)

Using (3.38)to compute  oneobtainsan explicit minimal parameterisatioof

thetrifocal tensor:

(3.44)

where . The parameterisatiomliscussedn [47] is not general,sincethe
entry 111 of the tensoris arbitrarily madeequalto one, which may not always
be possible,althoughthe conditionsunderwhich this situationis veri ed are not
known. Theparameterisatiogivenin (3.44)is alsonotgeneralin orderto make
and asshowvnin (3.42)and(3.43),theleft epipolesof thefundamentamatrices
obtainedrom and andfrom and musthave -coordinatedifferentfrom
zero.However, thisis a conditionwhosevalidity canbeveri ed in advance andan

alternatve parameterisationanbe employed shouldit be founduntrue.

Computation of the Trif ocal Tensor Given tripletsof pointsand  triplets
of linesmatchedn threeviews suchthat , (3.37)and(3.39)can
be usedto computethe entriesof the trifocal tensorby a linear algorithm [66],
albeitthe solutionwill not satisfythe eightnonlinearconstraintslescribedn [18].

However, usingthe parameterisatiom (3.44)it is possibleto recorer matrices
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Figure 3.7. Geometric representation of the trilinear constraint.

and asin (3.42)and(3.43)by solvinganoverconstrainedetof linearequations.
This is anotheradvantageof using (3.44) over the parameterisationlescribedn
[47], which demandgheiterative solutionof a nonlinearsetof equationgo obtain
the cameramatricesandsimultaneouslymposethe necessargonstraintover the

entriesof thetensorcomputedrom thelinearalgorithm.
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Torecoverthematrices and , onemust rst solvethelinearsystem

(3.45)
where is thescalefactorof thetensor Then, canbecomputedas

(3.46)
The remainingparameterare , Which canbe obtainedasthe least
squaresolutionof

(3.47)

Oncethematrices and arefound,aniterative procedureanbeusedto re ne
the eighteenparametersn (3.44)in orderto minimise the geometricerrorin the

transferof pointsandlines.
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Af ne Trifocal Tensor In the afne case(seesection2.3.2),the trifocal tensor
musthold dof, correspondingo the dof of threeafne
camerasminusthe twelve dof of a generalafne transformation. Therefore by
specialisinghecameras and to beafne, asimplerparameterisatioof the

trifocaltensor  canbeobtainedgivenby

(3.48)

(3.49)

(3.50)

Althoughin a differentform, this is the sameresultobtainedin [110, 46], but now

the parameterisatiors minimal, involving only twelve terms.

3.4.2 General Multilinear Relations

A naturalextensionof thetrifocal tensoris the quadfocaltensor[45, 19, 71, 138],
whichisa tensorencodinghegeometriaelationsbetweerfourimages.

By consideringhecameras , ,  asbeforeplusanewvw camera ,theentries
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of aquadfocakensor canbegivenby [71]

(3.51)

If the matrix is assumedo have the sameformatasthematrix  in (3.43),a
parameterisatioof the quadfocakensorwith only termscanbe
directly obtainedrom (3.51). Thisapproacltanbeeasilyextendedo parameterise

tensorsof any degree.

3.5 Conclusions

This chaptempresented summaryof epipolargeometryandmulticamerarelations.
It followed [164] in its approachto the introductionof the fundamentaimatrix,
anddiscussedlifferentparameterisationfor . It alsoaddressedomeproperties
of the essentiamatrix, which arefurther developedin chapters to producea self-
calibrationalgorithm.Sometechniquegor computingthefundamentamatrixwere

alsodiscussedh this chapter

The review of the fundamentamatrix wasthenspecialisedo af ne cameras,
anda novel parameterisatioof the af ne fundamentamatrix wasderived. This
was followed by a brief overvien of the connectionbetweenepipolargeometry
and smoothsurfaces,culminatingin the developmentof a practicalalgorithmfor
estimatingthe af ne epipolargeometryof a stereorig from pro les. Experiments

with real datawere performed,andthe resultswere comparedo thoseof a well-



54 CHAPTERS3. EPIPOLARGEOMETRY AND MULTICAMERA SYSTEMS

known method[24]. A qualitatve analysisdemonstratedhe validity of the nen
approach.

Thechaptemasclosedwith areview of geometryof multicamerasystemsboth
projectve andaf ne. This review focusedon the trifocal tensor for which a novel
minimal parameterisatiowasintroduced. This parameterisatiowasshavn to be
easily extendable providing minimal representationfor higherdegreemultiview

tensors.



Chapter 4

Epipolar Geometry from Pro les

Under Cir cular Motion

Mengo abroadto wonder]...] atthecircular motionsof the stars; andthey passby
themselvewithoutwondering

St. Augusting(354—430) Confessionsbook X.

4.1 Intr oduction

Methodsfor motionestimationand3D reconstructiorirom pointor line correspon-
dencesn a sequenc®f imageshave achiezed a high level of sophisticationwith
impressveresultg147,84, 50]. Neverthelessif correspondingointsarenotavail-
ablethe currenttechniquescannotbe applied. Thatis exactly the casewhenthe
scenebeingviewedis composeaf non-tecturedsmoothsurfacesandin this situa-
tion the dominantfeaturein theimageis the pro le or apparentontourof the sur

face[85]. Besidesgvenwhenpointcorrespondencesanbeestablishedthepro le

55
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still offersimportantcluesfor determiningboth motionandshape andthereforeit

shouldbeusedwheneaer available.

This chapteraddressethe problemof motion estimationandreconstructiorof
3D modelsfrom pro les of anobjectrotatingon aturntable obtainedfrom a x ed
camera.lts main contrikution is the developmentof a practicalandaccurateech-
niquefor solvingthis problemfrom pro les alone,whichis accurateenoughto al-
low thereconstructiorof theobject.No correspondendeetweermpointsor linesare
necessaryalthoughthe methodproposedtanbe equallyusedwhenthesefeatures
areavailable,without ary further adaptation.Symmetrypropertiesof the surface
of revolution sweptout by the rotatingobjectare exploited to obtainthe imageof
therotationaxisandthehomographyelatingepipolarlines,in arobustandelegant
way. Thesetogethemwith geometricconstraintsor imagesof rotatingobjects,are
thenusedto obtain rst the imageof the horizon, which is the projectionof the
planethat containsthe cameracentresandthenthe epipoles thusfully determin-
ing theepipolargeometryof thesequencef images.Theestimationof theepipolar
geometryby this sequentiabpproach(imageof rotation axis— homography—
imageof the horizon— epipoles)avoids mary of the problemsusually foundin
otheralgorithmsfor motionrecovery from pro les. In particular the searchor the
epipoles,by far the mostcritical step,is carriedout asa simple one-dimensional
optimisationproblem.Theinitialisation of the parameterss trivial andcompletely
automatidor all stage®f thealgorithm. After the estimationof theepipolargeom-
etry, the Euclideanmotionis recoveredusingthe x edintrinsic parameter®f the
camerapbtainedeitherfrom a calibrationgrid or from self-calibratiorntechniques.
Finally, the spinningobjectis reconstructedrom its pro les, usingthe motion es-

timatedin the previous stage.Resultsfrom real dataare presenteddemonstrating
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theef ciency andusefulnes®f the proposednethod.

4.2 PreviousWorks and Bibliographic Review

The rst attemptgo approactiheproblemof motionestimatiorfrom apparenton-
toursdatebackto Rieger, in 1986[128], who introducedthe conceptof frontier
point, interpretedas “centersof spin” [sic] of theimagemotion. That paperdealt
with the caseof frontoparallelorthographicprojection,which is a ratherrestric-
tive situation. This ideawasfurther developedby Porrill and Pollard[125], who
recognisedhe frontier pointasa x ed point on the surface,correspondingdo the
intersectiorof two consecutie contourgenerator$27] (seesection3.3). The con-
nectionbetweenthe epipolargeometryandthe frontier points was establishedn

[56], andanalgorithmfor motion estimationfrom pro les wasintroducedin [25].

Relatedworksalsoinclude[6], whereatechniquebasedon registeringthe images
usinga planarcurve was rst developed. This methodwasimplementedn [33],

which also shaved resultsof reconstructiorfrom the estimatedmotion. In [111]

the algorithm presentedn [25] was specialisedo the afne case. The work in

[79] presentsa methodwherethe af ne approximations usedto bootstraphe full

projectve case.

Initial stepstowardsa solutionfor the problemof reconstructiorfrom appar
entcontourswith known cameramotionweregivenby Barrov and Tenenbaumin
1981[7], wherea techniqueto computesurfacenormalswasintroduced. Koen-
derink [85, 87] establishedelationsbetweenthe differential geometryof a sur
faceandthe differentialgeometryof its pro les. This work wasextendedin [55],
wherealgorithmsfor computingthe curvatureof a surfacefrom its pro les were

developedandimplementedor orthographigorojection. In [158] a reconstruction
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methodbasedon parameterisinghe surfaceby radial curveswasdeveloped.Bet-
terresultscanbe achievedby usinganepipolarparameterisationtogethemwith an
interpolationusingthe osculatingcircle, asintroducedn [27]. Furtherre nements
wereobtainedin [14, 146], anda simpletechniquewvasdevelopedin [161], based
on a nite-dif ferenceimplementationof [27]. Despiteits simplicity, the method
developedin [161] rendersresultscomparablgo thosein [14] and[27], andwas

thereforethetechniqueusedhere.

This work makesuseof symmetrypropertieg165, 95, 167, 37] of the surface
of revolution sweptout by therotatingobjectto overcomethe maindif culties and
dravbackspresentin other methodsthat have attemptedo estimatemotion from
pro les, namely: the needfor a very goodinitialisationfor the epipolargeometry
andanunrealisticdemandor alargenumberof epipolartangencied25, 6, 5] (here
asfew astwo epipolartangenciesare needed) restrictionto linear motion [130]
(whereascircular motion is a more practicalsituation),or the useof anafne ap-
proximation[111,161] (which maybeusedonly for shallov scenessection3.3.1).
After obtainingthe motion, the reconstructiorcan be achieved by a simpletech-
nique[161], basedon the epipolarparameterisatiof27], which extendsthe com-

montriangulationmethodsrom pointsto pro les.

An interestingcomparisorcanbe madebetweenthe work presentedhereand
[50]. Both paperstackle the sameproblem,but while in [50] hundredsof points
weretracked andmatchedfor eachpair of adjacenimages,it will be shavn here
thata solutioncanbe obtainedeven whenonly two epipolartangenciesre avail-

able,with atleastcomparableesults.

This chapterbegins by describinga methodto obtaintheimageof therotation

axisandthecoordinate®f aspecialvanishingpoint,usedn theparameterisatioaf
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thefundamentaimatrix undercircularmotion,from symmetrypropertief thepro-
le of thesurfaceof revolution sweptoutby anobjectplacedonaturntable.These
provide the homographycomponentf thefundamentamatrixin a planepluspar
allax representationThe epipolarconstraintis thenusedto estimatethe epipoles
for eachpair of imagesn thesequenceTheseepipolesshouldbe collinear andthe
line containingthemcorrespondso the horizon. Dueto noise,this alignmentwill
notbeveri ed, andalineis robustly tted to thecloudof epipolego provideanesti-
matefor thehorizon.Oncethis estimatds available,theepipolarconstrainis again
employedto recomputehe epipoleswvith aminimal parameterisatioapecialisedo
circularmotion[159]. Theepipolesarenow constrainedo lie onthehorizon,pro-
viding anaccuratesstimatefor the epipolargeometryof eachpair of imagesn the
sequencelntrinsic parameterseithercomputedrom a self-calibrationalgorithm
or precomputedy ary standardcalibrationtechnique canthenbe usedtogether

with thefundamentamatriceso determinghe cameramotion.

Section4.3 reviews the symmetrypropertiesexhibited by the imageof a sur
faceof revolution summarisedn theform of the harmonichomola@y. Section4.4
establishegherelationshipbetweerthis transformatiorandthe epipolargeometry
andalso presentswo useful parameterisationsf the fundamentamatrix. These
parameterisationallow the estimationof the epipolesto be carriedout asinde-
pendenbne-dimensionaearchesavoiding local minimaandgreatlyreducingthe
computationatompleity of the estimation.Section4.5 presentghe algorithmfor
motion recovery, andthe implementationof the algorithmfor real datais shovn
in section4.6, which alsomakescomparisonsvith previousworks. Experimental

resultsusingthe estimatednotionfor reconstructiorareshovn in Sectior4.7.
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4.3 Symmetry in the Image of a Surface of Revolu-
tion

An objectrotatingabouta x edaxissweepouta surfaceof revolution [54]. Sym-
metry propertiesof theimageof this surfaceof revolution canbe exploitedto esti-
matethe parametersf the motionof theobjectin a simpleandelegantway, aswill

beshownn next. In thede nitions thatfollow, pointsandlineswill bereferredto by

theirrepresentatioasvectorsin homogeneousoordinatesasusual.

A 2D homographythat keepsthe pencil of linesthrougha point andthe set
of pointsonaline x edis calleda perspectivecollineationwith centre andaxis
. A homolayy is a perspectie collineationwhosecentreandaxis arenot incident
(otherwiseheperspectie collineationis calledanelation). Let beapointmapped
by ahomologyontoapoint . It is easyto shav thatthecentreof thehomology
andthepoints and arecollinear Let betheline passinghroughthesepoints,
and betheintersectiorof andtheaxis . If and areharmonicconjugates
with respecto and , i.e., their cross-ratiois one,the homologyis saidto be
a harmonichomolay (seedetailsin [133, 30] andalso gure 4.1(a)). The matrix

representinga harmonichomologywith centre andaxis in homogeneous

coordinatess givenby
— (4.1)

The pro le of a surface of revolution exhibits a specialsymmetryproperty
which can be describedoy a harmonichomology[95]. The next theoremgives

aformal de nition for this property:
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Theorem 1 Thepro le of a surfaceof revolution viewedby a pinhole camen
is invariant to the harmonichomolayy with axis givenby theimage of therotation
axisof thesurfaceof revolutionandcentie givenby theimage of thepointatin nity

in a directionorthogonalto a planethat containsthe rotationaxisandthe camegn

cente.

Thefollowing lemmawill beusedin the proof of theoreml.

Lemmal Let be a harmonichomolay with axis and cente
ontheplane , andlet be a bijective 2D homaraphybetweerthe
planes and . Then,thetransformation is a harmonic
homolay with axis andcente
Proof: Since is bijective, exists. Then

— (4.2)
since

Thefollowing corollaryis atrivial consequencef lemmal.:
Corollary 1 Let , , , and bedenedasinlemmal. Thetransformation

is an isomorphismbetweenthe structures and , 1.6, ,

An importantconsequencef lemmal andcorollary 1 is thatif a setof points

e.g.,thepro le of asurfaceof revolution,is invariantto aharmonichomologyT, the
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set obtainedby transforming by a 2D projective transformation is invariant
to theharmonichomology

Without loss of generalityassumethat the axis of rotation of the surface of
revolution is coincidentwith the -axisof aright-handedrthogonalcoordinate
system.Consideringa particularcaseof theoreml in which the pinholecamera
is givenby , Where , for ary , Symmetryconsiderations
shaw thatthepro le of will bebilaterallysymmetriowith respecto theimageof
the -axis[116,113, whichcorrespondto theline in (homogeneous)

imagecoordinates.

Proof of theorem 1 (particular case): Since is bilaterally symmetricabout ,
thereis atransformation thatmapseachpointof ontoits symmetriccounterpatrt,

givenby

(4.3)

However, asary bilateralsymmetrytransformation, isalsoaharmonichomology

with axis andcentre , since

— (4.4)

The transformation mapsthe set ontoitself (althoughthe pointsof arenot
mappedontothemselesby , but ontotheir symmetriccounterparts)andthus
is invariantto theharmonichomology . Sincethecameracentreliesonthe -axis

of the coordinatesystem the planethat containsthe cameracentreandthe axis of
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rotationis in factthe -plane,andthe pointatin nity orthogonalto this planeis

, whoseimageis

Let beanarbitrarypinholecamera.Thecamera canbe obtainedby rotating
aboutits optical centreby a rotation  andtransformingthe imagecoordinate

systemof by introducingtheintrinsic parametersepresentetyy the calibration

matrix . Let . Thus, , andthepoint  in spacewith image
in  will projectto apoint in . Analogouslytheline in  will
correspondo a line in . It is now possibleto derive the proof of

theoreml in thegenerakase.

Proof of theorem 1 (generalcase): Let bethepro le of thesurfaceof revolution

obtainedfrom the camera . Thus,the imageof the bijection  actingon the

prole is (or ), and,usinglemmal, thetransformation
is a harmonichomologywith centre andaxis . Moreover,
from Corollary1, , or . Fromthe particularcaseof the

theoreml it is known thatthepro le  will beinvariantto the harmonichomology

, SO

Whenthe camerais pointing directly towardsthe axis of rotation, the trans-
formationthatmaps ontoits symmetriccounterpartvill be reducedo a skewed
symmetry[81, 114, 20], which correspondgo a particularcaseof the harmonic

homologyin whichthepoleis atin nity . It is givenby

(4.5)
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(@) (b) (c)

Figure 4.1. (a) Prole of a surface of revolution under general viewing conditions. The
symmetry of the pro le is represented by a harmonic homology de ned by the image of the
rotation axis and the pole. (b) When the camera is pointing towards the axis of rotation the
transformation reduces to a skewed symmetry, which is a particular case of the harmonic
homology with the pole at in nity. (c) If, additionally, the camera has zero skew and aspect
ratio one, the transformation becomes a bilateral symmetry, in which the lines of symmetry
are perpendicular to the image of the rotation axis.

where is theimageof therotationaxis,with
. Theangle givesthe orientationof the lines of symmetrywhich arethe
linesjoining eachpointto its skew-symmetriccounterpar(see gure 4.1(b)). The

transformation hasthreedof.

If the cameraalso haszero skew and aspectratio one, the transformationis

furtherreducedo abilateralsymmetry givenby

(4.6)

Thetransformatiomow hasonly two dof, sincethe lines of symmetryare orthog-
onalto . A graphicalrepresentationf the bilateralsymmetry, skewedsymmetry

andharmonichomologyis shovnin gure 4.1.
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4.4 Parameterisationsof the Fundamental Matrix

4.4.1 Fundamental Matrix under Cir cular Motion

The fundamentamatrix correspondingo a pair of cameragelatedby a rotation
arounda x ed axis hasa very specialparameterisationas shovn in [159, 50],
which canbe expressedxplicitly in termsof x edimagefeaturesundercircular
motion (image of rotation axis, pole and horizon, jointly holding 5 dof) andthe
relatve angleof rotation(1 dof). A simplerderivation of this resultwill be shovn
here.Moreover, a novel parameterisatiobasedn the harmonichomologywill be
introduced providing aconnectiorbetweerthegeometryof thecompletesequence
(harmonichomology)with the geometryof a single pair of images(fundamental
matrix).

Considerthepairof cameramatrices and , givenby

(4.7)

where

(4.8)

and

(4.9)
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for . Let bethefundamentamatrixrelating and . From(4.7),(4.8)

and(4.9),it is easyto seethat

(4.10)

Let and bethepointsatin nity inthe , and directionsrespectrely,
in world coordinates.Projectingthesepointsusingthe camera , we obtainthe

vanishingpoints and givenby

and (4.11)

Theimageof thehorizonistheline , andtheimageof therotationaxisis theline

, where

and (4.12)
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Substituting(4.11)and(4.12)into (4.10),the desiredoarameterisatiois obtained:

- (4.13)

Thefactor* " canbeeliminatedsincethefundamentamatrixis de ned only
upto anarbitraryscale.Assumenow thatthecameras and aretransformed
by arotation abouttheir optical centersandtheintroductionof a setof intrinsic
parametersepresentedby the calibrationmatrix . Thenew pair of cameras,

and ,isrelatedto and by

and
(4.14)
where . Thefundamentamatrix of thenew pairof cameras and
is givenby
- (4.15)
where , and . Sincethe fundamentamatrix is
de ned only up to a scalefactor (4.15)canberewritten as
- (4.16)
where . Thenotation wasusedin (4.16)to emphasis¢hat,for
agivencircularmotionsequencetheparameters , , and are x ed,andthe

fundamentamatricesassociatedvith any pair of camerasn the sequencaliffers
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only in thevalueof .

4.4.2 Parameterisationvia Planar Harmonic Homology

Theimagesof arotatingobjectarethesameastheimagesof a x edobjecttakenby
a cameraotatingaroundthe sameaxis, or by multiple cameraslongthatcircular
trajectory Considerary two suchcamerasdenotedby and . If and

point towardsthe axis of rotationand have zeroskew andaspectatio 1, their

epipoles and will besymmetricwith respecto theimageof therotationaxis,

or , accordingo gure 4.2.1n agenerakituation theepipoleswill simply
berelatedby the transformation . It is thenstraightforwardto shawv that
the correspondingpipolarlines and arerelatedby . Thismeans

thatthe pair of epipolescanbe representedavith only two parameter®nce is

known. From(4.1)it canbeseernthat  hasonly four dof.

axis of rotation—/—~

e ] €
camera center ‘A\ Image planm camera cente

Figure 4.2. If the cameras are pointing towards the axis of rotation and their skew is zero
and aspect ratio is 1, the epipoles and  are symmetric with respect to the image of the
rotation axis.
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It is possibleto express in (4.16)accordingto a planarplus parallaxrepre-
sentation(seesection3.1.2)suchthat , Where is any matrix that
mapsthe epipolarlines from oneimageto the other and is the epipolein the

secondmage.Fromthis discussiorandsectior4.3, it follows that

(4.17)
where,from (4.16), - . Therefore, hasonly six dof: four
to determine andtwoto x , in agreemenwith [159]. Notethatin the case

of skewedsymmetryandbilateralsymmetrythe dof of thefundamentamatrix will

bereducedo veandfourrespectiely, correspondingo thedecreasén thedof of
the symmetrytransformation A full accountof the dof of the fundamentamatrix
underdifferentcon gurationsis givenin table4.1.

From (4.17)it canbe seenthat the transformation  correspondg¢o a plane
inducedhomographyThis meanghattheregistrationof theimagescanbedoneby
using  insteadof a planarcontourasproposedn [6, 33]. It hasbeendiscussed
in section3.1.2thatdifferentchoicesof the planethatinducesthe homographyn
a planeplus parallaxparameterisatioof the fundamentamatrix, suchasthe one
in (4.17),will resultin differenthomographiesalthoughthey will all generateghe

samefundamentamatrix, since

(4.18)
Thethreeparametefamily of homographies parameteriseth hasa
one-to-onecorrespondenceith the setof planesin . The particularplanethat

inducegheplanarhomology is givenin thenext theorem:
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Theorem 2 Theplanar homolay W relatingthecameas and s induced
bytheplane thatcontainstheaxisof rotationandbisectshe sggmentoining the

optical centesof thecameas.

Proof: Theexistenceanduniquenessf satisfyingthe hypothesiof thetheorem

aretrivial. Let , , and . Without lossof

generalitylet

and

(4.19)

whereK is the matrix of intrinsic parameter®f and , R is therotationma-
trix relatingthe orientationof the coordinatesystemof  to theworld coordinate

systemand isarotationby aboutthe -axisof theworld coordinatesystem,

i.e.,

(4.20)
Therefore, , the point lieson . Pro-
jecting using and ,oneobtains and

. Since
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(4.21)

or , we have , or
. It canbeshavn [113] that and

, andthus

A graphicalrepresentationf theresultin theorem2 is shavn in gure 4.3.

Figure 4.3. The harmonic homology is a homography induced by the plane that contains
the axis of rotation and bisects the segment joining the camera centers.

4.5 Motion Estimation

Consideranobjectthatundegoesafull rotationarounda x edaxis. Theervelope
of its pro les is found by overlappingthe imagesof the sequencandapplying
a Canry edgedetector[17] to the resultantimage. This ernvelopecorrespondso

the imageof a surfaceof revolution, andthusit is harmonicallysymmetric. The
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Con guration | Parameterisationn dof |

Generalmotion

Circularmotion

Circularmotionwith camergpointingat axis of rota-
tion

Circularmotionwith camergpointingat axis of rota-
tion andhaving zeroskew andaspectratio 1
Circularmotionwith camergpointingat axis of rota-
tion andhaving zeroskew andno rotationaboutthe
opticalaxis

Puretranslation

Puretranslationorthogonato opticalaxis

Table 4.1. Analysis of the dof of the fundamental matrix for different types of motion with
x ed intrinsic parameters.

homography relatedto is thenfound by sampling points along and

optimisingthe costfunction

(4.22)
where is the orthogonaldistancebetweenthe curve andthe
transformedsamplepoint . Theestimationof  is summarised

in procedures.2.

The initialisation of theline andthe point canbe madevery closeto the

global minimum by automaticallylocatingoneor more pairsof correspondingdpi-

tangenton the ervelope. Giventwo bitangents and on thetwo
sidesof thepro le  with bitangentpoints and , respectrely (see g-

ure 4.4), the intersectionof the two bitangenty ) andthe inter-
sectionof the diagonals( ) give two pointsde ning a line that

canbeusedasanestimateof . An estimatefor thevanishingpoint is givenby
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the point of intersectiorof thelines and . Theinitialisation of
and from bitangentoftenprovidesanexcellentinitial guesdor theoptimisation
problem. This is generallygood enoughto avoid ary local minimum and allows

convergenceto theglobalminimumin a smallnumberof iterations.

Figure 4.4. Initialisation of the optimisation parameters  and from the bitangents and
lines formed by bitangent points.

Procedure 4.2 Get _Homology : Estimationof the harmonichomology
overlaptheimagesn thesequence;
extracttheervelope of thepro les usinga Canry edgedetector;
sample points along ;
initialise theaxisof symmetry andthevanishingpoint usingbitangents;
while not corvergeddo
computethe points ;
computethedistancedvetween and using(4.22);
update and to minimise(4.22);
endwhile

After obtaininga goodestimateof , onecanthensearchfor epipolar tan-
genciesbetweenpairsof imagesin the sequenceisingthe parameterisatiogiven
by (4.17). To obtaina pair of correspondingpipolartangentsn two imagesit is
necessaryo nd aline tangento onepro le thatis transformedy toaline

tangento thepro le in theotherimage(see gure 4.5). Thesearchfor correspond-
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Figure 4.5. The line  tangent to the bottom of the pro le in the rst image is transferred
to the line  in the second image by the harmonic homology. A line parallelto and

tangent to the bottom of the pro le is located and the distance between and  drives
the search for the orientation of , which upon convergence will correspond to an epipolar
tangent. An epipolar tangent at the top of the pro le is obtained in the same way.

ing tangentamay be carriedout asa one-dimensionabptimisationproblem. The
singleparameters theangle thatde nesthe orientationof the epipolarline in

the rst image,andthe costfunctionis givenby

(4.23)
wherethefunction givesthedistanceébetweerthetransferred
line andaline parallelto andtangento thepro le in thesecond
image. Typical valuesof lie between-0.5rad and 0.5 rad, or and

The shapeof the costfunction (4.23)for the pro les in gure 4.5 canbe seenin

gure 4.6.

The epipolescanthenbe computedasthe intersectionof epipolarlinesin the
sameimage. After obtainingthis rst estimatefor the epipoles,the imageof the
horizoncanthenbefoundby robustly tting aline to theinitial setof epipoles,

suchthat . Figure4.10shaows a typical outputof proceduret.3, together
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Figure 4.6. Plot of the cost function (4.23) for corresponding epipolar tangents near the top
(a) and bottom (b) of the pro les in gure 4.5.

Procedure 4.3Get _Horizon : Estimationof thehorizon.
extractthepro les of theimagesusinga Canry edgedetector;

t B-splinesto thetop andthebottomof thepro les;
for eachselectedair of imagesdo
for top andbottomof pro les do
initialise theangle de ning the orientationof the epipolarline at the rst
image;
while not corvergeddo
nd (seegure 4.5);
computetheline ;
nd theline (seegure 4.5);
computethedistancebetween and using(4.23);
update to minimise(4.23);
endwhile
endfor
computeepipolesby intesectingepipolarlines tangentto the top andbottom
of thepro les in eachimage,;
endfor
t thehorizon tothecloudof epipoles.

with thehorizon tted totheepipoles.

An alternatve methodto computethe epipolesis to registerthe pro les using

thehomology |, eliminatingthe effectsof rotationon theimagesandthenapply
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ary of themethodsn [6, 130, 33], in a planeplus parallaxapproach However, no
advantagehasbeenobtainedby doing so, sinceto usethis methodit is necessary
to nd acommontangentbetweeriwo pro les, whichinvolvesa searchat leastas

complec astheonein proceduret.3.

4.5.1 Estimation of the EpipolesConstrainedto the Horizon

After estimatingthe horizon,the only missingtermin the parameterisatioof the

fundamentamatrix showvn in (4.16)is the scalefactor

(4.24)

This parametercan be found, again,by a one-dimensionasearchthat minimizes
thegeometricerror of transferrecepipolarlinesasshavnin gure 4.7. Therefore,
two distinct parameterizationsf the fundamentatmatrix areused:(4.17)to obtain
the cloud of epipolesandthe horizon,and(4.16)to recomputehe positionof the

epipolesconstrainedo lie onthe horizon.

Procedure 4.4 Get _Epipoles : Estimationof the Epipoles.
for eachselectedair of imagesdo
initialise the scalefactor in (4.24);
while not corvergeddo
computea putatve fundamentamatrix using(4.16);
locateepipolartangentsatthetop andthe bottomof pro les in bothimages;
transferepipolartangentgrom the rst imageto thesecondheimageusing

computethe geometricerror asthe distancebetweenthe lines transferred
fromthe rst imageto theepipolartangencies thesecondmage,asshavn
in gure 4.7,
update to minimisethegeometricerror;
endwhile
endfor
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Figure 4.7. Once the horizon is computed, the location of the epipoles along this line can be
re ned by using (4.16). This gure shows the geometric error for transferred epipolar lines.
Theterms , and were obtained from procedure 4.2 and procedure 4.3. The solid
lines in each correspond to tangents to the pro le passing through the putative epipoles,
and the dashed lines correspond to lines transferred from one image to the other by applying
the harmonic homology . The sum of the distances between transferred lines and the
corresponding tangent points is the geometric error that drives the search for the scale
factor in (4.16). This scale factor was set to 100 in the gure, for better
visualisation.

The overal procedurefor estimatingthe epipolargeometryof a turntablese-

quencads shown in algorithm4.1.

Algorithm 4.1 Estimationof the EpipolarGeometry
estimateheharmonichomology  usingGet _Homology (seeproceduret.2);
estimatehehorizon usingGet _Horizon (seeproceduret.3);
estimateheepipolesusingGet _Epipoles (seeproceduret.4);
computethefundamentamatricesusing(4.17);

4.5.2 Limitations of the Algorithm

Therearesomelimitationson the applicability of the algorithmspresentedhere:



78 CHAPTER4. EPIPOLARGEOMETRY FROM PROFILESUNDER...

Density of the sequenceof images. If the numberof imagesin the sequence
is too small, or the angleof rotationbetweensuccessie snapshotss too large, the
envelopeof thepro les nolongerapproximateshepro le of asurfaceof revolution,
and,thereforeproceduret.2will fail to correctlyestimateheimageof therotation
axisandthepole. In practice,this problemdoesnot ariseif the anglesof rotation
in aclosedsequencarebelon . This problemcanbe overcomeby performing
a simultaneoussearchfor the harmonichomologyandthe rotationangles,at the
expensef increasinghenumberof searctparameterandthereforehecompleity

of theoptimisation.

Symmetry of the object. If theobjectplacedontheturntableis rotationallysym-
metricandits axis of symmetrycoincideswith the axisof rotationof theturntable,
procedure4.3 will fail. To understandhis problem,considerthe alternatve for-
mulationof procedure4.3 in which the epipolesare computedby rst registering
the imagesby usingthe harmonichomologyand then computingthe epipolesas
theintersectiorof commontangentgo thepro les. Underthe conditionsdescribed
above, the registrationof the pro les will not produceary effect, sincetheimage
of asurfaceof revolution with the samerotationaxisastheturntableis invariantto
the harmonichomology Moreover, the pro les will coincide,andarny tangentto
oneof thepro les will bea commontangento the pair of pro les. Thereforethe
positionof the epipolewill beundeterminedTo avoid this problemit is enoughto
repositionthesymmetricobjectovertheturntablesothatits symmetryaxisdoesnot
coincidearymorewith the turntableaxis. The furtherthe two axesare,the better
Of coursethe placementf the objectmustnot be sodistantfrom the centreof the
turntableasto remove it from the eld of view. In the experimentsshavn in this

paperusingavaseandaheadmodel,whicharenearlyrotationallysymmetricin the
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regionsof interest(the top andthe bottomof the objects),it wasveri ed thatthe

problemdisappears theaxesareseparatedby a distanceof about50 pixels.

4.6 Implementation and Experimental Results

- -

Figure 4.8. Top row shows four images of the vase. Bottom row shows four images of the
head model.

The algorithmsdescribedn the previous Sectionweretestedusingtwo setsof
imagesfrom avaseanda headmodel,respectrely (see gure 4.8). Both setscon-
sistedof 36imageswith theturntablerotatedoy anangleof betweersuccessie
snapshotsThefactthattheanglewas x edwasnotusedeitherin the estimationof
theepipolargeometrynorin thereconstructiorio beshavn in Sectior4.7. For the
vasesequenceghesymmetrytransformatiorassociateavith theervelopeof its pro-

les wasassumedb beaharmonichomology ,whereador theheadsequencéhe
transformatiorwasmodelledasa skewed symmetry . The choiceof the simpler
modelfor the headsequencevasmotivatedby the factthatthe cameravasnearly
pointingtowardstheaxisof theturntable andthereforethe skewedsymmetrytrans-
formationcouldbeused.Of coursetherewould have beenno problemin adopting

themorecomplex model. Toobtain  and , proceduret.2wasimplementedvith
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100 evenly spacedsamplepointsalong eachenvelope( ). Initialisations
weredoneby usingbitangentsLessthanl10iterationsof the Levenbeg-Marquardt
algorithmwerenecessarywith derivativescomputedy nite differencesThe nal

positionsof therotationaxescanbeseenn gure 4.9.

Figure 4.9. Overlap of the images of the vase (left) and of the head (right). The solid lines
are the envelopes of the pro les and dashed lines are estimates of the images of the rotation
axis in both sequences.

In the implementatiorof proceduret.3, seventy pairsof imageswereselected
by uniformly samplingtheindexesof theimagesn eachsequenceandtheresultant
estimateof the epipolesfor the vasesequencés shaovn in gure 4.10,which also
shownvsthehorizon foundbyarobustt totheepipoles.Toget aminimisationof
themedianof thesquare®f theresidualsvasusedfollowedby removal of outliers
and orthogonalleast-squaresegressionusing the remainingpoints (inliers). The
epipolargeometrywas then re-estimatedvith the epipolesconstrainedo lie on

. Oncethe epipolargeometrywas obtained,precomputedntrinsic parameters
were usedto corvert the fundamentalmatricesinto essentiaimatrices,andthese
werethendecomposetb provide the cameramotionandorientation. Theresulting
cameracon gurationsarepresentedn gure 4.11.

The objectwasrotatedon a manualturntablewith resolutionof , but the
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Figure 4.10. Epipoles estimated by procedure 4.3. The horizon was found by doing a robust
t to the cloud of epipoles. Inliers are shown as circles ( ) and outliers as crosses ( ).

real precisionachievedis highly dependenbn the skill of the operator The RMS
errorsin the estimatedangleswere and for thevaseandheadsequence

respectrely (see gure 4.12),demonstratinghe accurag of the estimation.
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Figure 4.11. Camera con gur ations for the vase (left) and head (right) sequences.
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It is interestingto comparethis resultwith the onesshown in [50, pg. 166] for
the “Head”, “Freiburg” and“Dinosaur” sequencesyherethe averagenumberof
pointmatchegperimagepairvariesfrom 137to 399,dependingn thesequencelt
shouldbestressedhatonly two epipolartangentsvereusedfor eachpair of images

in the experimentgresentedhn this paperwith comparableesults.
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Figure 4.12. Estimated angles of rotation between successive views for the vase (left) and
head (right) sequences, with RMS errors and , respectively.

4.7 Reconstructionfrom Image Pro les

Thealgorithmfor motion estimationintroducedherecanbe usedevenwhenpoint

correspondencesmnbeestablishedOntheotherhand methodsuchastheonesin
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Algorithm 4.2 Reconstructiorirom imagepro les.

for to do
sample points alongthepro le in image ;
for to do
computetheepipolarline atimage correspondingo thepoint

nd theintersection of theline with thepro le inimage ;
triangulatethepoints  and
endfor
endfor

[147], [50] and[84] cannotdealwith situationswvherepro les aretheonly available
featuredn the sceneandit is thereforenaturalto usethe motionrecoveredby the
technigueshown in this paperto performreconstructioirom pro les. To solvethis
problemunderknown motion, the main algorithmscanbe foundin [146, 158,27,
14,161]. Resultsreportedin [161] comparethe lastthree,andalthoughit slightly
favoursthe onein [14], the simplicity of the methodproposedn [161] justi es its
choicefor evaluatingthe accurag of the motionestimatechere.It shouldbe clear
however, that oncethe cameramotion is estimated,a numberof techniquesor
reconstructiorcould be used,suchasvoxel-carving[145, 89] or level-setmethods

[43].

4.7.1 Description of the Method

The algorithmfor reconstructiorfrom pro les introducedin [161] is basedon the
assumptiorthat, if the motionis small, the errorin triangulatingcorrespondences
in imagesof successie contourgeneratorsestablishedia the epipolarparameter
isation,will be negligible (see gure 4.13). This correspondso a nite-dif ference
approximationof the techniqueshown in [27]. A summaryof the procedureis

shavn in algorithm4.2.
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Epipolar plane

Figure 4.13. The correspondence between the points and is established via the
epipolar parameterisation. The result of the triangulation of and  is NOta point on the
surface, but if the motion is small, the error will be negligible.

4.7.2 Implementation and Experimental Results

B-splineswere tted to the left sidesof the pro les in the sequencesFrom top
to bottom, 18 points were sampledalong the splinesin the rst image (see g-

ure4.14(a)) from whichthecorrespondingpipolarlinesin thesecondmagewere
computedandthecorrespondingointswerethentriangulated Theintersectiorof
the epipolarlines with the pro le at the secondmageis shovn in gure 4.14(b).
Sincethe correspondingpoints satisfy the epipolarconstraintby constructionthe
triangulationwill beexact,i.e.,theraysassociateavith the pointsatthe rst image
will exactlyintersecthecorrespondingaysfrom thesecondmage.As pointedout
in [69], in this casethe choiceof triangulationmethodbecomesrrelevant,anda

simpleleast-squaresolutionwasadopted.Detailsof the 3D reconstructiorof the
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objectareshovnin gure 4.15and gure 4.16.

«IIIIII'IIIIIIIII‘

(a) (b)

Figure 4.14. (a) Points sampled at the rst image. (b) Corresponding epipolar lines at the
second image. The triangulation is carried out between a point in the rst image and the
intersection of its corresponding epipolar line and the pro le in the second image.

4.8 Summary and Conclusions

This chapterintroduceda novel techniquefor motion estimationfrom imagepro-

les. It doesnot make useof expensve searchproceduressuchasbundleadjust-
ment, althoughit naturally integratesdatafrom multiple images. The methodis
mathematicallysound,practicaland highly accurate.From the motion estimation
to themodelreconstructionno pointtrackingis requiredandit doesnotdependn
having point correspondencdseforehand.

The corvergenceto local minima, a critical issuein mostnon-linearoptimisa-
tion problems,is avoidedby a divide-and-conqueapproachthat keepsthe size of
the problemmanageableMoreover, a searchspacewith lower dimensiorresultsin
fewer iterationsbeforecorvergence.The quality of modelreconstructeds remark-
able,in particulanf oneconsiderghatonly theleastpossibleamountof information

hasbeenused.
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Figure 4.15. Details of the reconstruction of the vase. The left column shows the mesh and
the right column shows the reconstruction after shading.
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Figure 4.16. Details of the reconstruction of the head. The left column shows the mesh and
the right column shows the reconstruction after shading.
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Chapter 5

Camera Self-Calibration

5.1 Intr oduction

This chapterintroducesa novel techniquefor self-calibrationof camerasvith pos-
sibly varying intrinsic parameterdvasedon the Huangand Faugerasconstraints,
which statethat the two nonzerosingularvaluesof an essentialmatrix mustbe
equal.For known skew, aspectatio andprincipalpoint, this conditionis usedto de-
riveanapproximatdinearsolutionfor theestimatiorof thefocallengths which can
be usedto bootstrapa moreaccuratesearchfor the parametersf the camerasn-
derminimal assumptionssuchaszeroskew, thetechniquepresentedherecancope
with variableintrinsic parametersandit hasa built-in detectionof critical motions
for self-calibrationwhich greatlyimprovestheaccurag of the self-calibration.
The main contributions of the chapterare the developmentof a novel linear
algorithmfor estimatingfocal lengthsof multiple camerasthe embeddedietec-
tion of pairsof imagesfor which the cameramotionis critical for self-calibration
[163, 141,142 8(], andtheintroductionof anonlineare nementto thelinearso-

lution with simultaneougstimationof the remainingcameraparametershatalso

89
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incorporateghe critical motion detection. The input of the algorithmis a set of
fundamentamatricesandit is notnecessaryo performary kind of projectivefac-
torisation [143, 150, 72] or projectivebundle adjustmen{9, 143 10] prior to the
calibration.Experimentsvith syntheticandrealdatahave shovn thatthetechnique

is robustto noiseandthatit operatesvell underquasi-criticalmotions.

5.2 Previous Works

The problem of self-calibrationhas attractedthe attentionof researchersn the

computervision communityfor providing a powerful methodfor the recovery of

3D modelsfrom imagesequencesComparedo the classicalcalibrationproblem
[155, 49,41], thealgorithmsfor self-calibratiormake no or few assumptiongbout
theparticularstructureof the scenebeingviewed. Insteadthey attemptto calibrate
thecamerady nding intrinsic parametershatare consistentwith the underlying
projectve geometryof asequencefimages.Thisconstraintof consisteng canbe

expressedsthe Kruppaequationg109, 101,98, the Trivediconstraint§154], the

HuangandFaugerasonstraintd76, 61, 112, or formulatedin termsof the abso-
lute quadric[151,127. Interestinglyit hasbeenshavn thatthe Kruppaequations,
theTrivediconstraint@andtheHuangandFaugeragonstraintareequialent[101].

However, aspointedoutin [97], thatdoesnot meanthatthey will producethesame
resultswhenusedin self-calibrationalgorithms. The Kruppa equationshave the

advantageof requiringthe solutionof systemsof polynomial equationsof lower

orderwhencomparedvith the Trivediandthe HuangandFaugerasonstraintgbut

seesection5.4.1), which, however, do not make explicit useof epipoles,whose
estimationis notoriouslyinaccurate.

The conceptof self-calibrationwasintroducedby Maybank,FaugerasandLu-
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ong [109, 44], who proposedan approachbasedon the Kruppa equationswvhen
up to threeviews of a sceneare available, and establishedhe relation between
cameraintrinsic parametersndthe absoluteconic An algorithmfor computing
the focal lengthsof two cameragiventhe correspondindundamentamatrix and
knowledgeof the remainingintrinsic parametersvas provided by Hartley in [61]
(anelegantclosed-formsolutionfor the sameproblemcanbe foundin [13]). That
paperalso madethe rst useof the Huangand Faugerasonstraintsasa tool for
self-calibration.In [62] theideasin [109] wereusedin the developmentof a prac-
tical algorithmfor self-calibratiorfor morethanthreecamerasTogethemwith [45],
it alsoputforwardtheideaof nding anappropriat8D homographyhatupdatesa
projectve reconstructiorio a Euclideanone. This approactwasfurtherdeveloped
by Triggsin [151], wherethe absolutequadricwas introduced,and by Pollefeys,
KochandVan Goolin [121, 127, wherea practicalmethodfor self-calibrationof

multiple camerasvith varyingintrinsic parametersvasdeveloped.

Thetechniqugresentedh thispapergeneralisetheonesntroducedn [61, 13].
It hasalinearstep,whereonly thefocallengthsarecomputedfollowedby anonlin-
earoptimisationthatre nes the estimateobtainedn thelinearstageandallows for
the estimationof moreintrinsic parameterssuchasthe principal point. Moreover,
it naturally takesinto accounthow closeto a critical motionfor self-calibration
[163, 141, 142 80] the relative motion betweenary two pair of camerasn the
sequences, and“weights” theinformationprovided by thatparticularpair accord-
ingly. Finally, theinput of the algorithmis only a setof fundamentamatricesand
thereforethereis no needfor projectve bundleadjustment.This is aninteresting
advantagefor althoughit is easyto computdfundamentaiatricesconsistentith a

givensetof projectve cameramatrices(andstill usethetechniqueproposedere),
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the estimationof projectve cameramatricesgiven a setof fundamentalmatrices
is a nontrivial problem,dueto nonlinearrelationsthe fundamentalmatricesmust

simultaneouslpatisfy[48].

5.3 Theoretical Background

Thegeneraform for thematrix  of intrinsic parametersf a pinholecameras

(5.1)

It hasbeenshown in chapter3 that given the fundamentalmatrix  relatedto a
pair of imageswith intrinsic parametergiven by and , the corresponding
essentiamatrixwill begivenby [102]. Therelative translation and

rotation betweertheimagescanbefounddecomposingheessentiamatrix as

(5.2)

5.3.1 The Huang and FaugerasConstraints

Severalworkshave pointedoutthepossibilityof exploiting theHuangandFaugeras
constraintsfor self-calibration[61, 112 97]. This constraintstatesthat the two

nonzerosingularvaluesof anessentiamatrix mustbeequal[156,76), i.e.,
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, Where

(5.3)

and and areorthonormamatrices.Thisconstrainis anecessargndsufcient

conditionfor thedecompositiorof asshowvnin (5.2)to bepossible.

5.4 Self-Calibration from the EssentialMatrix

Considerasequenc®f imagestakenfrom pinholecameragor from the same
pinholecamerain  differentpositions),andlet  be the matrix of intrinsic pa-
rametersf camera, whereit is assumeaeroskew andaspectatio one(seesec-

tion2.3.1),i.e,

(5.4)

Thereforethe essentiamatrix relatedto images and is givenby

(5.5)

where is the fundamentamatrix correspondingo images and . Neverthe-
less,the Huangand Faugerasonstraintswill not be satis edin (5.5) for arbitrary
matrices and . Sinceary fundamentamatrix hasranktwo, the rank of

will alsobe two for ary and  with full rank. However, as pointedout by
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Longuet-Higginsand rst mentionedin [76], the conditionthat two singularval-
uesof a matrix areequalyields two constrainton its elementswhich have to be

additionallyimposedover and  for (5.2)to bepossible.

5.4.1 Linear Solution

This sectionpresentghe derivation of a novel linear algorithmfor self-calibration
underthe assumption®f known principal point, aspectratio and skew. It gener
alisesfor multiple camerasheresultsfoundin [61, 13], andfurtherextendsthemto
take into accountritical andquasi-criticalcameracon gurations,aswill beshown
in subsectiorb.4.2. Underthe assumptiorthat so mary intrinsic parametersare
known, it is reasonabléo arguethatonecouldsimply trustthe (presumablyhighly
accuratespeci cationsfor the value of the focal lengtht provided by the camera
manufcturer However, for a sequencef imagesaquiredfrom azoomingcamera,
the focal lengthwill be varying, despiteary default valueindicatedby the manu-
facturer In this situationthealgorithmpresentedherecanclearly play animportant
role.

A necessaryonditionfor the validity of the Huangand Faugerasconstraints

derivedby Longuet-Higging76] is thatif

(5.6)

then

(5.7)
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This result can be directly veri ed by expanding(5.2) with and

, from which oneobtains

(5.8)

and(5.7)follows by comparing(5.6) and(5.8). Moreover, (5.7) canberewritten as

(5.9
and,therefore,

(5.10)
where is theleft null spaceof . However, from (5.5),

(5.11)
where istheleft epipoleof  and . Let and in (5.4)and

(5.12)
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Thereforefrom (5.5),

(5.13)
and

(5.14)
Thus, substituting(5.10), (5.11)and(5.13)in (5.14),with , one
obtains

(5.15)

(5.16)

(5.17)

Thefocallength canbeobtainedrom (5.15)and(5.16)by solvingthe systemof

linearequations

(5.18)

The equationsin (5.18) provide a linear solutionfor the estimationof the focal

length. Interestingly the computationof  accordingto (5.18) givesthe same
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expressionfoundin [13] when and (correspondindo the principal pointsin

thatauthors notation)aremadeequalto

5.4.2 Detectionof Critical Motions

It hasbeenpointedout in severalworks[163, 141, 142 that, for someparticular
cameranotions,self-calibratiorof all parametersmaynotbepossible. Theaddition
of furtherconstraints— suchaszeroskew, squarepixelsor knowledgeof theprinci-
pal point— mayresohe theambiguitieghatariseundersuchconditions.However,
someparticularcon gurationsremainambiguousaven whentheseconstraintsare
imposed.In particular it hasbeenshown in [166] that,whenthe cameramotionis
restrictedto anarbitrarytranslatiorfollowedby a rotationaboutaline perpendicu-
lar to theimageplane,no combinationof the constraintsmentionedabove provides
enoughinformationfor the resolutionof the ambiguity In fact, it hasbeenshown
in [80] that,for a pair of cameragvith varyingfocal lengththis ambiguityremains
for the larger classof motionswhereall pairsof optical axesintersecteachother
Obsene thatthe motion describedn [166] is a particularcaseof this one,where

the opticalaxesintersectatthe samepointatin nity .

Let and ,where

and (5.19)

bethecameramatricesof two projectve camerasandassumeheaspectatio, skew

andprincipal points,denotedas and , areknown. Without lossof generality
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we canmake

(5.20)

Moreover, assumehattheopticalaxesof ~ and  intersect.Thereforethe opti-

cal axesde ne anepipolarplanewhosecorrespondingepipolarlines passthrough

and (see gure 5.1). This meanshat,if is the fundamentamatrix relat-

ing the cameraswith element denotedoy , the principal pointsmustsatisfy
the epipolarconstraint,.e., . However, it is assumedhat

, and, hence, . However, from [102, Section2.3] andassuming

, the fundamentamatrix relatingthe camerasn (5.19)is given

by

(5.21)

If theelement of isdenotedby ,theexpansiorof in (5.21)gives

, Or

and (5.22)
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for agiven . Substituting(5.22)in (5.21),we have

(5.23)
(5.24)

Substituting(5.23)and(5.24)in (5.18)we nally obtain
and (5.25)
Since , therewill beafamily of solutionsfor in (5.18),given
by , Where and is aunitaryvectorin theright null space

of . By using(5.17)and (5.23),it is possibleto shawv that the corresponding

solutionfor  will be

If morecamerasreadded put their relative displacemenis suchthatary two
optical axesintersectall in (5.18)will berankde cient. Thusthe condition
numberof canbeusedasaheuristicmeasuref how closeto critical themotion
is. Let  betheinverseof theconditionnumberof . Thereforewhenmultiple

imagesareavailable,the linear estimationof thefocallength  of image canbe
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Figure 5.1. If the optical axes of the cameras intersect, they de ne an epipolar plane

Since the optical axes pass through the principal points and , the plane  must
also contain and . Therefore and are related by the epipolar constraint, i.e.,
givenby theleast-squaresolutionof , Where

(5.26)

for , , ,and if and if
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As an example,assumehatthreeimagesindexed by areavailable.
Thethreecorrespondinqundamentaiatricesare and . Thesystemof
equationdor the computationof the focal lengthof the rst camera, , will then

begivenby

(5.27)

A simpleexperimentwasdesignedo validatethe usefulnes®f in (5.26)asa
measuref how closethe motion of a givenpair of camerass to a critical con g-
uration. Thevemenceangle (i.e.,theanglebetweernthe optical axes)of a stereo
pair with intersectingoptical axiswassetto , , and . For eachvalue
of theelevationangle of thesecondcamerd(i.e.,the anglebetweernits optical
axisandtheplanecontainingthetwo cameracentersaandtheopticalaxisof the rst
cameray)s variedin therange . Thefundamentamatrix relatingthe cam-
erasfor every combinationof and wasthencomputedfollowed by the matrix

in (5.18). Theinverseof theconditionnumberof  isshovnin gure 5.2(a).For
comparisonanothemeasureof the criticality of the motionwascomputedgiven
by the geometricerror of therespectre principal pointswhenmatchedhroughthe
epipolarconstrainisee gure 3.2). Thevaluesof this alternatve measuregenoted

, areshovnin gure 5.2(b).

It canbe seenfrom gure 5.2that is approximatelylinearwith the value of
, theelevationangle ,whichis themainparametecontrollinghow closeto critical

thecameramotionis. It alsogrowswith , thevergenceangle,giving moreweight
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Figure 5.2. Measures of criticality of the camera motion. (a) Inverse of condition humber
of matrix  in 5.18 () and (b) geometric error in pixels of the reprojection of the principal
point. Both (a) and (b) are plotted versus the elevation angle of the second camera, for
several values of the vergence angle

to larger baselineghanto smallones. The alternatve measure , however, is not
sowell-behaed. Althoughit consistentlyincreasesvith , it quickly saturatess

grows. Theuseof insteadof in (5.26)wouldresultin giving nearlythe same
weight to equationsderived from cameraswith the same , which is obviously

undesired.

5.4.3 Nonlinear Solution

Onceaninitial approximatiorfor the focal lengthsof the camerahasbeenfound

by thelinearalgorithm,afull nonlinearoptimisationcanberun. If

(5.28)
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then,for to beavalid essentiamatrix,

(5.29)

musthold. Therefore|t is possibleto searchfor the intrinsic parameterdy min-

imising the costfunction givenby

— (5.30)

The parameter®f this costfunction do not needto be only the focal lengths,but
may alsoinclude the principal points or aspectratios, aslong as enoughimages
areavailable. The expressionin (5.30)is similar to the onein [112], but now the
equationdor eachpair of cameraareweightedaccordingto the suitability of their

relatve motionregardingits closenes$o acritical con gurationfor self-calibration.

Sincethe HuangandFaugerasonstraintprovide two equationson the intrin-
sic parametergper fundamentaimatrix, a nave computationwould suggesthat,
becausdetween imagesthereare fundamentamatrices six images
would allow for the calibrationof all intrinsic parametergvenif thesewerevary-
ing, which is clearly impossible. The contradictionarisesfrom the fact that the

fundamentamatricesarenot independentasdiscussedn section5.2.
The minimum numberof imagesfor the self-calibrationof a camerawhere pa-
rametersareknown and  parametersre x ed, with the remaining

unknovn andvarying,waspointedoutin [122] as suchthat

(5.31)
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Typically, the skew is zeroandthe aspectatio is one,andtherefore . If the
principalpointandthefocal lengthareunknovn andvarying, . Substituting
thevaluesof and in (5.31),0neobtains , andthus self-calibrationis
possiblewith aminimumof four camerasUndermary practicalsituationg13] the
principal point cannotbe accuratelyestimatedandit canbe safelyassumedo be
atthe centreof theimage.In this case, , andthereforethe minimumnumber
of camerador self-calibrationof thevaryingfocallengthis two.

It is importantto obsene that althoughthe fundamentalimatrices
associatewith camerasrenotindependentt is bene cialto usetheinformation
provided by asmary fundamentamatricesaspossibleevenwhenthis information
is redundantsincethis procedurespreadshe errormoreevenly acrosgshe cameras

andtheredundang improvestherobustnes®f thealgorithm.

Alter native Expressionsfor the Huang and FaugerasConstraints Thereare
severalalgebraiaepresentationsf the HuangandFaugeragonstraintshatdo not
make explicit useof the singularvalue decompositiorof the essentialmatrix, in

contrasto (5.29). A few examplesare

(5.32)

showvn in [41], and,usingthe notationof (5.6),

(5.33)

presentedn [76]. In bothcasegherankconditionhasyetto beimposed.Thereis

a computationabhdwantagein usingthe expressiongyivenin (5.32) or (5.33) over
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theonein (5.29),sincethe formeronesuseabout1/3 and1/4, respectiely, of the
numberof oating point operationsnecessaryor the computationof (5.29)[58].
However, the computatiorof the derivativesof the costfunctionis muchsimplerif
(5.29)is used.As will bediscussedn the next sessionthis advantaggusti es the
choiceof (5.29)asthe algebraicexpressionof the Huangand Faugerasonstraint

to bein usedin the self-calibrationalgorithm.

5.5 Description of the Algorithm

Algorithm 5.1 Linearleast-squaresstimationof thefocal lengths.
Assumethatthe principalpointsareatthe centreof theimagesandtransformthe
coordinatesystemsothatthe principal pointsbecome ;
for to #imagesdo

for to #imagesdo
if is de nedthen
I : , : , and  accordingo (5.26);
endif
endfor
solve ;
endfor

The ideasdevelopedin the previous sectionscanbe encapsulatechto a prac-
tical and e xible algorithmfor self-calibration. Considera sequencef images
acquiredfrom a camerawith, possibly varying intrinsic parametersinitially, the
fundamentalmatricesrelatingasmary pairsof imagesas possibleare computed.
Thesefundamentaimatricesare then usedto computean initial guessfor the fo-
cal lengthsaccordingto the linear algorithm describedn (5.26) and summarised
in algorithm5.1. A moreaccuratesolutioncanthenbe found by minimising the
costfunctionshown in (5.30),asdescribedn algorithm5.2. Severalcon gurations

arepossible,combiningknown, x ed andvariableprincipal pointswith x edand
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variablefocal lengths. To minimisethe costfunctionin (5.30)ary gradientbased
algorithm canbe used,suchasBFGS[15, 51, 57, 134 or Levenbeg-Marquardt
[93, 106] (for detailsof theimplementatiorof the methodssee[99, 126]). Experi-
mentalanalysishasshovn thattheaccurag andcornvergencespeedf thealgorithm
aregreatlyincreasedf the dervativesof the costfunction are computedanalyti-
cally insteadof beingestimatedyy nite differencesClosed-formsolutionsfor the

derwvativesof (5.29)areprovidedin appendixB.

Algorithm 5.2 Nonlinearestimationof theintrinsic parameters.
Computefundamentaimatricesbetweerimagepairs;
initialise focal lengthsusingalgorithm5.1;
initialise principal pointsat the centreof theimages;
while not corvergeddo

computecostfunction in (5.30);

compute and analyticallyusing(B.5) and(B.6);
update and tominimise ;
endwhile

5.6 Experimental Results

To evaluatethe robustnessand accurag of the algorithmsproposedgxperiments
with both syntheticandreal datawerecarriedout. In all the experimentghe skew
wasassumedo be zeroandthe aspectratio wasassumedo be one. In different
experimentsthe principal point was consideredo be known, unknowvn but x ed,

andvarying.

5.6.1 Synthetic Data

To investigatethe algorithm's robustnesgo noise,50 pointswere randomlyscat-

teredin the interior of a cubecentredat with edgeof lengthone. Ten
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[

Figure 5.3. Cameras and points used in the self-calibration experiment with synthetic data.

cameraswith principal points andfocal lengthsfrom 600to 2000were
placedaroundthe cube,con gured asshowvn in gure 5.3. Gaussiamoisewith

differentstandarddeviations was addedto the imagepoints, andall fundamental
matricesbetweenpairs of imageson eachgroup of 4 adjacentmageswere com-
puted by minimising the reprojectionerror [102, 164]. The cameraswere then
calibratedusingthelinearalgorithm,followedby thenonlinearalgorithmassuming
known, x edandvariablefocal lengths.Resultsareshavnin gures 5.4-5.7.The
algorithmis highly accurategstimatingthe focal lengthwith about1% of thetrue

valuewhenthe imagenoiseis onepixel. It canalsobe seenfrom gures 5.4-5.7
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Figure 5.4. Percentage RMS errors for the focal length for 10 experiments with
synthetic data and different standard deviations of the image noise.
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Figure 5.5. Percentage RMS errors for the focal length for 10 experiments with

synthetic data and different standard deviations of the image noise.

thatthe errorin the estimationdegradeggracefullyasthe standarddeviation of the

imagenoiseincreasesMoreover, the relative accurag of the nonlinearestimation
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Figure 5.6. Percentage RMS errors for the focal length for 10 experiments with
synthetic data and different standard deviations of the image noise.

is not signi cantly affectedby the magnitudeof the true focal length, sincefrom
gure 5.4to gure 5.7 therewasmorethana threefoldincreasan this valuewith
no correspondinghangen the percentag®MS error. This effectis clearerin g-

ure5.8,which presentshetrackingof thefocal lengthsthroughoutheimages.The

resultsshavn arethe averageof 10 experiments.

5.6.2 RealData

Six imagesof a calibrationgrid, shovn in gure 5.9, wereacquiredwith a digital
camerawith aresolutionof pixels. Threeof theimagesweretakenwith
a zoomfactor of two, if the indicationsof the manufcturercanbe trusted. The
cameravasthencalibratedusingthe metricinformationof the calibrationgrid and
abundleadjustmentlgorithm[41, 153,70]. Self-calibratiorwascarriedout using

thelinear algorithm,andthe nonlinearalgorithmassuming<nown principal point,
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Figure 5.7. Percentage RMS errors for the focal length for 10 experiments with
synthetic data and different standard deviations of the image noise.
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Figure 5.8. Tracking of the focal length. The results shown are the percentage average error
of 10 experiments, with  equal to 1 pixel.

unknown but x ed principal point, andvariableprincipal point. Obsene thatthe

motionis quasi-critical sinceall thecamerasreroughlypointingatthe samepoint



5.6. EXPERIMENTAL RESULTS 111

Figure 5.9. Images of the calibration grid used for experiments with real data

in spaceatthe centreof the calibrationgrid.

Figure5.10shovsthevaluesof thefocal lengthsin differentimages.Thelinear
algorithmis inaccurate but its estimationof the focal lengthis good enoughto
be usedasaninitial guessor the nonlinearalgorithm,which corvergesto a good

solution whatever assumptionsare madeaboutthe principal point. Figure 5.11
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Figure 5.10. Estimated values of focal length from different algorithms.

shaws the percentagesrror on the estimateof the focal lengthsfor the nonlinear
algorithm. The errorfor eachimageis normalisedoy the focal lengthprovided by
thebundleadjustmenalgorithm. Thethreealternatve assumptionor theprincipal
point produceapproximatelhthe sameresultsfor the largerfocal lengthsin images
one, two andthree. Neverthelessallowing for the principal point to vary clearly
producesaworseresultfor the estimateof the smallerfocal lengthsin imagesfour,
ve andsix. It hasbeenpointedoutin [122] thatfor noiselevelsof the orderof one
pixel andabove the simplermodelsshouldbe preferred.To explain why the choice
of themodelis lesscritical whenthe focal lengthis larger, we turn our attentionto

gure 5.12.

Clearly, the principal point is not accuratelyestimatedwhenit is allowed to
vary, if we areto trust the resultof the bundle adjustmentalgorithm. However,
for larger valuesof the focal length, a preciseestimationof the principal point is
lesssigni cant, asshavn in [13]. Therefore the smallervaluesof the focal length

arethe onesthat are moststrongly affectedby inaccuraciesn the positionof the
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Figure 5.12. Principal points computed from different algorithms. It is clear that the principal
point is not accurately estimated when it is allowed to vary. However, the effect of errors in
the position of the principal point may be neglected when the focal length is larger.

principal point, producingthe effectshovn in gure 5.11.

A secondxperimentwith realdatawascarriedout, thistime with asequencef
ve outdoorimagesof which four areshavnin gure 5.13.Cornersweredetected
by usinga Harris cornerdetector[{60, 59|, and matchedthroughcorrelationtech-

niques[94, 82]. The algorithmdescribedn section3.1.4wasappliedto estimate
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thefundamentamatricesrelatingtheimages andthe self-calibrationalgorithmin-
troducedherewasusedto calibratethe camerasThe principal point wasassumed
to be x edatthe centreof theimageswhile the focal lengthwasallowedto vary.
Sinceno zoomingwasused,ary differencesn the valuesof the focal lengthsare
dueeitherto focusing,which shouldproduceonly a mamginal effect, or to inaccura-
ciesof the self-calibrationalgorithm. Thefocal lengthsfoundfor the ve cameras,
expressedn pixels,werel372.1,1354.1,1390.4,1361.5,and1363.8.Thestandard
deviation of thesevaluesis 13.8,0r about1% of their mean,shawving the stability
of theresult.

Oncethecamerasverecalibrateda3D modelwasbuilt usingthereconstruction
packagd>hotoBuildef129]. The nal modelisshavnin gure 5.14.It isimportant
to noticethat,althoughtherelative motionof eachpair of camerass nearlycritical,
sinceall the camerasare approximatelypointing at the samepoint in the corner
of the building, the parametersvere accuratelyestimatedas demonstratedby the

visualquality of thereconstruction.

5.7 Conclusions

This chapterpresented novel self-calibrationtechniquebasedon the Huangand
Faugeragonstrainton essentiamatrices.This constraintvasfully exploited,pro-
viding (i) a linear algorithm for computingfocal lengthsthat generalisegor an
arbitrary numberof cameraghe resultsin [61, 13], (ii) a built-in methodfor the
detectionof critical motionsfor eachpair of imagesin the sequenceand (iii) a
nonlineartechniquefor re ning the initial estimateof the focal lengthsand com-
putingthe principal point of eachcamera.Thealgorithmwastestedwith bothsyn-

theticandreal data,shaving goodrobustnesgo noise. A Matlab implementation
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Figure 5.13. First, second, fourth and fth images in the outdoor sequence used for recon-
struction.

of the completeself-calibrationalgorithmis publicly availablein <ftp://svr-

ftp.eng.cam.ac.uk/pub/>
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Figure 5.14. 3D model reconstructed from the outdoor sequence shown at different view-
points.



Chapter 6

Conclusion

6.1 Summary

Thisthesisattemptedo contrituteto the understandingf two importantproblems
in computewision: estimatiorof epipolarandcameraself-calibration By consider
ing animportantsubclas®f cameramotions(circularmotion),it providedthe rst
practicalsolutionto the estimationof epipolargeometrybasedsolelyonpro les. A
differentstandpointvastaken for the problemof self-calibration,which wascon-
sideredin its mostgeneralform (varying intrinsic parametersandwastackledin

conjunctionwith theanalysisof critical motions.

Estimation of Epipolar Geometry from Pro les. Thecentralideathatallowed
the solutionof the problemof estimatingthe epipolargeometryof a turntablese-
quencerom pro les wastherecognitionthat,asthe objectplacedon theturntable
rotatesjt sweeputasurfaceof revolution. Symmetrypropertiesof thepro le of

this surfaceof revolution providedimportantcomponent®f the epipolargeometry

of suchimagesequences,e., theimageof the axis of rotation,anda specialvan-

117
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ishingpoint, the pole,which correspondso theimageof thepointatin nity in the
directionorthogonato the planecontainingthe optical centreof thevirtual camera
thatseeghe surfaceof revolution andthe axisof theturntable.

The remainingcomponent®f the epipolargeometryarethe horizon,which is
theimageof theplanecontainingthecameracentresandthepositionof oneepipole
alongthehorizon. Theseareobtainedoy exploiting the epipolarconstrainfor each
pair of pro les, which provided aninitial estimatefor the epipolesof mary pairs
of images. The horizonwasthencomputedby robustly tting aline to the cloud
of epipolesandthesewerethenre-estimatedrom the epipolarconstraintbut now
with theadditionalconstrainthatthey shouldlie onthehorizon.

The accurag of the epipolargeometryso obtainedwasveri ed by usingit to-
gethemwith thecamerantrinsicparameterto estimatehecameranotionandcheck
it againstavailable groundtruths, producingexcellentresults. Furthermoresome
experimentsof reconstructionfrom pro les were carriedout to demonstratehe

quality of thealgorithmsdevelopedhere.

Camera Self-Calibration. Therigid body constrainis the principle behindself-
calibrationalgorithms. It hasmary algebraicinterpretationssuchasthe Kruppa
equationsthe Trivedi constraintsandthe Huangand Faugerasonstraintswhich
werethe onesusedin this work. The Huangand Faugerasonstraintscanbe ex-
pressedn differentforms,andoneof themcanbeusedto determinethe null space
of theessentiamatrix, which canbe easilyrelatedto null spaceof the fundamental
matrix, i.e., theepipole.This approachprovideda linearsolutionfor the estimation
of focallengthsobtainedby assuminghatthe skew, aspectatio andprincipal point
of asetof camerasreknown.

The stability of the solutionof the linear system(of type ) usedin the
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computatiorof thefocal lengthsof a pair of cameraselatedto agivenfundamental
matrix wasusedasanindicatorof how closeto critical therelative motionbetween
the camerasvas. The measureof stability chosenwas the condition numberof
thematrix , andthesystemof equationsvasthenextendedby consideringall the
fundamentamatriceghatarerelatedtio pairsof camerashatincludea x edcamera

, providing two equationgerfundamentamatrix for thecomputatiorof thefocal
lengthof . Eachnew pair of equationsof the extendedsystemwasweightedby
the conditionnumberobtainedrom its correspondindundamentamatrix.

The next stepwasthena nonlinearre nement of the estimatedocal lengths,
which alsoallowedfor the computationof otherintrinsic parametersin particular
the principal point. Anotherformulation of the Huangand Faugerasconstraints
was adopted,and the condition numbersusedin the linear algorithmwere again
employed to weight the contribution of eachfundamentalnmatrix in the nonlinear
re nement.

Several experimentswith bothsyntheticandreal datawereperformeddemon-
stratingthe accurag androbustnessof the methodin differentcon gurations of

x ed, x edbut unknavn, and nally varyingintrinsic parameters.

6.2 FutureWork

It is hopedthat this work has presentedelevant contritutions to the subjectsit
investigatedHowever, it is clearthattherearemary importantquestionst hasnot

touched:

the overlookingof the informationprovided by pro les asa cluefor camera

motionhasbeenseverelycriticisedin thiswork; however, thatdoesnot mean
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that cornersand edgesshouldbe completelyignored, but, instead,usedin
conjunctionwith pro les; aframenork to ef ciently integratetheinformation

offeredby thesedifferentvisual cuesis atopic of currentresearch;

so far, thereis no optimal solutionto the problemof structureand motion
from pro les — thereis no equivalent,in this context, of abundleadjustment
algorithm;animportantstepin lling this gapis thedevelopmenif amodel
for the effect thatimagenoisehason the extractionof contours;only when
suchan errormodelbecomesvailablecana maximumlikelihoodestimator

for structureandmotionfrom pro les bedeveloped;

the useof the conditionnumbersof the matricescomputedn thelinear esti-
mationof the focal lengthsaspresentedhere,althoughuseful,is only anad
hoc measuref how far to critical the cameramotionis; ary self-calibration

proceduravould bene t from a morethoroughinvestigationof this problem.



Appendix A

Derivativesof the Geometric Err or of

the Fundamental Matrix

The minimisationof geometricerror (3.24)in the computationof the fundamental
matrix is usually carried out through numericaltechniqueq99, 126]. However,
thesaechniquesnvolve thecomputatiorof thegradienandsometimesheHessian
of the costfunction, which are normally estimatedoy using nite differenced28,
pp. 154]. Thecomputatiorof the Hessiarof (3.24)senestheadditionalpurposeof
providing error boundsto the accurag of the fundamentamatrix beingestimated
throughcovariancepropagatior[35, 164]. However, nite differencemethodsfor
computingderivativescanbeinaccuratainlesshigh orderapproximationgaremade
[52], which canbe computationallyexpensve. This appendixpresentsanalytical
expressiondor both the gradientandthe Hessianof (3.24), which canbe usedto

overcomethesedif culties.

As in section3.1.4,we will follow the notationof [104] andde ne as
the vectorbuilt from the matrix by stackingits columnsin ordet from
top to bottom,andde ne asthe commutationmatrix ,l.e.,

121
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. Theelement of is givenby

(A1)
The gradientof a vectorvaluedfunction IS arow vector representeds
—. Finally, let

(A.2)
A.1 Gradient of the Geometric Err or
Let

(A.3)

(A.4)
Thedervative of thegeometricerror(3.24)with respecto , IS givenby

— - - (A.5)

Considerafundamentaimatrix parameteriseds

(A.6)
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where iscomputedrom  sothat ,i.e., , Where

(A7)

(A.8)

It can be arguedthat this parameterisatiois not general,sinceit precludesthe
point and from being relatedby the epipolarconstraint,
since . In practice,however, this situationis unlikely to occur
andevenif it doesa simpletranslationin the coordinatesystemof the imageswill

sufce to correctthe situation. Moreover, the parameterisatiors minimal, since
it involvesonly sevren parameters.Using this parameterisatiomnd adoptingthe

notation , thetensor— canbeeasilycomputed:

— (A.9)

— (A.10)

— (A.11)

— (A.12)
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— (A.13)
— (A.14)
— (A.15)
and,atlast,
_ — S (A.16)
A.2 Hessianof the Geometric Err or
To computetheHessian——, obsenre that
_ (A.17)

and,therefore,

(A.18)
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Analogousexpressionganbefoundfor —— and—— . Moreover,

(A.19)

(A.20)

TheHessiarof thegeometricerroris thenfoundby substituting(A.17), (A.18) and

thecorrespondingxpressiongor and , togethemwith (A.19) and

(A.20),into
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Appendix B

Derivative of the Huang and

FaugerasConstraints
It canbe shawn that and,if isan matrix,
[104]. Let . Then
(B.1)
But
(B.2)
_ (B.3)
_ 104 (B.4)

where and arethek-th columnsof thematrices  and in (5.28). Sub-

stituting (B.4) and(B.3) in (B.2), andthe resultin (B.1), one obtainsthe desired

127
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derivative:

(B.5)

A similar manipulationcanbeusedto derive, with theaid of somepropertieof the
Kronecler productand the commutationmatrix, the Jacobianof with

respecto

(B.6)

where is thecommutatiommatrix (see(A.1)).



Bibliography

[1]

[2]

[3]

[4]

[5]

J.Y. Aloimonos. Perspectie approximationsimage and ision Computing

8(3):179-192August1990.

P. AnandanK. Hanna,andR. Kumar Shapeecovery from multiple views:
A parallaxbasedapproachin Proc.of 12thint. Conf on PatternRecanition,
pagesA:685-688 Seattle USA, Junel994.

P. Anandan,M. Irani, P. H. S. Torr, and A. Zisserman. Panel sessiorfor
directversusfeaturesamethods.In B. Triggs,A. ZissermanandR. Szeliski,
editors, Vision Algorithms: Theoryand Practice humber1883in Lecture
Notesin ComputeiSciencepage295-297 Corfu, Greece Septembet 999.
SpringefVerlag.

M. Armstrong,A. ZissermanandR. Hartley. Self-calibrationfrom image
triplets. In B. Buxton and R. Cipolla, editors, Proc. 4th EuropeanCont
on Computenvision, volumel of Lecture Notesin ComputerSciencel064

pages3—16,Cambridge UK, April 1996.SpringefVerlag.

K. Astrom, R. Cipolla, andP. Giblin. Generaliseapipolarconstraints.Int.

Journal of Computeiision, 33(1):51-72Septembel 999.

129



130

BIBLIOGRAPHY

[6]

[7]

[8]

[9]

[10]

[11]

[12]

K. Astrom, R. Cipolla,andP. J. Giblin. Generalise@pipolarconstraints.In
B. F. BuxtonandR. Cipolla, editors,Proc. 4th EuropeanCont on Computer
Vision, volumell of Lectule Notesin ComputerSciencel 065 page97-108,
Cambridge UK, April 1996.Springer\Verlag.

H. G. Barrov and J. M. Tenenbaum. Interpretingline dravings asthree-

dimensionaburfaces.Arti cial Intelligence 17:75-116 August1981.

P. A. Beardslg. Applicationsof ProjectiveGeometryto RobotVision. PhD
thesis,Departmeniof EngineeringScience,University of Oxford, Oxford,

1992.

P. A. Beardslg, P. H. S. Torr, andA. Zisserman.3D modelacquisitionfrom
extendedimagesequencesin B. BuxtonandR. Cipolla, editors,Proc. 4th
EuropeanConf onComputeMision, volumell of Lecture Notesn Computer

Sciencel065 page$83—-695CambridgeUK, April 1996.SpringerVerlag.

P. A. Beardslyg, A. ZissermanandD. W. Murray. Sequentiaupdatingof
projectve andaf ne structurefrom motion. Int. Journal of Computeiision,

23(3):235-2591997.

A. Blake. Specularstereo. In Proc. 9th Int. Joint Confeenceon Arti cial

Intell., page973-976,1985.

A. BlakeandM. Isard.ActiveContouss: TheApplicationof Tedhniquesrom
Graphics,Mision, Contmol Theoryand Statisticsto Visual Tradking of Shapes

in Motion. SpringefVerlag,London,1998.



BIBLIOGRAPHY 131

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

S. Bougnoux. From projectie to Euclideanspaceunderary practicalsit-

uation, a criticism of self-calibration. In Proc. 6th Int. Conf on Computer

Vision, pages7’90—-796 Bombay India, Januaryl998.

E. BoyerandM. O. Bemer 3D surfacereconstructiorusingoccludingcon-

tours. Int. Journal of ComputeiVision, 22(3):219-233March/April 1997.

C. G. Broyden. The convergenceof a classof doublerank minimization

algorithms:Partl. J. Inst. Maths.Applns, 6:76—90,1970.

J.F. Canry. Findingedgesandlinesin images.Masters thesis MIT, Cam-

bridge,USA, 1983.

J.F. Canry. A computationabpproacho edgedetection.IEEE Trans.Pat-
tern Analysisand Machinelntell., 8(6):679-698Novemberl986.

N. Canterakis. A minimal set of constraintsfor the trifocal tensor In
D. Vernon,editor, Proc. 6th EuropeanConf on ComputernVision, volumel
of Lectue Notesin ComputerSciencel842 pagesd4—99,Dublin, Ireland,
June/July2000.SpringefVerlag.

S. Carlssonand D. Weinshall. Dual computationof projectve shapeand
camerapositionsfrom multiple images. Int. Journal of Computer\ision,

27(3):227-241May 1998.

T. J.ChamandR. Cipolla. Geometricsalieny of curve correspondencesnd
groupingof symmetriccontours. In B. F. Buxton andR. Cipolla, editors,
Proc. 4th EuropeanConf on ComputerVision, volumel of Lectue Notes
in ComputerSciencel064 pages385—-398,Cambridge,UK, April 1996.

SpringefVerlag.



132 BIBLIOGRAPHY

[21] T.J.ChamandR. Cipolla. MDL-basedcurve representatiomsingb-spline
active contours.In R. B. Fisher editor, Proc. British Machine Vision Confer

ence pages363—-372 Edinkurgh, UK, Septembefl996.

[22] S.ChaudhuriandA. N. RajagopalanDepthfrom Defocus:A RealApertue
Imaging Approadh. SpringerVerlag,Januaryl999.

[23] C.-T. Chen.Linear System3heoryandDesign Holt, RinehartandWinston,
New York, 1984.

[24] R.Cipolla. Thevisualmotionof curvesandsurfaces.Phil. Trans.RoyalSoc.

LondonA, 356(1740):1103-112May 1998.

[25] R. Cipolla, K. Astrom, andP. J. Giblin. Motion from the frontier of curved
surfaces.In Proc. 5th Int. Conf on ComputenMision, pages269-275,Cam-
bridge,USA, Junel995.

[26] R.CipollaandA. Blake. Thedynamicanalysisof apparentontoursin Proc.
3rd Int. Conf on Computeiision, pages516—-623 OsakaJapanDecember
1990.

[27] R. Cipolla andA. Blake. Surfaceshapefrom the deformationof apparent

contours.Int. Journal of ComputeiVision, 9(2):83—-112November1992.

[28] R.CipollaandP. J.Giblin. VisualMotion of CurvesandSurfacesCambridge
University PressCambridge UK, 1999.

[29] R. Cipolla, Y. Okamoto,andY. Kuno. Rolust structurefrom motion using
motionparallax.In Proc.4th Int. Conf on Computeiision, pages374—382,

Berlim, Germaly, May 1993.



BIBLIOGRAPHY 133

[30] H. S. M. Coxeter Introductionto Geometry JohnWiley and Sons,New

[31]

[32]

[33]

[34]

[35]

[36]

[37]

York, edition,1969.

H. S. M. Coxeter ProjectiveGeometry SpringefVerlag,New York, 1994
reprintof edition,1974.

A. Criminisi, I. Reid,andA. Zisserman.Singleview metrology In Proc.
7th Int. Conf on ComputeMision, volumel, pagesA34-441Corfu, Greece,
Septembel999.

G.CrossA. Fitzgibbon,andA. ZissermanParallaxgeometryof smoothsur
facesn multipleviews. In Proc. 7th Int. Conf on ComputeiMision, volumel,

pages323—-329Corfu, Greece Septembel 999.

G. CrossandA. ZissermanQuadricreconstructiorfrom dual-spacgeome-
try. In Proc. 6th Int. Conf on ComputeiMision, page25—-31,Bombay India,
Januaryl998.

G. CsurkaZzellerC.,andZhangZ. Faugera®©. D. Characterizingheuncer
tainty of the fundamentamatrix. Computervision and Image Undeistand-

ing, 68(1):18-360ctoberl997.

R. CurwenandA. Blake. Dynamiccontours:Real-timeactive splines. In
A. Blake andA. Yuille, editors,ActiveVision, Arti cial IntelligenceSeries,

chapter3, pages39-57.MIT PressCambridgelJUSA, Decembef992.

R.W. Curwen,C. V. Stavart,andJ. L. Mundy. Recognitionof planeprojec-
tivesymmetry In Proc.6thInt. Conf on ComputeMsion, pagesl115-1122,
Bombay India, Januaryl1998.



134

BIBLIOGRAPHY

[38]

[39]

[40]

[41]

[42]

[43]

[44]

R. Deriche. Using Canry's criteriato derive a recursvely implementedp-
timal edgedetector Int. Journal of ComputerVision, 1(2):167-187 May
1987.

J. A. EiseleandR. M. Mason. Applied Tensorand Matrix Analysis John
Wiley & SonsNew York, 1970.

O. D. FaugerasWhatcanbe seenin threedimensionswvith anuncalibrated
stereorig. In G. Sandini,editor, Proc. 2nd EuropeanConf on Computer
Mision, LectureNotesin ComputerSciences88, pagess63—-578.Springer
Verlag,May 1992.

O. D. Faugeras. Three-DimensionaComputerVision: a GeometricView-

point Arti cial IntelligenceSeriesMIT PressCambridgelUSA, 1993.

O. D. FaugerasStrati cation of three-dimensionalision: Projectve, af ne
andmetric representationsJ. Opt. Soc.AmericaA, 12(3):465-484March
1995.

O. D. Faugerasand R. Keriven. Completedensesterewision using level
setmethods.In H. BurkhardtandB. Neumanngditors,Proc. 5th European
Cont on Computenvision, volumel of Lectue Notesin ComputerScience

1406 pages379-393Freiturg, Germaly, Junel998.Springer\Verlag.

O. D. FaugerasQ. T. Luong,andS. J. Maybank. Cameraself-calibration:
Theoryandexperimentsin G. Sandini,editor, Proc.2nd EuropeanConf on
Computenision, LectureNotesin ComputerScience588, pages321-334.
SpringerVerlag,May 1992.



BIBLIOGRAPHY 135

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

O. D. FaugerasandB. Mourrain. On the geometryandalgebraof the point
andline correspondencdsetweerN images.In Proc.5th Int. Conf onCom-

puterVision, page€951-962 CambridgeUSA, Junel995.

O.D. FaugeragndT. PapadopouloGrassman-Caylealgebraor modelling
systemsof camerasandthe algebraicequationsof the manifold of trifocal

tensorsPhil. Trans.RoyalSoc.LondonA, 356(1740):1123-115R)ay 1998.

O. D. FaugerasandT. Papadopoulo A nonlinearmethodfor estimatingthe
projectve geometryof 3 views. In Proc. 6th Int. Conf on Computeivision,

pagesA77-484Bombay India, Januaryl998.

O. D. FaugerasandL. Robert. What cantwo imagestell us abouta third

one?Int. Journal of Computeiision, 18(1):5—-19 April 1996.

O. D. FaugerasandG. Toscani.Thecalibrationproblemfor stereo.In Proc.
Conf Computenisionand PatternRecanition, pagesl5-20,Miami, USA,
Junel986.

A. W. Fitzgibbon,G. Cross,andA. Zisserman.Automatic3D modelcon-
structionfor turn-tablesequences.In R. Koch and L. Van Gool, editors,
3D Structue from Multiple Imagesof Large-ScaleEnvironmentsEuropean
WorkshopSMILE'98, LectureNotesin ComputerSciencel506,pagesl55—

170,Freiburg, Germary, Junel998.SpringefVerlag.

R. Fletcher A new approacho variable metric algorithms. ComputerJ.,

13(13):317-3221970.

B. H. Flowers. An Introductionto NumericalMethodsin C++. Clarendon

PressOxford, UK, 1996.



136

BIBLIOGRAPHY

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

D. Forsyth. The outline of analgebraicsurfaceyieldsthe surface. In R. B.
Fisher editor, Designand Applicationof Curvesand Surfaces—Mathemat-
ics of Surfaces/, number50 in The Instituteof Mathematicsandits Appli-

cationsSeriespagesA13-423 Edinburgh, UK, 1994.ClarendorPress.

P. J. Giblin, F. E. Pollick, andJ. E. Rycroft. Recorery of anunknovn axis
of rotationfrom the pro les of a rotatingsurface. J. Opt. Soc.AmericaA,

11(7):1976-1984]July 1994,

P. J. Giblin andR. S. Weiss. Reconstructiorof surfacesfrom pro les. In

Proc. 1stint. Conf on ComputeMsion, pagesl36—144).ondon,Junel987.

P. J.Giblin andR. S. Weiss. Epipolar elds on surfaces.In J.-O.Eklundh,
editor, Proc. 3rd EuropeanConf on ComputerVision, volumel of Lectue
Notesin ComputerScience800, pagesl4—23, Stockholm,Sweden,May

1994.SpringefVerlag.

D. Goldfarh A family of variable metric methodsderived by variational

means.Maths.Comput, 24:23-26,1970.

G. H. GolubandC. vanLoan. Matrix ComputationsJohnsHopkinsUniver-

sity PressBaltimore,USA,  edition,1996.

C. G. Harris. Geometryfrom visual motion. In A. Blake and A. Yuille,

editors,Active\Mision, page263-284MIT PressCambridgelUSA, 1992.

C. G. Harris and M. Stephens. A combinedcorner and edge detector
In 4th Alvey Vision Confeence pagesl147-152, Manchester UK, Au-
gust/September988.



BIBLIOGRAPHY 137

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

R. Hartley. Estimationof relatve camergpositionsfor uncalibrateccameras.
In G. Sandinieditor, Proc.2ndEuropeanCont on ComputeMsion, Lecture
Notesin ComputerSciences88, pagesb79-587,SantaMargheritaLigure,

Italy, May 1992.Springe+Verlag.

R. Hartley. Euclideanreconstructionfrom uncalibratedviews. In J. L.

Mundy, A. ZissermanandD. Forsyth,editors, Applicationsof Invariancein

ComputernMision, LectureNotesin ComputerScience825, pages237—-256.
SpringerVerlag,1994.

R. Hartley. Projectve reconstructiorand invariantsfrom multiple images.
IEEE Trans.Pattern Analysisand MachineIntell., 16(10):1036—-10410cto-
ber1994.

R. 1. Hartley. A linear methodfor the reconstructiorof linesandpoints. In
Proc. 5th Int. Conf on Computenision, pages382—-887,Cambridge USA,
Junel995.

R. I. Hartley. In defenseof the eight-pointalgorithm. IEEE Trans.Pattern
Analysisand Machinelntell., 19(6):580-593Junel997.

R. I. Hartley. Linesandpointsin threeviews andthe trifocal tensor Int.

Journal of Computension, 22(2):125-140March 1997.

R. 1. Hartley. Chirality. Int. Journal of Computenvision, 26(1):41-61Jan-
uary1998.
R. l. Hartley. Minimising algebraicerrorin geometricestimationproblems.

In Proc. 6th Int. Conf on ComputenMsion, pagesA69—-476 Bombay India,
Januaryl998.



138

BIBLIOGRAPHY

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

R. I. Hartley andP. Sturm. Triangulation. Computenvision and Image Un-
derstanding 68(2):146—157Novemberl997.

R. 1. Hartley andA. ZissermanMultiple View Geometryn Computenision.

CambridgeUniversityPressCambridge UK, 2000.

A. Heyden.A commonframenvork for multiple view tensorsin H. Burkhardt
and B. Neumann editors, Proc. 5th EuropeanConf on Computer\Vision,
volumel of Lecture Notesin ComputerSciencel406 pages3—19,Freikurg,

Germary, Junel998.SpringerVerlag.

A. Heyden,R. Berthilsson,andG. Sparr An iteratve factorizationmethod
for projectie structureandmotionfrom imagesequencedmage and Vision

Computing 17(13):981-991Novemberl999.

R. Horaud,F. Dornaika,B. Lamiroy, andS. Christy. Objectpose:Thelink
betweenweakperspectie, paraperspeate, andfull perspectie. Int. Journal

of Computeiision, 22(2):173-189March 1997.

B. K. P Horn. RobotVision. McGraw-Hill, New York, 1986.

B. K. P. Horn and M. J. Brooks, editors. Shapefrom Shading Arti cial
IntelligenceSeriesMIT PressMassachusett&)SA, 1989.

T. S. Huangand O. Faugeras. Somepropertiesof the matrix in two-
view motion estimation.|IEEE Trans.Pattern Analysisand Machine Intell.,

11(12):1310-1312Decembed 989.

M. Irani andP. Anandan.Aboutdirectmethods.In B. Triggs,A. Zisserman,

and R. Szeliski, editors, Vision Algorithms: Theoryand Practice number



BIBLIOGRAPHY 139

[78]

[79]

[80]

[81]

[82]

[83]

1883in LectureNotesin ComputerSciencepage67-277 Corfu, Greece,
Septembel999.SpringefVerlag.

M. Irani, P. AnandanandD. Weinshall. Fromreferencdramesto reference
planes:Multi-view parallaxgeometryandapplications.In H. Burkhardtand
B. Neumann.editors, Proc. 5th EuropeanConf on ComputerVision, vol-
umell of Lectue Notesin ComputeiSciencel 407, pages829-845Freilurg,
Germary, Junel998.SpringefVerlag.

T. Joshi,N. Ahuja, andJ. Ponce. Structureandmotion estimationfrom dy-
namic silhouettesunder perspectie projection. Int. Journal of Computer

Vision, 31(1):31-50February1999.

F. Kahl, B. Triggs, and K. Astrom. Critical motionsfor auto-calibration
whensomeintrinsic parameterganvary. Journal of Mathematicallmage

andVision, 13(2):131-1460ctober2000.

T. Kanadeand J. R. Kender Mapping image propertiesinto shapecon-
straints: Skewed symmetry af ne-transformablepatterns,and the shape-
from-texture paradigm. In J. Beck, B. Hope, and A. Rosenfeld,editors,
Humanand Machine Msion, pages237-257.AcademicPress,New York,

1983.

T. KanadeandM. Okutomi. A stereomatchingalgorithmwith an adaptve
window: Theoryandexperiment.In Proc.ofthelEEE Intl. Conf onRobotics

and Automation pagesl088—-1095Sacramentd,JSA, April 1991.

M. Kass,A. Witkin, andD. TerzopoulosSnales: Active contourmodels.In

Proc. 1stint. Conf on ComputeiMision, pages259-268)].ondon,Junel987.



140 BIBLIOGRAPHY

[84] R.Koch,M. Pollefeys,andL. VanGool. Multi viewpointsteredrom uncali-
bratedvideosequencedn H. BurkhardtandB. Neumanngditors,Proc. 5th
EuropeanCont on ComputeMsion, volumel of Lecture Notesin Computer

Sciencel406 pagess5—71,Freiburg, Germary, Junel998.SpringerVerlag.

[85] J.J.Koenderink.Whatdoesthe occludingcontourtell usaboutsolid shape?

Perception 13:321-3301984.

[86] J.J.Koenderink.Optic o w. Vision Reseath, 26(1):161-1791986.

[87] J.J.Koenderink.Solid Shape MIT PressCambridgelUSA, 1990.

[88] J.J.KoenderinkandA. J.VanDoorn. Photometrianvariantsrelatedto solid

shape.OpticaActa 27(7):981-9961980.

[89] K. N. KutulakosandS. M. Seitz. A theoryof shapeby spacecarving. In
Proc. 7th Int. Conf on ComputerVision, volumel, pages307-314,Corfu,
Greece Septembefl999.

[90] S. Lang. Algebra. Addison-Weslgy, Menlo Park, California, edition,
1984.

[91] J.LasenbyandA. N. LasenbyEstimatingtensordor matchingover multiple
views. Phil. Trans.RoyalSoc.LondonA, 356(1740):1267-1282)ay 1998.

[92] J.M. Lawn andR. Cipolla. Rolustegomotionestimatiorfrom af ne motion-
parallax. In J.-O.Eklundh, editor, Proc. 3rd EuropeanConf on Computer
Vision, volumel of Lecture Notesin ComputerScience800, pages205-210,

Stockholm,SwedenMay 1994.SpringefVerlag.



BIBLIOGRAPHY 141

[93] K. Levenbeg. A methodfor the solutionof certainnon-linearproblemsin

leastsquaresQuart.J. Appl. Maths, 11(2):164-168,1944.

[94] M. D. Levine,D. A. O'Handley, andG. M. Yagi. Computerdeterminatiorof

depthmaps.ComputerGraphicsand Image Processing2:131-1501973.

[95] J.Liu, J.Mundy, D. Forsyth,A. ZissermanandC. Rothwell. Ef cient recog-
nition of rotationallysymmetricsurfacesandstraighthomogeneougeneral-
ized cylinders. In Proc. Conf ComputerVision and Pattern Reca@nition,

pagesl23-129 New York, Junel993.

[96] H. C. Longuet-Higgins. A computeralgorithmfor reconstructinga scene

from two projections.Nature, 293:133-135Septembel 981.

[97] M. A. LourakisandR. Deriche. Cameraself-calibrationusing the singu-
lar value decompositiorof the fundamentamatrix: From point correspon-
dencedo 3D measurementdechnicalReport3748,INRIA, SophiaAntipo-

lis, France August1999.

[98] M. A. LourakisandR. Deriche. Cameraself-calibrationusingthe singular
valuedecompositiorof the fundamentammatrix. In 4th AsianConfeenceon

Computeiision, volumel, pages403—-408,Taipei, Taiwan,January2000.

[99] D. G. Luenbeger. Linear and Nonlinear Programming Addison-W\eésley,
USA,  edition,1984.

[100] Q.-T. Luong. Matrice Fundamentalest Auto-Calibration en \Vision Par Or-

dinateur. PhDthesis,Universitede Paris-SudOrsay France 1992.



142 BIBLIOGRAPHY

[101] Q.-T. Luong and O. Faugeras. Self-calibrationof a moving camerafrom
point correspondenceandfundamentamatrices. Int. Journal of Computer

Vision, 22(3):261-2891997.

[102] Q.-T. Luong and O. D. Faugeras. The fundamentalmatrix: Theory algo-
rithms, andstability analysis.Int. Journal of Computeivision, 17(1):43-75,
Januaryl996.

[103] F. S.Macaulay TheAlgebraic Theoryof Modular SystemsCambridgeMath-
ematicalLibrary. CambridgeUniversity PressCambridge UK, 1994. Reis-

sueof the1916edition.

[104] J.R. MagnusandH. Neudecler. Matrix Differential Calculuswith Applica-
tionsin Statisticsand EconometricsWiley Seriesn ProbabilityandMathe-

maticalStatisticsJohnWiley & Sons,New York, 1995.

[105] J.Malik andR. Rosenholtz.Computinglocal surfaceorientationandshape
from texturefor curvedsurfacesint. Journalof ComputeMsion, 23(2):149—

168,Junel997.

[106] D. W. Marquardt. An algorithmfor least-squaresstimationof non-linear

parametersJ. Soc.Ind. Appl. Maths, 11(2):431-4411963.

[107] D. Marr andE. Hildreth. Theoryof edgedetection.Proc. Roy Soc.London.
B., 207:187-2171980.

[108] E. A. Maxwell. The Methodsof Plane Projective GeometryBasedon the
Use of Geneal HomayeneousCoominates CambridgeUniversity Press,

Cambridge 1964reprintof  edition,1946.



BIBLIOGRAPHY 143

[109]

[110]

[111]

[112]

[113]

[114]

[115]

S. MaybankandO. D. Faugeras.A theoryof self-calibrationof a moving

cameralnt. Journal of Computension, 8(2):123-151August1992.

P. R. S. Mendon@ andR. Cipolla. Analysisandcomputationof an afne
trifocaltensorIn H. P Lewis andS. M. Nixon, editors Proc.British Machine

Vision Confeence volumel, pagesl25-133 SouthamptonUK, 1998.

P. R. S. Mendon@ andR. Cipolla. Estimationof epipolargeometryfrom
apparentontours: Af ne andcircular motion cases.In Proc. Conf Com-
puter Vision and Pattern Reca@nition, volumel, pages9-14, Fort Collins,

Colorado,Junel999.

P. R. S. Mendon@ andR. Cipolla. A simpletechniquefor self-calibration.
In Proc. Conf ComputerVision and Pattern Reca@nition, volumel, pages

500-505 Fort Collins, Colorado Junel1999.

P. R. S. Mendon@, K.-Y. K. Wong, andR. Cipolla. Cameraposeestima-
tion andreconstructiorfrom imagepro les undercircularmotion. In David
Vernon,editor, Proc. 6th EuropeanCont on Computenision, volumell of
Lectuie Notesin ComputerSciencel842 pages864—-877,Dublin, Ireland,
June/July2000.Springer\Verlag.

D. P. Mukherjee,A. ZissermanandJ. M. Brady Shapefrom symmetry—
detectingand exploiting symmetryin af ne images. In Phil. Trans.Royal

Soc.LondonA, volume351,pages/7-106,1995.

J.L. Mundy andA. ZissermannGeometridnvariancein Computenvision.

Arti cial IntelligenceSeriesMIT PressCambridgelUSA, 1992.



144 BIBLIOGRAPHY

[116] V. S.Nalwa. Line-drawing interpretation:Bilateralsymmetry IEEE Trans.
Pattern Analysisand Machinelintell., 11(10):1117-1120)ctober1989.

[117] S.K. Nayar W. WatanabeandM. Noguchi.Real-timefocusrangesensorin
Proc.5thInt. Conf on Computeiision, page€995-1001CambridgelUSA,
Junel995.

[118] B. O'Neill. ElementaryDifferential Geometry AcademicPressNew York,
1966.

[119] M. OrenandS.K. Nayar A theoryof speculasurfacegeometrylint. Journal
of Computeiision, 24(2):105-124Septembel 996.

[120] A. P. Pentland A new sensdor depthof eld. IEEE Trans.PatternAnalysis
andMachinelintell., 9(4):523-531July 1987.

[121] M. Pollefeys, R. Khoch, andL. Van Gool. Self-calibrationand metric re-
constructionin spite of varying and unknovn internal cameraparameters.
In Proc. 6th Int. Conf on ComputerVision, pages90-95,Bombay India,
Januaryl998.

[122] M. Pollefeys, R. Koch,andL. VanGool. Self-calibrationandmetricrecon-
structionin spite of varyingandunknaown intrinsic camergparametersint.

Journal of Computeiision, 32(1):7—-25August1999.

[123] J. Ponce,A. Hoogs,andD. J. Kriegman. On using CAD modelsto com-
putethe poseof curved 3D objects. Computervision, Graphicsand Image

Processing55(2):184—-197March1992.

[124] J. PonceandD. J. Kriegman. Toward 3D curved objectrecognitionfrom

imagecontours. In J. L. Mundy andA. Zissermangditors, Geometricln-



BIBLIOGRAPHY 145

variancein Computenision, Arti cial IntelligenceSerieschapter21, pages

408-439MIT PressCambridgeUSA, 1992.

[125] J. Porrill andS. B. Pollard. Curve matchingand stereocalibration. Image

andVision Computing 9(1):45-50Februaryl991.

[126] W. H. PressS.A. Teulolsky, W. T. Vetterling,andB. P. Flannery Numerical
Recipesn C: TheArt of Scienti c Computing CambridgeUniversity Press,
Cambridge UK, edition,1992.

[127] L. Quan. Invariantsof six pointsand projectve reconstructiorfrom three
uncalibratedimages. IEEE Trans. Pattern Analysisand Machine Intell.,

17(1):34—-46J)anuaryl 995.

[128] J. H. Rieger Threedimensionalmotionfrom x ed pointsof a deforming

pro le cune. OpticsLetters, 11(3):123-125March 1986.

[129] D. Robertsonand R. Cipolla. An interactve systemfor constraint-based
modelling. In M. Mirmehdi andB. Thomas editors,Proc. British Machine

Vision Confeence volumell, pagess36-545Bristol, UK, 2000.

[130] J. SatoandR. Cipolla. Af ne reconstructiorof curved surfacesfrom un-
calibratedviews of apparentcontours. IEEE Trans. Pattern Analysisand

Machinelntell., 21(11):1188-1198\ovemberl999.

[131] T. W. Sederbeg. Piecavise algebraicsurfacepatches.ComputerAidedGe-
ometricDesign 2:53-59,1985.

[132] T.W. SederbayandJ.P. Snively. Parametrizatiomf cubicalgebraicsurfaces.

In R. R. Martin, editor, Designand Applicationof Curvesand Surfaces—



146 BIBLIOGRAPHY

Mathematicof Surfacedl, numberll in The Institute of Mathematicsand

its ApplicationsSeriespage299-319 Cardiff, UK, 1987.ClarendorPress.

[133] J. G. SempleandG. T. Kneebone.Algebraic ProjectiveGeometry Oxford
ClassicTexts in the PhysicalSciencesClarendonPress Oxford, UK, 1998.
Originally publishedn 1952.

[134] D. F. Shano.Conditioningof quasi-Nevton methodgor functionminimiza-

tion. Maths.Comput, 24:647-6561970.

[135] L. S. Shapiro,A. ZissermanandM. Brady. 3D motionrecovery via af ne
epipolargeometry Int. Journal of Computeiision, 16(2):147-1820ctober
1995.

[136] A. ShashuaTrilinearity in visualrecognitionby alignment.n J.-O.Eklundh,
editor, Proc. 3rd EuropeanCont on ComputerVision, volumel of Lectue
Notesin ComputerScience800, pages479-484 Stockholm,SwedenMay

1994.SpringerVerlag.

[137] A. ShashuandM. Werman. Trilinearity of threeperspectie views andits
associatetensor In Proc.5thint. Conf on ComputeMsion, page®920-925,

CambridgeUSA, Junel995.

[138] A. ShashuandL. Wolf. On the structureand propertiesof the quadfocal
tensor In D. Vernon,editor, Proc. 6th EuropeanCont on Computer\i-
sion, volumel of Lecture Notesin ComputerSciencel842 pages/10-724,

Dublin, Ireland,June/July2000.SpringefVerlag.

[139] S. M. SmithandJ. M. Brady Susan:A new approacho low-level image-
processinglnt. Journal of Computenision, 23(1):45-78May 1997.



BIBLIOGRAPHY 147

[140] C. E. Springer Geometryand analysisof projectivespaces FreemanSan

FranciscolUSA, 1964.

[141] P. Sturm. Critical motion sequencefor monocularself-calibrationandun-
calibratedEuclideanreconstruction. In Proc. Conf ComputerVision and

PatternRecagnition, pagesl 100-1105SanJuan,PuertoRico, Junel997.

[142] P. Sturm. Critical motion sequencefor the self-calibrationof camerasand
stereosystemswith variablefocal length. In T. PridmoreandD. Elliman,
editors, Proc. British Machine Mision Confeence volumel, pages63-72,

Nottingham,Septembef999.

[143] P. SturmandB. Triggs. A factorizatiorbasedalgorithmfor multi-imagepro-
jective structureandmotion. In B. BuxtonandR. Cipolla, editors,Proc. 4th
EuropeanConf on ComputeMision, volumell of Lectue Notesn Computer
Sciencel064 pages709-720,Cambridge England,April 1996.Springer

Verlag.

[144] M. Subbarao.Parallel depthrecovery by changingcameraparameters.in
Proc. 2nd Int. Conf on Computenision, pagesl49-155,TarpoonSprings,
USA, Decembe988.

[145] R. Szeliski. Rapid octreeconstructionfrom image sequences.Computer

Vision, GraphicsandImage Processing58(1):23—-32July 1993.

[146] R. SzeliskiandR. Weiss. Rolust shaperecovery from occludingcontours
usingalinearsmoother Int. Journal of ComputeMsion, 28(1):27—-44,June

1998.



148

BIBLIOGRAPHY

[147]

[148]

[149]

[150]

[151]

[152]

[153]

C. Tomasiand T. Kanade. Shapeand motion from image streamsunder
orthography: A factorizationmethod. Int. Journal of ComputerVision,

9(2):137-154November1992.

P. H. S. Torr andA. Zisserman.Rokust parametrizatiomndcomputationof

thetrifocal tensor Image andVision Computing 15(8):591-605May 1997.

P. H. S. TorrandA. ZissermanFeaturdbasednethoddor structureandmo-
tion estimation.In B. Triggs,A. ZissermanandR. Szeliski,editors,Vision
Algorithms: Theoryand Practice numberl883in LectureNotesin Com-
puter Science,pages278-294,Corfu, Greece,Septemberl999. Springer
Verlag.

B. Triggs. Factorizationmethodsfor projectve structureand motion. In
Proc. Conf Computenvision and Pattern Rec@nition, pages345—-851,San
FranciscolJUSA, 1996.

B. Triggs.Autocalibrationandtheabsolutequadric.In Proc. Conf Computer
VisionandPatternRecgnition, page$09-614 SanJuan,PuertoRico, June
1997.

B. Triggs. Plane+ parallax,tensorsandfactorization.In D. Vernon,editor,
Proc. 6th EuropeanCont on ComputerVision, volumel of Lectue Notes
in ComputerSciencel842 pagesH22-538Dublin, Ireland,June/July2000.
SpringefVerlag.

B. Triggs,P. F. McLauchlanR. 1. Hartley, andA. W. Fitzgibbon.Bundlead-
justment— A modernsynthesisin B. Triggs,A. ZissermanandR. Szeliski,

editors, Vision Algorithms: Theoryand Practice number1883in Lecture



BIBLIOGRAPHY 149

Notesin ComputeiSciencepage298-372Corfu, GreeceSeptembet 999.
SpringefVerlag.

[154] H. P. Trivedi. Canmultiple views make up for lack of cameraregistration?

Image and Vision Computing 6(1):29-32 February1988.

[155] R. Y. Tsai. An efcient andaccuratecameracalibrationtechniquefor 3D
machinevision. In Proc. Conf ComputerVision and Pattern Recanition,

pages364—374 Miami, Junel986.

[156] R.Y. TsaiandT. S.Huang.Uniquenessindestimationof three-dimensional
motionparametersf rigid objectswith curvedsurfaces|EEE Trans.Pattern

Analysisand Machinelntell., 6(1):13—-26 Januaryl984.

[157] S.Uliman. Theinterpretationof visualmotion MIT PressCambridge,USA,
1979.

[158] R. Vaillant andO. D. Faugeras. Using extremal boundariedor 3D object
modelling. IEEE Trans. Pattern Analysisand Machine Intell., 14(2):157—
173,February1992.

[159] T. Vieville andD. Lingrand. Usingspeci c displacementto analyzemotion
without calibration. Int. Journal of ComputerVvision, 31(1):5-29 February

1999.

[160] T. Wada,H. Ukida,andT. MatsuyamaShapdrom shadingwith interre ec-
tionsundera proximal light-source:Distortion-freecopying of anunfolded

book. Int. Journal of Computenision, 24(2):125-135Septembel 997.

[161] K.-Y. K. Wong,P. R. S. Mendon@, andR. Cipolla. Reconstructiomndmo-

tion estimationfrom apparentontoursundercircularmotion. In T. Pridmore



150 BIBLIOGRAPHY

andD. Elliman, editors,Proc. British Machine Vision Confeence volumel,

pages83—-92,Nottingham UK, Septembel999.

[162] X. Yan, X. Dong-hui,P. Jia-xiong,and D. Ming-yue. The uniguesolution
of projectie invariantsof six pointsfrom four uncalibratedmages.Pattern

Recanition, 30(3):513-517March1997.

[163] C. Zeller and O. Faugeras.Cameraself-calibrationfrom video sequences:
TheKruppaequationsevisited. TechnicalReportRR-2793 INRIA, France,
Februaryl996.

[164] Z. Zhang.Determiningthe epipolargeometryandits uncertainty:A review.

Int. Journal of Computenision, 27(2):161-195March/April 1998.

[165] A. ZissermanD. Forsyth,J. L. Mundy, andC. A. Rothwell. Recognizing
generalcurved objectsefciently. In J. L. Mundy andA. Zisserman edi-
tors,Geometridnvariancein Computenision, Arti cial IntelligenceSeries,

chapterll, page228-251MIT PressCambridgelJSA, 1992.

[166] A. ZissermanD. Liebowitz, andM. Armstrong. Resolvingambiguitiesin

auto-calibrationPhil. Trans.RoyalSoc.LondonA, 356:1193-12111998.

[167] A. Zisserman . L. Mundy, D. A. Forsyth,J. Liu, N. Pillow, C. Rothwell,
andS. Utcke. Class-basedroupingin perspectie images.In Proc. 5thInt.

Conf on Computeiision, pagesl83-188 CambridgeUSA, Junel995.



Index

afne
approximationpb, 20, 43, 44,57,
58
validity of, 5
camera4, 20, 27,28,38,52
canonical 38
opticalcentre 20
epipolar geometry see epipolar
geometryaf ne
fundamentalmatrix, see funda-
mentalmatrix, af ne
transformationl6, 25,38
algebraicerror, see fundamentama-
trix, computatiorof, 36
apparentontour seepro le
Augustine St.,55

Barrowv, H. G., 57
bundleadjustment85,90,109,112
projectve, 90,91

camera
afne, seeaf ne, camera
calibration xiii, 3,18,56,109
canonical22,23,46
extrinsic parametersl 8
motion, xiii, 34,57
critical, see self-calibration,
critical motions
planar 44
rotation,33,63
table,72
translation 33,97
multiview systems, see trifocal
tensorand quadfocakensor

151

opticalaxis,98-100
optical centre,19, 20, 28, 33, 56,
61,62,70
epipolarplane,seeepipolarge-
ometry epipolarplane
epipole,seeepipolargeometry
epipole
opticalray, 19,32
projectve,xx, 4,5,17-19 20,25,
28,30
generaform, 18
geometriaepresentatior,9
parameterisatior,8
rotation,67
self-calibration, see self-calibra-
tion
stereoseeepipolargeometry
Cartesiarcoordinatesxix, 10
conversionto homogeneousoor
dinates, 10, seealso Carte-
siancoordinates
vectorial representation 10, 12,
33
circularmotion, xiii, 55-85
fundamentalmatrix, see funda-
mental matrix, parameterisa-
tion, circularmotion
horizon,56,66, 74,75, 80,81
rotationaxis,61-63,65,68, 71
imageof, 56,61,63,64, 66,68,
70,80
turntablesequence;6,79, 80
conic,13
absolute91



152

INDEX

equation,13

matrix of a, 13

projectionof a quadric,asa, 22
contourgeneratard2,83

de nition, 41

intersectiorof, seefrontier point
corners35

effect of noise,35

matchingof, xiii, 38,45,58,82
correspondences

line, seelines, matchingof

point, seecornersmatchingof
critical motions, seeself-calibration,

critical motions

derivative
nite differences, computation
from, 80,121
geometricerror, of, 38,122-124
Hessianof geometricerror, 38,
124-125
Huang and Faugerasconstraint,
of, 106,127-128
compleity, 105
resultantof a polynomialandits,
23
duality, principleof, 13

edges35
Canry detectoy 75
eliminationtheory 23
epipolargeometryxiii, 27—-45
afne, 27,38-41
epipole,37
epipolarconstraint29, 98
epipolarline, 29, 36,41,44,98
computatiorof, 74
correspondingg8
epipolarplane,29
epipolar tangeng, see prole,
epipolartangeng
epipole,29, 49
computatiorof, 56,74,75

horizon, see circular motion,
horizon
orientationof, 43
symmetry68, 77
estimation,seefundamentalma-
trix, computatiorof
fundamentalmatrix, see funda-
mentalmatrix
pro les, from, xiii, 1
smoothsurfaces45
afne, 41,43-4557
epipole, see epipolar geometry
epipole
essentiamatrix, 33
constraintson entries, see self-
calibration, Huang and
Faugeragonstraints
decomposition34,92,104
degreesof freedom 34
fundamentalmatrix, relation to,
xiii, 93
Euclidean
distanceseegeometricerror
geometryl10
relationto projectve geometry
9
motion,56
reconstruction, see reconstruc-
tion, Euclidean
transformation,16, 25, seealso
projectve, transformation,
strati cation of

Faugeras, O. D., 91, see also
self-calibration, Huang and
Faugeragonstraints

frontier point, 41, 42,57

fundamentamatrix, xiii, 28—45 49

afne, 27,38-41
degreesof freedom 40
parameterisatiol0, 41

computatiorof, 34—38 56



INDEX

153

analytical,34—36 38
numerical 36
constraints35,67,93
degreesof freedom,29, 69
epipolar constraint, see epipolar
geometryepipolarconstraint
multicameraensorsand,45
parameterisatiorg7,59,72, 122
circularmotion, 65, 76
plane parallax,30-33 70,76

geometricerror, 36—-38 43,76
derivative,seederivative,geomet-
ric error, of
Hessian,see derivative, Hessian
of geometricerror
transferof pointsandlines,in, 51
Grassman-Caylealgebra 38

harmonichomology 60—-64
computatiorof, 72,73
bitangentsy2
degreesof freedom,68
parameterisatiorg3
particular cases, see symmetry
skewedandsymmetry af ne
plane induced homography 70,
71, seealsofundamentama-
trix, plane parallax
Hartley, R., vii, 91
Hobbes,Thomas xix
Homogeneousoordinatesxix
homogeneousoordinates10-15
conicsin, seeconic,matrix of a
equvalenceclassasan,11,15
linear transformatiorof, seepro-
jective, transformation
linesin, 12
planesin, see planes, homoge-
neouscoordinatesin
points in, see points, homoge-
neouscoordinatesin

guadricdn, seequadric,matrix of
a
vectorialrepresentatiori,0,11
homographyplaneinduced,seefun-
damental matrix, plane
parallax
Huang,T., seeself-calibrationHuang
andFaugeragonstraints

implicit curves,23-24
degree,23
projectedfrom implicit surfaces,
23, seealso surface,implicit
andeliminationtheory
tensorialrepresentatior3
implicit surfacesseesurface,implicit
intrinsic parametersxiii, 18, 56, 64,
92
varying,Xxiii, 93

Koch,R.,91

KoenderinkJ.J.,57

Kruppa, E., see self-calibration,
Kruppaequations

level-setmethods83

lines
epipolar seeepipolar geometry
epipolarline
homogeneous coordinates, in,
12-13

intersectiorof, 12
matchingof, xiii, 45,49
projection of planes,seeplanes,
projectionof
transfer of, see trifocal tensor
transferof linesandpoints
Luong,Q.,91

matrix
essentialseeessentiamatrix
fundamental, see fundamental
matrix



154

INDEX

homogeneoud,5
intrinsic parametersseeintrinsic
parameters
rotation, 17, seealso Euclidean,
transformation
singular value decomposition
(svd)of, 93
Maybank,S.,91
motion
critical, seeself-calibration criti-
cal motions
estimationfrom pro les, seepro-
le, motionestimationfrom
structureand
directmethods?
featurebasedmethods?

optimisation
BFGS,106
geometricerror, minimisationof,
seegeometricerror
Levenbeg-Marquardt37,106
Newton-Rhapson37

planes
epipolar seeepipolar geometry
epipolarplane
homogeneous coordinates, in,
12-13
points,de ned by, 13
projectionof, 20-21
Plato,9
points
Cartesiarcoordinatesin, 10
frontier, seefrontier point
homogeneousoordinatesin, 10
invariantof six, 48
matchingof, seecorners,match-
ing of
projectionof, 18, 28, seecamera,
opticalray
transfer of, see trifocal tensor
transferof linesandpoints

Pollard,S.B., 57
Pollefeys, M., 91
Porrill, J.,57
pro le, xiii, 55-85
de nition, 41
epipolartangeng, 41, 42,43
feature 3, 35
motionestimatiorfrom, 3,42,56,
57
afne, 43,45, seealsoepipolar
geometry smooth surfaces,
afne
localminima, 44
surfaceof revolution, of, seesur
face,revolution of, pro le of
and harmonichomology
projectve
cameraseecamera
geometry4, 9-26
de nition, 9
relationto Euclideangeometry
9
transformation3, 15-17
2-dimensional62
3-dimensional91
invarianceof fundamentaima-
trix to, 30, see also funda-
mentalmatrix
guasi-afne, 39
strati cation of, 16,17

guadfocakensor 27,46
parameterisatiorh3
guadrilinearconstraint

relation to bilinear (epipolar)
andtrilinear constraint46
textbf, 52

quadric
absolute90,91
degeneratel4
matrix of a, 14
projectionof a, 22



INDEX 155
tangentgo a, 15 bilateral,64
) projectve, seeharmonichomol-
reconstruction
Euclideanxiii, 91, seealso bun- o9
Xill, 9L, skewed,63,79

dle adjustment
pro les, from,57,82-85
projectve,91, seealsobundlead-
justmentprojective
quasi-aine, 39, seealso projec-
tive, transformation, quasi-
afne
registration,image,69
Rieger, J.H., 57

self-calibration1, 3,89-115
critical motions,4, 97, 103,110,
114
detectionof, 97-10Q 114
Huang and Faugerasconstraints,
89,92-94 114
Kruppaequations90, 91
equvalence to Huang and
Faugerasand Trivedi con-
straints,90
minimal requirementsor, 103
softwarefor, 115
Trivediconstraints90
similarity transformation, 16, see
also projectve, transforma-
tion, strati cation of
surface
implicit, 23
projectionof, 23
tensorialrepresentatior3
revolution, of, 5, 6, 56,58
pro le of, 60, 64, 71, seealso
harmonichomology
smooth5
Sylvestermatrix, 23, seealso deriva-
tive,resultanf apolynomial
andits
symmetry 58, seealso surface,revo-
lution, of

Tenenbaum].M., 57
triangulation
pro les, of, 58,83, 85, seerecon-
struction,pro les, from
trifocal tensor
afne, 27,51-52 seealsoafne
degreesof freedom 52
parameterisatiorh2
computatiorof, 49-51
analytical,49
numerical 51
constraints49
degreesof freedom 48
fundamentalmatrix, comparison
to, 47
parameterisatior}7—49
minimal, 48—49
transferof linesandpoints,47,51
trilinear constraint47
Triggs,W., 91
Trivedi, H. P, see self-calibration,
Trivediconstraints

VanGool,L., 91
vanishingpoints,66, 72
voxel-carving,83

Zhang,Z., 28



