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Multi view Geometry: Pro�les and Self-Calibration

Abstract

An importantgoalof computervision is thesimultaneousrecovery of cameramo-

tion andscenestructurefrom multiple views. Frequently, thesolutionof this prob-

lem demandsthe estimationof the epipolar geometryof the sequenceof images,

encodedin fundamentalmatrices. Thesecan be satisfactorily obtainedthrough

a numberof methodswhen imagefeaturescorrespondingto the sameobjectsin

space— suchas points, lines, texture etc. — can be easily matched. However,

whenthesceneis comprisedof smooth,texturelesssurfaces,thedeterminationof

suchcorrespondencesis adif�cult problem.

In thissituationthemostprominentfeaturesof theobjectsbeingviewedarethe

pro�les or apparentcontours. This dissertationdevelopsan ef�cient techniqueto

estimatetheepipolargeometryfrom pro�les in the importantcaseof circularmo-

tion. In contrastto previousmethods,thesolutionproposedherecanbeusedeven

for surfaceswith simplegeometry. It alsoemploysasequentialapproach,obtaining

theindependentcomponentsof theepipolargeometrystep-by-step.Finally, it does

notdemandthesolutionof any largescaleoptimisationproblem.

Oncethe epipolargeometryis estimated,the projective structureof the scene

canbedetermined.To updatethisprojectivereconstructionto anEuclideanone,the

cameramustbecalibrated.In this dissertationa novel self-calibrationtechniqueis

introduced,basedonobtainingtheintrinsicparametersthatupdatethefundamental

matricesto essentialmatrices. This simpleapproachprovidesanalgorithmfor the

linear computationof the varying focal lengthsof the cameras,plus a nonlinear

methodthatcanre�ne theinitial solutionandalsoobtainotherintrinsicparameters.
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Glossary

[...] In geometry(which is theonlysciencethat it hathpleasedGodhithertoto bestowon
mankind),menbegin at settlingthesigni�cationsof their words;which signi�cations[...]

they call de�nitions,andplacethemin thebeginningof their reckoning.

ThomasHobbes(1588–1679),Leviathan, partI, chapter4, 1651.
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Chapter 1

Intr oduction

1.1 Moti vation

Two problemswere tackledin this thesis: estimationof epipolargeometryfrom

pro�les (section3.3 andchapter4) andcameraself-calibration(chapter5). They

bothhavea longhistoryin computervision,andmuchhasbeenwrittenaboutthem

(anextensivebibliographyto thesubjectscanbefoundin thecorrespondingchap-

ters).Theamountof attentiondrawn by thesetopicsis justi�ed, for they arecentral

to thesolutionof akey problemin computervision,whichis therecoveryof camera

motionand3D scenestructure fromvideosequences.

1.1.1 Shapefr om X

Severalapproacheshave beenusedto attacktheseproblems.In shapefromshad-

ing the 3D structureof an object can be inferred from a single imageby using

physicalmodelsthat link theintensityof thelight re�ectedfrom a surfaceto prop-

ertiesof thesurfacematerialandtheorientationof thesurfacewith respectto ex-

1



2 CHAPTER1. INTRODUCTION

ternallight sources[74, 75, 160]. Shapefromtexture algorithmsintendto recover

both 3D structureandmotion from the relative deformationof homogeneoustex-

ture elementson a surface,denotedtexels [157, 86, 105]. Anotherpossibility is

shapefromspecularity, which usesspecularre�ection asa cluefor scenestructure

[88, 11, 119]. In shapefromfocustheblurring of the imageat differentdistances

from thecameraoffersinformationaboutsurfacedepth;acommonvariationof this

methodis obtainedwhenthefocusof thecamerais deliberatelychangedto blur the

image,a techniqueknown asshapefromdefocus[120,144,117, 22].

1.1.2 Geometry-BasedAlgorithms

Althoughextremelyusefulfor speci�c applications,noneof themethodsmentioned

above is as �e xible asor producesresultswith accuracy comparableto stereoor

multicamerageometry-basedsystems[41, 70]. A commonfeatureof this classof

techniquesis thecomputationof projective invariantsrelatedto thesetof cameras

in the form of the epipolar geometry, trilinear constraints, or genericmultiview

camera relations(chapters3 and4), and the useof intrinsic cameraparameters,

which canbeeitherprecomputedor computedafter theestimationof theepipolar

geometry(chapter5).

Dir ectversusFeatureBasedMethods. In orderto obtaintheseprojectiveinvari-

antsit is necessaryto matchelementsthat canbe seensimultaneouslyin images.

If thematchedelementsarewholeareasof the image,or any otherimagequantity

directly measurableat eachpixel, thetechniqueis dubbeda directmethod[77]. If,

alternatively, a sparsesetof matchedfeaturesis used,suchaspoints,linesor con-

tours,themethodis denotedto befeature based[149]. For a comparisonbetween
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thetwo approachessee[3].

1.1.3 Structure and Motion fr om Pro�les

To estimatethe structureand the motion of smoothtexturelesssurfaces,neither

direct nor featurebasedmethodsusingpointsor lines areappropriate.In this sit-

uationthe pro�le of the surfaceis the mostdominantfeaturein the image,andit

offers importantinformationfor determiningboth theshapeandthemotionof the

surface[28]. Moreover, evenwhenthematchingof otherfeaturesis possible,the

informationprovidedby thepro�les shouldnotbeneglected.Oneof theobjectives

of this work was,therefore,thedevelopmentof practicalalgorithmsfor estimating

theepipolargeometryof asequenceof imagesfrom pro�les.

1.1.4 CameraSelf-Calibration

The invariantsencodedby the epipolargeometryor othermultiview camerarela-

tionsareprojectiveones,i.e., they allow therecoveryof scenestructureandcamera

motiononly up to a projective transformation[40, 63] . To upgradethis projective

transformationinto an Euclideanone,or at leastinto a similarity transformation,

it is necessaryto obtain the intrinsic parametersof the camerasthat acquiredthe

images.If the Euclideanstructureof the sceneis alreadyknown, this knowledge

canbeusedto computethecameraparameters,in a techniquecalledcamera cali-

bration [49, 155]. For unknown scenes,a moregeneralapproach,denotedcamera

self-calibration [109], mustbeemployed.

Critical Motions for Self-Calibration. Thereis a rich pool of algorithmsde-

signedto solve theself-calibrationproblem.However, therearetheoreticallimita-
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tionsto whatthesealgorithmscanachieve,dueto theoccurrenceof critical-motions

(section5.4.2),whicharecameracon�gurationsthatinvolvetheself-calibrationup

to thepoint of renderingit impossible.Until now, self-calibrationandtheanalysis

of critical motionshavebeendoneindependently, andthiswork attemptedto close

this gapby developinga self-calibrationalgorithmwith built-in critical motionde-

tection.

1.2 Approach

Althoughprojective geometrywasthemainmathematicaltool usedto developthe

ideaspresentedin thisthesis,greateremphasiswasgivento arigorousanalysisthan

to pure geometricinsight whenever that waspossible. Whenneeded,geometric

argumentswereonly complementaryto theanalyticalones,for it is theopinionof

the authorthat intuition is not a substitutefor formalism,but only an aid andan

inspirationto thedevelopmentof ascienti�c work.

As anengineeringdiscipline,computervision adoptsthecommonparadigmof

representingtheworld throughmodelsthatarecomplex enoughto allow usefulde-

scriptionsof realphenomena,but neverthelesssimpleenoughto rendertheanalysis

of thesephenomenamathematicallytractable.Fromthisperspective,it is moreben-

e�cial to think of modelsasbeingusefulor not, insteadof simply qualifying them

asright or wrong.Considertheaf�ne cameramodel[1]. Strictly speaking,its useas

adescriptionof realcamerasis, mostof thetime,wrong.However, it is well known

that the advantagesobtainedin employing it can, in somecircumstances,surpass

possiblegainsattainedfrom adoptingthe morecomplex projective cameramodel

[70]. Thesameis truefor ignoringlensdistortionor otheropticalaberrations.
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1.2.1 Modelsand Approximations Adopted

Theprojectiveor pinholecamera,which is probablythemostimportantmodelused

in geometriccomputervision, wasadoptedalmosteverywherein this work. An

exceptioncanbe found in section3.3, which madeuseof af�ne approximationto

solve theproblemof estimatingtheepipolargeometryfrom pro�les undergeneral

cameramotion. Again in section3.3 andalso in chapter4, smoothobjectswere

modelledas
� �

surfaces,i.e.,subsets� of
���

suchthatfor eachpoint
���

� there

existsa properpatch in � whoseimagecontainsa neighborhoodof
�

in � [118].

Still in chapter4, theoverlappingof a �nite numberof imagesof a rotatingobject

wasapproximatedto theimageof asurfaceof revolution.

Validity of the Models. Most of the successof geometriccomputervision de-

pendson the validity of the pinholecameramodel. Although someapplications

demandthecorrectionof lensradialdistortion[32], for the rangeof focal lengths

usedherethepinholecamerawasanentirelyappropriatemodel.Theconditionsfor

the validity of the af�ne cameramodelarewell-known: narrow �eld of view and

largefocal length[73].

Sincea B-splinewas �tted to the pro�les of the objectsusedin this work, it

was requiredto model theseobjectsas
�

�

surfacesor at leastpiecewise
�

�

sur-

faces(if two control points are allowed to coincide). This condition is violated

by surfaceswith fractal patches,which, althoughcontinuouseverywhere,arenot

differentiableanywherein the fractalpatch.This situationroughlycorrespondsto

highly spiky surfaces,for which, therefore,the algorithmspresentedhereshould

notbeemployed.

Finally, for the purposesof this work the assumptionthat the overlappingof
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a �nite numberof imagesof a rotatingobjectcanbe regardedas the imageof a

surfaceof revolutionwasempiricallyveri�ed asvalid for anglesof rotationbetween

successivesnapshotsof up to ����� .

1.3 Contrib utions

Themaincontributionsof this thesisare:

� a solutionto the problemof motion estimationfrom pro�les in the caseof

circularmotion,basedon symmetrypropertiesof imagesof surfacesof rev-

olution; this is the �rst solution to the problemof motion estimationfrom

pro�les that is both practicalto implementandgeneralenoughto allow the

Euclideanreconstructionof thescene;

� a novel self-calibrationtechnique,basedon the Huangand Faugerascon-

straintsfor essentialmatrices;themethodintroducedis �e xible, for it canbe

employedfor imagesequenceswith any combinationof �x edandvaryingin-

trinsicparameters,andit alsotakesinto accounttheproximity of therelative

motionof camerapairsto a critical con�guration for self-calibration,greatly

improving its robustness.

Minor contributionsinclude:

� a specialisationof a genericmethodfor estimatingepipolargeometryfrom

pro�les to theaf�ne case,aidedby a new parameterisationof theaf�ne fun-

damentalmatrix thatis bothminimalandgeneral;

� a novel minimal parameterisationof thetrifocal tensorthatcanbeeasilyex-

tendedto provideminimalparameterisationsfor multiview tensorsof any de-
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gree.

1.4 Outline of the Thesis

Chapter 2. This chapterpresentsa brief review of sometopicsof projective ge-

ometryusedelsewherein this thesis. It introduceshomogeneouscoordinatesand

describesthe representationof geometricprimitivessuchaspoints, lines, planes

andsurfacesin suchcoordinates.It thenanalysesthe imagingprocesscarriedout

by aprojectivecamerain thecontext of generalprojectivetransformations.Finally,

it discussessomeissuesrelatedto theprojectionof planesandsurfaces.

Chapter 3. An overview of epipolargeometryandmultivew camerarelationsis

presentedin chapter3. It startswith thederivationof thefundamentalmatrix, dis-

cussingits degreesof freedom,aplaneplusparallaxrepresentationandtheessential

matrix. It alsomentionsmethodsfor computingthefundamentalmatrix from point

matchesandsuccinctlydescribesaspectsof the epipolargeometryof af�ne cam-

eras. The summaryof epipolargeometryis closedwith a quick presentationof

epipolargeometryandsmoothsurfaces,anddescribesanalgorithmfor estimating

af�ne epipolargeometryfrom pro�les, presentingresultsof implementationonreal

data.

In addition,thischapterbringsasummaryof geometryof multiplecameraswith

emphasison the trifocal tensor. It derivesa novel minimal parameterisationof the

trifocal tensoranddiscussesits computation.Furthermore,thechapterspecialises

thediscussionof the trifocal tensorto the af�ne case,and,at last,mentionssome

aspectsof multilinearcamerarelations.
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Chapter 4. This chapterdescribesin detailoneof themaincontributionsof this

work, which is thedevelopmentof analgorithmfor estimatingtheepipolargeom-

etry of a turntablesequencebasedsolely on pro�les. It bringsan extensive bibli-

ographicreview on motion estimationandreconstructionfrom pro�les, followed

by a discussionon symmetryof imagesof surfacesof revolution. A novel param-

eterisationof the fundamentalmatrix is derived,which is thenusedto developan

algorithmto estimatethe epipolargeometryof the cameras.The implementation

of this algorithmfor real imagesis alsoshown in chapter4, andexamplesof 3D

reconstructionusing the motion obtainedfrom the estimationof the epipolarge-

ometryarepresented.Theresultsobtainedin this chapteraretheproductof close

collaborationcarriedoutwith Kwan-YeeKennethWong.

Chapter 5. This chapterbeginswith a summaryof currentandpastliteratureon

self-calibration.It thenproceedsto review somepropertiesof theessentialmatrix,

theHuangandFaugerasconstraints,which areusedto developa linearalgorithm

for computationof focal lengthsgiven the fundamentalmatricesrelatedto a set

of cameras.An analysisof this algorithmprovidesa methodfor detectingcritical

cameramotions,andthe solutionprovidedby the linear algorithmis thenre�ned

througha nonlinearprocedurethatalsotakesinto accountcritical motioncon�gu-

rations.Experimentalresultsfor bothsyntheticandrealdataareshown.

Chapter 6. Theconclusionpresentsa summaryof thework andpointsto direc-

tionsfor futureresearchon thetopicsdiscussedin this thesis.



Chapter 2

ProjectiveGeometry

Letnooneenterwhodoesnotknowgeometry.

Plato(429–347B.C.),
EliasPhilosophus,AristotelisCategoriasComentaria.

2.1 Intr oduction

Projective geometryis the invarianttheoryof the groupof projective transforma-

tions [133, p. 41]. If Euclideangeometryis interpretedas the geometryof the

straightedgeandcompass,projectivegeometryis thegeometryof thestraightedge

alone[31].

Thischapterpresentsabrief review of somefundamentsof projectivegeometry

thatwill benecessarythroughouttheremainderof thisdissertation.No attempthas

beenmadeto provide a comprehensive survey, which canbe found in many good

workson projective geometry[133, 140,30, 31] andcomputervision [8, 115, 41,

70]. Althoughthetreatmentof thesubjectpresentedhereis non-standardandsome

ratheradvancedtopicsarecovered,a readerpro�cient in projective geometrymay

wantto skip this chapterandproceedto chapter3.

9
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2.2 HomogeneousCoordinates

Homogeneouscoordinatesareananalyticaltool mostsuitablefor tacklingproblems

in projective geometry, playing a role equivalentto the oneCartesiancoordinates

play to Euclideangeometry[108]. Considera point
�

in the
�

-dimensionalspace

with Cartesiancoordinatesgivenby the
�

-tuple
� �

���

�

�

���������

�

�

� � � �

. Theexpres-

sionof
�

in homogeneouscoordinatesis thesetof
� ���

�

�

-tuples 	�


� �

���

�

�

���������

�

�

�

�

��
�� � �

�

	������ . Conversely, given the homogeneouscoordinates	�


� �

���

�

�

���������

�

�

�

�

���

�

� � � ���

�

�

	

�

�

�

�

���������

�

�

�

�

�

�





 �

�

��� of a point
�

in the
�

-

dimensionalspace,the Cartesiancoordinatesof
�

will be given by
�

�

���

�

�

���������

�

�

���
�

���

� , if
�

���

�

�

�

� . If
�

���

�

�

� , the point
�

is said to be at in�nity in

direction
�

�

���

�

�

���������

�

�

�

, andit cannotberepresentedin Cartesiancoordinates.

A vectorialrepresentationof
�

in thecanonicalbasisandin homogeneousco-

ordinatesis givenby thesetof columnvectors
�

where

�

���


 �

�

�!�����

�

�

�

���

�#"

�







� �

�

	����%$

� (2.1)

The correspondingrepresentationof
�

in Cartesiancoordinatesis given by
�

�

where

�

�

�

�

�

�

�
�

���

�!�����

�

�

�
�

���

��"

�

� (2.2)

if
�

���

�

�

�

� . Henceforth,therewill bemadeno distinctionbetweena point andits

vectorialrepresentationin thecanonicalbasis,whetherin homogeneouscoordinates

or not,exceptwhereexplicitly mentioned.

From the above discussionit canbe seenthat the representationof a point in
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homogeneouscoordinatesis actuallyaset,andtheequation

�

�

���

(2.3)

expresses,in fact, the equality betweenthe sets
�


 �

�

�

�

�

�����

�

�

�

���

� "

� 





�

�

�

	������ and
�




�

�

�

�

�

�

�

� �����

�

�

�

�

�

���

�

"

� 





�

� �

�

	������ . Interpretingequalitybe-

tweenrepresentationsin homogeneouscoordinatesasan equalitybetweensetsis

a formal way of avoiding having explicitly to write the free scalefactorsof the

termsinvolved,or having to usethesymbol � to indicate“equalityup to anonzero

scalefactor”, asit is commonlydone[66]. Hereafter, the vectorialrepresentation

	�
 �

�

�

�

�

�����

�

�

�

���

� "

�






� �

�

	������ of an
�

-dimensionalobject
�

in homo-

geneouscoordinateswill beshortenedto �

�

�

�

�

�����

�

�

�

���

�#"

�

.

WedgeProduct and WedgeOperator. Let
�

+

, �

���

�

�	�

���������

�

, be a setof
���

-

dimensionalhomogeneousvectors,andlet 
 be the
�

� �

�

�

�

�

matrix givenby




�

�

��� �����

�����

� �

" . Finally, let 


( bethematrixobtainedfrom 
 by removing its



-th row. Thewedge productof
�

+

, �

���

�

���

���������

�

, denoted
�

�

 

�
���

 

�����

 

�
�

, is

de�ned as

�

�

 

�

�

 

�����

 

�

�

���

�����	�




�

��� ����� �




�

�

�����

���

�

�
���

�
����� �




���

�

���

�

� (2.4)

Moreover, giventheset
�

+

, �

���

�

�	�

���������

�
�

� , of
�

�

�

�

-dimensionalhomogeneous

vectors,thewedge operator of
�

+

, �

���

�

���

���������

�
�

� , is de�ned asthemultilinear

(i.e., linear on each
�

+

) mappingthat takes
�

+

, �

���

�

�	�

���������

�
�

� to the unique
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� � �

�

�

�

� � �

�

�

antisymmetricmatrix �

� �

 

��� �

 

�����

 

� �


��

"

� suchthat

�

�

�

 

�

���

 

�����

 

�

�


��

"

�

�

�

�

�

 

�

���

 

�����

 

�

(2.5)

for all
� � � �

.

2.2.1 Lines and Planesin HomogeneousCoordinates

Considera point � in 2D spacewith vectorial representationin Cartesiancoor-

dinatesgiven by ���

�

�

�

�

�

�

"

�

and lying on a line
�

. Therefore� � satis�es an

equationof theform

�

�

�

�

�
�

�

�

�

�
�

�

�

�

� (2.6)

where
�

� ,
�

� and
�

� areparametersde�ning the line. If � is representedin homoge-

neouscoordinates,(2.6)canberewrittenas

�

�

�

�

�

� (2.7)

where
�

�

�

�

�

�

�

�

�
"

�

is thevectorialrepresentationof
�

in homogeneouscoordinates.

In general,theequationof an
�

-dimensionalplane � in homogeneouscoordinates

is givenby

�

�

�

�

�

� (2.8)

where�

�

� �

�

�

�

�����

�

���

��"

�

.

Theintersection� of the lines
�

and
�

�

canbeconvenientlyexpressedin homo-

geneouscoordinatesas �

�

�

 

�

�

. In general,theintersection
�

of
� �

-dimensional
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planes�

+

, �

� �

�

�	�

���������

�

is givenby thewedgeproduct
�

�

�

�

 

�

���

 

�����

 

�

�

.

The Duality Principle. From(2.7)and(2.8)it canbeseenthat,algebraically, the

roleof aline or moregenerally, of ahyperplane,is dualto thatof apointwhenthese

objectsarerepresentedin homogeneouscoordinates.Thus,a theorem
'

regarding

hyperplanesandpointshasadualtheorem
'

�

wheretheword “point” is substituted

by “plane” andvice-versa,appropriatelinguistic adjustmentsnotwithstanding,as

statedby the duality principle [133, p. 79]. An immediateconsequenceof this

principleis thatthe
�

-dimensionalplane� de�nedby the
�

points
�

+

, �

� �

�

�	�

���������

�

is givenby �

�

�
�

 

�
���

 

�����

 

�
�

.

2.2.2 Conicsand Quadrics in HomogeneousCoordinates

Considertheequation

� �

�

�

�����

�

�

�

�

�����

�

�

���

�

�

�

�	��


�

�

���

�

� (2.9)

of aconic
�

. In homogeneouscoordinates(2.9)becomes

�

�
�

�

�

�

� (2.10)

where

�

�

��

�

�

�

�

�

� �

� � 


� 
 �

���

�

�

�

�

� (2.11)
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Thematrix
�

is therepresentationof theconic
�

in homogeneouscoordinates.In

general,theequationof a
�

-dimensionalquadric� is givenby

�

���

�

�

�

� (2.12)

were
�

is a
� � �

�

�

�

� � �

�

�

symmetricmatrix.

Giventhequadricde�ned by thenonsingularmatrix
�

, thesetof planes� that

satisfythe equation�

�

�


��

�

�

� de�nes the envelopeof the quadric
�

. Given

a point
�

anda quadric
�

, the plane �

�

�

�

is de�ned asthe polar of
�

with

respectto
�

(�gure 2.1).

Figure 2.1. The plane � is polar to the quadric
�

with respect to the point
�

.

DegenerateCases If thematrix
�

of a quadricis singular, thequadricis saidto

bedegenerate. Let �

�

�

�

betherankof thequadric
�

. Particularcasesof interest

occurwhen:
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(i) �

�

�

�

�

� — in this casethequadriccorrespondsto a hyperplane� , andit

canbeexpressedas
�

�

� �

�

;

(ii) �

�

�

�

�

�

— in this casethequadriccorrespondsto a pair of hyperplanes�

and �

�

, andit canbeexpressedas
�

�

� �

�

�

�

�

�

�

�

;

Given the
� �

�

�

-dimensionalpoints
�

+

, �

� �

�

�	�

���������

� �

� , the pair of planes

tangentto the nondegeneratequadric
�

andcontainingthe points
�

+

, denotedas
�

, is givenby

�

�

�

�

�

 

�

���

 

�����

 

�

�


��

"

�

�

�

��

�

�

�

 

�

� �

 

�����

 

�

�


��

"

�

� (2.13)

2.3 ProjectiveTransformations

A linearoperatorappliedover thehomogeneousrepresentationof a point de�nesa

projectivetransformation. More formally, a projective transformation� from
�

�

to
�

	

is de�ned as

� �

�

�

���
�

	

� �
��� �

���

�

� (2.14)

where� is anonzero
�




�

�

�

�

�
� �

�

�

matrix. Since
�

and
�

arerepresentations

of pointsin homogeneouscoordinates,thematrix � in thede�nition of theprojec-

tive transformation� canbeconsideredastheequivalenceclass 	

�

�

�


 �

�

�

��� .

Therefore,theequalitybetweenthematrices� and �

�

associatedwith projective

transformations� and �

�

correspondsto an equalitybetweentwo sets. Hence-
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forth, therewill be no distinctionmadebetweenthe projective transformation�

andtheset
�

�


 �

�

�

� (shortenedto � ) thatde�nesthetransformation.

Of specialinterestarethe projective transformationsfrom
� �

to
� �

, from
�

�

to
�

�

andfrom
� �

to
�

�

. Thebijective projective mappings�

���

�

� � � � �

and

�

�

�

�

�

�

� �

�

are a 3D projectivetransformationanda 2D projectivetrans-

formation, respectively. Thereis a hierarchyof suchtransformationsobtainedby

successive specialisationof the projective transformationto af�ne, similarity, and

Euclideantransformations[42]. This canbeunderstoodby notingthatany nonsin-

gular �

�

� or �

�

� homogeneousmatrix �

�����
	���


��� �������

suchthat

�

�

�

�

���
�

�

�
� (2.15)

where
���

denotestheMoore-Penroseinverseof
�

, canbedecomposedas

�

�

��

�

� �

�

�

�

���

�

� ��� �

�! � #"

purelyprojective
transformation

��

�

� $

�

�

���

�

� ��� �

�&%'"

af�ne
transformation

(2.16)

and,moreover, thematrix �)( in (2.16)canalsobedecomposedas

�*(

�

uppertriangular
matrix

�
�

�

�+���+�

,.-
�

�

�

�
�

�

� ��� �

�
 /%

"

purelyaf�ne
transformation

rotationmatrix
�
�

�




�+���+�

%

&

�

�

�
�

�

� ��� �

�&01"

similarity
transformation

� (2.17)

The similarity transformation�)2 correspondsto a scaling(by the factor 
 ), fol-

lowedby anEuclideantransformation(rotation(
%

) plustranslation(
&

)). Thetreat-
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mentshown abovefor thestrati�cationof projectivetransformationsgeneralisesthe

oneintroducedin [62].

2.3.1 ProjectiveCameras

The imagingprocessproducedby a projective cameracanbe interpretedasa se-

quenceof threeprojective transformations[115,41]:

(i) a
� � � � �

mappingfrom the 3D world coordinatesystemto the camera

coordinatesystem,representedby thematrix ��� givenby

���

�

�
�

�

%

&

�
�

�

�
�

�

� (2.18)

where
%

is a �

�

� rotationmatrixand
&

is a �

�

� translationvector.

(ii) a
� �

�
�

�

mappingfrom the3D cameracoordinatesystemto a 2D image

plane,representedby thematrix ��� � suchthat

��� �

���

� �
�

� (2.19)

(iii) a
�

�

�
�

�

mappingcorrespondingto a changeof coordinateson theimage

planerepresentedby thematrix
#

givenby [41]

#

�

��

�

�

�

�

�

� �

�

�

� �

� � �

���

�

�

�

�

�

��

�

�

�

�

� �

�	� ��
 �

�

�

�

�

�

�
���




�

� � �

���

�

�

�

�

� (2.20)
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where � is the camerafocal length1,
�

�

�

�

� � �




is the aspectratio,



�

�

�	� � � ���

�

�

is theskew angle,
�

is theskew, and
� �

�

�

�

arethecoordinatesof

the principal point (for a geometricinterpretationof theseparameters,see

[41]).

Theoverallmappingcorrespondingto theimagingprocessis thereforegivenby the

matrix
$

where

$

�

#

�

%

&

"�� (2.21)

Thematrix
$

is denotedprojectivecamera matrix, andthematrix
#

corresponds

to the matrix of intrinsic parameters. The matrices
%

and
&

are jointly named

matricesof extrinsic or externalparameters. If thematrix
#

is known, thecamera

is saidto becalibrated. Hereafter, theexpressions“the camera
$

” and“the intrinsic

parameters
#

” shouldbereadas“the camerawith projective cameramatrix given

by
$

” and “the intrinsic parametersrepresentedby the matrix
#

”, respectively.

Observe thatthecamera
$

givenby (2.21)is not in themostgeneralform of a full

row rank �

�

� matrix,becausethematrices
#

and
%

arealwaysinvertible. If this

constraintis ignored,thegeneralform of a projective cameramatrix will begiven

by

$

�

�

� �

�

" � (2.22)

Thepoint � that resultsfrom applyingthe transformationcorrespondingto
$

to a

point
�

— see�gure 2.2— is denotedtheprojectionor imageof
�

on
$

.

1Strictly speaking,the term � is the productof the magni�cation factor by the focal length;
however, sincethesefactorscannotbe decoupled,it is commonpracticeto refer to their product
simplyasfocal length.
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X

x

C

L

t

R

Figure 2.2. Sequence of projective transformations carried out by a projective camera:

rotation
%

and translation
&

from world to camera coordinate system, projection from

camera coordinate system to image plane, and transformation in image coordinates. The

point
�

is the camera opticalcentre, and the line
�

is the optical rayassociated with the

point
�

.

The point
�

with homogeneousrepresentation��� correspondingto the right

null spaceof
$

is theopticalcentreof thecamera,andfor eachpoint � in thecamera

coordinatesystemthe set of 3D points
���

�




�

given by
���

�




�

�




���

� $
�

�

de�nesa line
�

denotedastheoptical rayor rayassociatedwith theimagepoint � ,

asseenin �gure 2.2.
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2.3.2 Af�ne Cameras

Af�ne cameras arean importantsubclassof projective cameras.A camera
$

( is

af�ne if [115]

$

(

�

��

�

�

�

�

�

� �

�

�

�

�

� �

�

���

�

�

�

�

� �

�

�

�

�

�

�

� � �

�

� �

���

�

�

�

�

�

��

�

�

�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

� �

���

�

�

�

�

� (2.23)

It hasbeenshown [1, 115,135] thatif thedepthof thescenein thedirectionof the

optical axis is muchsmallerthantheaveragedistanceof thesceneto thecamera,

theprojectivecameracanbeapproximatedby anaf�ne camera.

Theright null spaceof
$

( is a vectorof the form �

�

�

�

 

�

�

�
�

�

"

�

. Therefore,

theoptical centreof anaf�ne camerais at in�nity in direction �

�

 

�

� . An af�ne

cameracanbeobtainedby substituting(2.19)by

��� �

%

�

�
�

�

�

�

�

� � � �

� � � �

� � � �

�
�

�

�

�

�

(2.24)

in thesequenceof transformationsinvolvedin the imagingprocessof a projective

camera,where � � �

%

correspondsto theorthographicprojection[115] of a point in

3D spaceontotheplane �

�

� .

2.4 Projection of Planesand Surfaces

Let � beaplanein 3D spacesuchthatit containstheopticalcentre�
� of acamera

$

. Considernow apoint
�

on � , with imageon
$

givenby � . It followsthatthere
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is a 


� �

suchthat

�

�

$

�

�

�




�

�

� (2.25)

and

�

�

�

�

�

� (2.26)

�

�

�

�

�

�

� (2.27)

Multiplying (2.25)on theleft by �

�

andsubstituting(2.26)and(2.27)in theresult,

oneobtains

�

�

$

�

�

�

�

�

�

�

�

� (2.28)

andthereforetheimageof theplane � is a line
�

�

�
$

�
�

�

� . Analogouslyit is easy

to show thattheplane � whoseimagecorrespondsto a line
�

is givenby

�

�

$

�

�

� (2.29)

2.4.1 Projection of Implicit Surfaces

Let
�

beaquadricin 3D space,where

�

�

�
�

�

� $

$ �
�

�
�

�

� (2.30)
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andlet
$

be the camera
$

�

�

� �

" . Let now
��� �




�

be the setof pointson the

opticalray
�

of animagepoint � , i.e.,

� � �




�

�

�

�

�




"

�

� (2.31)

For eachimagepoint � the
�����

degreeequationin 


� � �




�

� �

�

�

�




�

�

� (2.32)

mayhave zero,one,or two realsolutions.When(2.32)hasonly onesolution,the

line
�

will betangentto
�

. Substituting(2.31)in (2.32)andimposingtheconstraint

thattheequationmusthaveonly one(real)solution,oneobtains

�

�

�
�

� � $!$

�

�

�

�

�

�
�

�

�

�

� (2.33)

whichcorrespondsto theequationof aconic
�

[34] (also[28, p. 70]). Observethat

if thecamera
$

is not of theform
$

�

�

� �

" , but a generic�

�

� matrix with rank

threeandright null space� � , theconiccanstill befoundby themethoddescribed

if oneconsidersthenew pair camera-quadric
�

$

�

�

�

�

�

givenby

�

�

� �

" �

�


 �
�

�


��

�

� (2.34)

where�

�

�

$

�

�
�

" , resultingin thesameexpressionasfoundin [34]:

�
�

�

$

�
�

$

�

� (2.35)
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where
���

denotesthe adjoint of the matrix
�

. The methodusedto derive (2.33)

is in factanapplicationof eliminationtheory[103], which canbenaturallyusedto

extendtheresultsto higherordersurfaces[123, 124],aswill beshown next.

Projecting Cubic and Quartic Surfaces. A
�����

degreeimplicit surfacein
� �

can

berepresentedasasymmetrictensor
,

of degree
�

, i.e.,

���

�

�

+

	��

+


��	�	�	�	�

+�
��

�

'

+

	 �

+


 �	�	�	�	�

+�


�

+

	

�

+




�����

�

+



�

�

� (2.36)

For a camera
$

�

�

� �

" , considertheoptical raysgivenby (2.31)associatedwith

eachimagepoint � . Substituting(2.31)in (2.36)oneobtainsa
�

���

degreepolyno-

mial �

�




�

in 
 givenby

�

�




�

� �

�

(

���

�

���

�


��

�

�

+

	��	�	�	�	�

+

����

�

�

'

+

	��	�	�	�	�

+�
����

�

���

�

�	�	�	�	�

���

�

�

+

	

�����

�

+

����

�

�




(

�

�

� (2.37)

Theprojectionof
,

will correspondto solutionsof �

�




�

with multiplicity greater

thanone. A necessaryandsuf�cient condition for any polynomial �

�




�

to have

multiple rootsis thattheresultantof �

�




�

andits derivative �

�

�




�

is zero[90]. The

resultantof two polynomialsis de�ned asthe determinantof the Sylvestermatrix

of the polynomials[90, 23]. Therefore,an analyticalexpressionfor the implicit

curve correspondingto the projectionof
,

canbe derived by applying this con-

dition to �

�




�

. It hasbeenshown that if the degreeof the implicit surfaceis
�

,

thedegreeof theprojectionwill be
�

�
�

�

�

�

[53]. Thus,theprojectionof implicit

surfacesof degreesthreeandfour will produceimplicit curvesof degreessix and

twelve, respectively. As an example,�gure 2.4 shows the twelfth-degreeimplicit

curve correspondingto the projectionof the fourth-degreeimplicit surfaceshown
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Figure 2.3. Torus corresponding to the fourth­degree implicit surface �

� � �

�

�����

� �

�

�

�

�

�

���

�

�

�

�

�

���

���

�

���

�

�

� �

���

�

�

�

���

� �

�

���
	

�

� rotated by �
� � about the
�

axis and translated

10 units along the � axis.

in �gure 2.3.

Implicit cubicsurfacesareof particularinterestfor solidmodelling.They arethe

surfacesof highestdegreethat, in general,have a rationalparameterisation[132],

andcubic surfacepatchescanbe easily joined to form morecomplex continuous

forms[131].

2.5 Summary and Conclusions

This chapterpresenteda review of someaspectsof projective geometrynecessary

for abetterunderstandingof thisdissertation.Themaintopicscoveredwere:

Homogeneouscoordinates— the presentationof homogeneouscoordinatesem-

phasisedtheinterpretationof thehomogeneousvector
�

asaclassof equiva-

lence,simplifying thenotationby avoidingtheexplicit representationof scale

factorsandmakinguseof conceptsfrom settheory;homogeneousrepresen-

tationsfor importantgeometricprimitives,suchaspoints, lines,planesand
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Figure 2.4. Projection of the torus shown on �gure 2.3. The curve shown is an implicit

twelfth­degree polynomial.

quadricsurfaceswerediscussed;

Projective transformations — thesewerereviewedin a broadcontext, thenspe-

cialisedto thecasesof particularinterestto computervision; theexposition

onthehierarchyof transformations— projective,af�ne, Euclidean— gener-

alisespreviousalgebraicapproaches;projective cameraswereintroducedin

thesameframework asgeneralprojective transformations;

Imaging of planesand implicit surfaces— �nally , theimagingprocessof planes

andimplicit surfaces,regardedasa
�

� �
�

�

projective transformation,was

brie�y discussedand illustratedwith an exampleof the projectionof a �

���
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orderimplicit surface.



Chapter 3

Epipolar Geometryand Multicamera

Systems

This chapterpresentsan introductionto epipolar geometry, which is a setof ge-

ometric relationsderived from stereocamerasystems.Besidesthe generalcase,

two particularcon�gurationsof thegenericrelationsarealsostudied:onefor af�ne

cameras,andonefor camerasviewing smoothsurfaces. A new parameterisation

of the af�ne fundamentalmatrix is introducedandappliedto the problemof esti-

mationof af�ne epipolar geometryfrom imagesof smoothsurfaces.The chapter

alsobrie�y reviews someaspectsof multicamerasystems,in particularthetrifocal

tensorandits af�ne specialisation.A novel minimalparameterisationof thetrifocal

tensoris presented,whichcanbeeasilyextendedto parameterisemultiview tensors

of any degree,suchasthequadfocaltensor.

27
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3.1 Intr oduction

This sectionfollows the approachof Zhang[164], which uni�es the treatmentof

thefundamentalmatrix for projectiveandaf�ne cameras.

3.1.1 The Fundamental Matrix

Considera pair of cameras
$

and
$

�

with distinctopticalcentres.The imageof a

point
�

oneachcamerawill begivenby thepoints � and �

�

, where

�

�

$ �

� (3.1)

�

�

�

$ � �

� (3.2)

Let � � be the homogeneousrepresentationof the optical centreof
$

. Therefore,

the points
� �

on the line connecting� � to
�

can be expressedin termsof the

parameter
 as

� �
�




�

�




$

�

�

�

�

�

� (3.3)

For aparticularchoice


� of theparameter
 , thepoint
���

�




�

�

will beequalto
�

.

Therefore,�

�

�

$

�

� �
�




�

�

, and

�

�

�




�

$ � $

�

�

� $ �

�

�

� (3.4)
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Multiplying both sidesof (3.4) by �

�

�

�

$

�

� �

"

� , which is nonzerosincetheoptical

centresof
$

and
$

�

aredistinct,oneobtains

�

�

�

�

$ �

�

�

"

�

$ � $

�

�

�

�

� (3.5)

Thisequationis thealgebraicexpressionof theepipolarconstraint, andthematrix

"

�

�

$ �

�

�

"

�

$ � $

�

(3.6)

de�nes the fundamentalmatrix or
"

matrix of
$

and
$

�

. From (3.5) and(3.6) it

canbe seenthat the image �

�

on
$

�

of a point with correspondingimage � on
$

will satisfy
�

�

�

�

�

�

� where
�

�

is a line given by
�

�

�

"

� , denotedepipolar line.

This con�guration is symmetric,i.e., thereis anepipolarline
�

�

"

�

�

�

on which

thepoint � lies. A geometricinterpretationof theepipolarconstraintcanbe seen

in �gure 3.1. Theright andleft null spacesof
"

, denotedas
�

�
�

"
�

and
� �

�
"

�

,

respectively, aregivenby

�

�
�

"
�

�

�
$ � $

�

�


��

$ �

�

�

� �

� (3.7)

���
�

"
�

�

$ �

�

�

� �

�

� (3.8)

The homogeneousvectors � and �

�

aredenotedright and left epipoles, and they

representtheimageof theopticalcentreof eachcameraasseenfrom theother(see

�gure 3.1). The points
�

andthe optical centresof
$

and
$

�

de�ne an epipolar

plane.

Degreesof Freedomof
"

. A generic�

�

� matrix hasninedegreesof freedom

(dof), onefor eachof its entries.Thefundamentalmatrix,however, is de�ned only
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P'

l'

C'

x'

P

X

p

e e'

l

x

C

Figure 3.1. The epipoles� and �

�

correspond to the images of the optical centres
�

�

and
�

, respectively. The point �

�

on camera
$

�

corresponding to � on camera
$

must lie on

the epipolarline
�

�

. The points
�

,
�

and
�

�

de�ne the epipolarplane � .

up to a scalefactor, sinceif a matrix
"

satis�es the epipolarconstraintfor point

correspondencesbetweenimagesoncameras
$

and
$

�

, sodoes


"

, for any 
 �

�

� .

Therefore,it canbeimposedthat �

"

���

�

� , where ������� indicatesany matrixnorm,

e.g.,Frobeniusnormor � -norm[58]. Moreover, since
"

correspondsto theproduct

of a ranktwo matrixanda nonsingularmatrix,ascanbeseenin (3.6),
����� �

"
�

�

� .

Thesetwo constraintsreducethenumberof dof of
"

to seven.

3.1.2 PlanePlusParallax Representation

It hasbeenshow [63] thatthefundamentalmatrixrelatingany two camerasis invari-

antto theapplicationof acommonprojectivetransformationto theworldcoordinate
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system,i.e., thefundamentalmatrix
"

�

associatedwith thepair of cameras
$

and
$

�

is thesameastheoneassociatedwith thecameras
$

�

�

$

� and
$

�

�

�

$

�

�

for any full-rank matrix � . Thiscanbeeasilycheckedby substituting
$

�

and
$

�

�

in (3.6)

"

�

�

�

$ �

�

�

�

�

"

�

$ �

�

$

�

�

�

�

$ �

� �


��

�

�

"

�

$ �

�

� $

�

�

�

(3.9)

andsubstitutingtheidentity (whereit is assumedthat �

�

���

� �

�

�

� )

�

�

$

�

$ �

�

�

�

�

�

�

�

� (3.10)

in (3.9),which thenbecomes

"

�

�

�

$ �

�

�

"

�

$ �
�

$

�

$ �

�

�

�

�

�

�

�

�

�

�
$

�

�

�

�

�

$ �

�

�

"

�

$ � $

�

$

�

�
$

�

�

�

�

�

$ �

�

�

"

�

$ �

�

�

�

�

�

�

�

�

�
$

�

�

�

�

�

$ �

�

�

"

�

$ � $

�

� �

�

$ �

�

�

"

�

$ �

�

�

�

�

�

"

(3.11)

By choosing�

�

�

$
�

� �

" , the matrices
$

�

and
$

�

�

become
$

�

�

�

�*�

" and
$

�

�

�

�

$

�

$
�

$

�

� �

" , or, denoting
$

�

$
�

by � andusing(3.8),
$

�

�

�

�

� �

�

" . In this

notationtheexpressionof thefundamentalmatrix is simpli�ed to

"

�

�

�

�

"

�

�

� (3.12)
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Observe thatif thematrix � in (3.12)is substitutedby any matrix

�

�

���

�

�

���

�

� (3.13)

theresultingfundamentalmatrix is thesame[63]. However, since
$

and
$

�

arefull

row rank,choosing� �

$

�

$ �

ensuresthat � is nonsingular.

Let now �

�

���

� � �

"

�

be the homogeneousrepresentationof a given plane

suchthat

�
�

� �

�

�

�


��

�

�
�

�

�

�

� (3.14)

Onecanverify that this conditionenforcesthe optical centresof
$

�

and
$

�

�

not

to lie on � . Let now � be the imageof a point
�

lying on � . The optical ray

associatedwith
�

andthecamera
$

�

canbeparameterisedas
�

�




�

�

�

�

�




"

�

,

where
�

is thefreeparameter. However, for a given 


�




� ,
�

�




�

�

mustlie on � ,

or �

�
�

�




�

�

�

� , andtherefore,


�

�

�

�

�

�
�

. Projecting
�

�




�

�

on the camera
$

�

�

oneobtainsapoint �

�

givenby

�

�

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

� (3.15)

if
�

in (3.13)is chosenas �

�
�

. Thecondition(3.14)preventsthematrix �

�

from

being singular, and thereforethe imagesof points lying on � are relatedby the

invertiblemap �

�

, henceforthdenotedplaneinducedhomography[100, 102]. Note

that if no referenceis madeto the fundamentalmatrix in the derivationof (3.15),

theconditionof distinctopticalcentrescouldbedropped,e.g.,thecamerasrelated
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by a rotationabouttheir commonopticalcentre.

Still assumingdistinctoptical centres,the vector �

�

canbe seento correspond

to the vectorialrepresentationof the Cartesiancoordinatesof the directionof the

translationfrom
$

�

�

to
$

�

in thecoordinatesystemof
$

�

�

(thetranslationfrom
$

�

to
$

�

�

in thecoordinatesystemof
$

�

is givenby � ). Thus,thefundamentalmatrix

is determinedby anarbitraryplaneinducedhomographyandtherelativetranslation

betweenthecameras.This is thebasisof theplaneplusparallax approach[29, 92,

2, 78, 152] for analysingthegeometryof multicamerasystems.

3.1.3 The EssentialMatrix

Assumenow thatthecameras
$

and
$

�

have theform indicatedin (2.21),i.e.,

$

�

#

�

%

&

" (3.16)

$ �

�

# �

�

% �

&

�

" (3.17)

Substituting(3.16)and(3.17)into (3.6),oneobtains[102]

"

�

# �


 �

�

&

�
�

% � %

�

&

"

�

% � %

�

#


��

� (3.18)

Multiplying (3.18)on the left by
#

�

�

andon theright by
#

resultsin a matrix
!

,

denotedessentialmatrixor
!

matrix [96], givenby

!

�

#
�

�

" #

(3.19)

�

�

&

�
�

% � %

�

&

"

�

% � %

�

(3.20)
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Observe that theessentialmatrix dependsonly on therelativemotionbetweenthe

two cameras:
& �

� %

�

% �

&

and
%

�

% �

are the translationandrotationof
$

�

with

respectto
$

, respectively.

Degreesof Freedomof
!

. Analogouslyto thefundamentalmatrix, theessential

matrix is de�ned only up to a scalefactorandits determinantis zero. However,

for thedecompositiongivenby (3.20)to bepossible,two furtherconstraintsmust

be imposed[76], and,asa result,the matrix
!

hasonly � ve dof This fact canbe

exploitedin self-calibrationalgorithms,aswill beshown in chapter5.

3.1.4 Computation of the FundamentalMatrix

Given two setsof imagesof the 3D points
�

+ , �

�

�

�

�

���������

�

, obtainedfrom the

cameras
$

and
$

�

, denotedas �

+ and �

�

+ , respectively, eachcorrespondence
�

�

+

�

�

�

+

�

provides,whensubstitutedin (3.5),oneequationon theentriesof
"

. If enough(at

leastseven)of suchequationsareavailable,asystemof equationscanbesolvedfor
"

. Dif ferentmethodsfor solvingtheseequationswill producedifferentalgorithms

to computethefundamentalmatrix.

Analytical Methods. Denoting
�

�

�

��� �
"

�

asthevectorbuilt outof thematrix
"

by stackingits columns[104], theconstraint�

�

+

�
"

�

+

�

� canberewrittenas

�

�

�

+

�

�

�

+

�

�
�

�

�

� (3.21)
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where
�

indicatestheKronecker product. If sevencorrespondencesareavailable,

(3.21)canbeaugmentto asystemof sevenlinearequationsgivenby (with �

��� )

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

...

�

� �

�

�

�

� �

���

�

�

�

�

�

�

�

�

���

�

�

�

� (3.22)

Let
�

� and
�

� beany two linearly independentvectorsin thenull spaceof � . There-

fore,any solutionof (3.22)canbeexpressedas
�

�




�

�

� �

�

�




� �

� . Substituting

thegeneralsolutioninto theconstraint
�����	�

"
�

�

� , oneobtainsathird degreepoly-

nomial on 
 that will have, in general,threesolutions,eachcorrespondingto a

differentfundamentalmatrix [63, 164].

For noise-freedatathe rank of � will be seven even for � �

� . However,

the detectionof imagefeaturesis not a perfectprocess. Thereare a numberof

algorithmsfor featuredetection,whetherthe featuresare points or corners[60,

59, 139], edges[107, 16, 17, 38], contours[83, 26, 36, 21, 12] etc. In the case

of corners,the effect of noiseis modelledby consideringthat the true positionof

the points is disturbedby an additive error with Gaussiandistribution. Denoting

thesingularvaluedecomposition(svd)of � as � �

� �

�

�

���
	��
	��

�

	 , with ��	 �

� �

�

�

�

�����

���

" , the least-squaressolution of (3.22) becomes
�

�

��� . However,

the fundamentalmatrix
"

suchthat
�

�

�

� ���
"

�

doesnot necessarilyful�ll the

criteria
�����	�

"
�

�

� . To obtaina matrix
"

�

that satis�es this constraint,onecan

computethe singularvaluedecompositionof
"

, obtaining
"

�����������

�

� , and

make
"

�

�������

�

�

�

�

� , where �

�

� is obtainedfrom �
� by zeroingthelastelement

in thediagonalof ��� .
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A commonfeatureto analyticalmethodsis that they minimisealgebraic error

[100, 68], which is an error measurethat doesnot have a geometricor physical

interpretation.Undertheassumptionof isotropicandhomogeneousGaussiannoise,

bestsolutionscanbe achieved by minimising the geometricerror [100, 68, 164],

which correspondsto theaverageof theEuclideandistancebetweeneachpoint �

�

andtheepipolarline
�

�

�

"

� , asshown in �gure 3.2.

di

x'i

xi

'l =Fxi i

l =Fx'i i

id'

Figure 3.2. For each point correspondence
�

�

�

�

�

�

the epipolar lines
�

�

�

"

� and
�

�

"

�

�

can be computed. The square of the geometric error for the pair
�

�

�

�

�

�

is then given by
�

�

+

�

�
�

�

+

� �

�

+

�

���
�

, and the average geometric error will be
�

���

�

+ �

�

�

�

+ .

Iterati veMethods. In orderto minimisethegeometricerrorwhenestimatingthe

epipolargeometry, it is necessaryto make useof iterative procedures,sincethis

formulationdoesnot allow for an analyticalsolution to the problem. Given the

pair of correspondingpoints
�

�

+

�

�

�

+

�

anda fundamentalmatrix
"

, let
�

�

�

"

�

�

�

�

�

�

�

�

�

�

�

�

"

�

and
�

�

"

�

�

�

�

�

�

�

�

�

�
"

�

be the associatedepipolarlines. Thus, the

squareof thegeometricerrorof this con�gurationwill begivenby [102, 164]

�

�

+

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

"

�

�

�

�

� (3.23)
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If � correspondencesareavailable,theaveragegeometricerror for thecon�gura-

tion will be

�

�

�

�

�

�

+ �

�

�

�

+

� (3.24)

Theproblemis thento �nd a �

�

� , ranktwo matrix
"

thatminimisesthecostfunc-

tion (3.24). This canbe achievedby usingstandardnumericalmethods[99, 126]

suchasNewton-Rhapsonor Levenberg-Marquardtandanappropriateparameteri-

sationof thefundamentalmatrix. Themostnaturalparameterisation,where
� " �

+

(

�

�

+

( , �

�




�

�

�

�

�

� , suffersfrom two problems:�rst it is not minimal, i.e., it involves

moreparametersthanthenumberof dof of
"

; second,it doesnotensurethecondi-

tion
�����	�

"
�

�

� . Two otherpossibilitieswerediscussedin [102]:

"

�

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��� �

�

�

�

�

�

�

��� �

�

�

�

�

�

�

���

���

�

�

�

�

(3.25)

and

"

�

��

�

�

�

�

�

�

�

�

�

�
�

�

�
�

�
� �

�

� �

�

�

�

�

�
�

�

�

�

�

�

�

� �

�

�
�

� �

�

�
�

�

�

�

�

�

�

�

�

���

� �

�

���

�

�

�

�

� (3.26)

Bothparameterisationsarenotminimal,sincethey involveeightparameters.More-

over, they arealsonotgeneral,for they cannotrepresentcon�gurationsin whichthe

epipolesareat in�nity . As will beshown in section3.2, this animportantparticu-

lar caseof theepipolargeometry. An alternative parameterisationis introducedin
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theappendixA, which,althoughnot general,is minimal anddoesnot precludethe

epipolesfrom beingat in�nity . ThegradientandtheHessianof
�

in (3.24)for this

parameterisationarealsogivenin theappendixA.

A thoroughevaluationof severalanalyticalanditerativemethodsfor estimating

theepipolargeometryfrom pointmatchescanbefoundin [45, 102,65,164].

3.2 Af�ne Epipolar Geometry

For af�ne cameras,theepipolargeometryhassomespecialproperties.Theseprop-

ertiescanbederivedby usingdifferentapproaches,suchasGrassman-Cayley alge-

bra[46], directsubstitutionof theaf�ne camerasontotheexpressionfor thefunda-

mentalmatrix [115], or projectivegeometry[110]. Thelattermethodis morein the

spirit of thiswork, andthereforeit will bediscussedherein moredetail.

3.2.1 The Af�ne FundamentalMatrix

Considertwo af�ne cameras
$

�

�

( and
$

�

�

( . Without lossof generality, it canbe

imposedthat

$

�

�

(

�

��

�

�

�

�

� � � �

� � � �

� � � �

���

�

�

�

�

� (3.27)

If
$

�

�

( hasa differentformat, thereis an af�ne transformationthat whenapplied

to bothcameraswill transform
$

�

�

( to theform of (3.27). As discussedin subsec-

tion 3.1.2, the fundamentalmatrix
"

( relatedto
$

�

�

( and
$

�

�

( is invariant to the

applicationof sucha transformation.Considernow the projective transformation
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� givenby

���

�

��

�

�

�

�

�

�

�

� � � �

� � � �

� � � �

� � � �

� �

�

�

�

�

�

�

�

� (3.28)

The transformation��� is a very particularprojective transformation.It doesnot

satisfycondition(2.15),andit canbeusedto producequasi-af�ne reconstructions

[67]. By applyingthis transformationto both
$

�

�

( and
$

�

�

( , theresultis anew pair

of matricesgivenby

$

�

�

( �

�

�

� �

"��

$

�

�

( �

�

��

�

�

�

�

� � � �

� � � �

� �

�

�

���

�

�

�

�

� (3.29)

where
�

representsa possiblynonzerovalue. Substituting(3.29) in (3.12), one

obtains

"
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� �
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���
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� � �

���
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�

�

� (3.30)
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Therefore,anaturalparameterisationfor theaf�ne fundamentalmatrix is

"

(

�

��

�

�

�

�

� �

�

� �

�

� � 


� �

�

�

�

�

� (3.31)

where
�

�

�

�

�

�

�

�

�


 � � � �

. Sincetheoverall scalefactoris not important,theaf�ne

fundamentalmatrix hasonly four dof. Therefore,theparameterisationin (3.31)is

not minimal,sinceit has� veparameters.It couldbearguedthatto turn (3.31)into

a minimal parameterisationit would be enoughto make any of theentries� ,
�

,
�

,
�

or



equalto one.However, theresultingparameterisationwould not begeneral,

for it would preventthe�x edparameterfrom beingzero,which is aperfectlyvalid

situation.A betteralternative is to express(3.30)as

"

(

�

�
�

�

�

�

�

� �

�
�����

�

� �

� �	�

���

�

�
� � ���

�

�

� �

��� �

�
�

�

�

�

�

� (3.32)

where �

���

�

	���� , �

� �

and
�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�

. Theright andleft null

spacesof
"

( are

�

�
�

"

(

�

�

�

�	�

��� � � ���

�

"

���

(3.33)

� �
�

"

(

�

�

�

�	�

���

�

�
�����

�

�

"

�

� (3.34)

Therefore,� and �

�

arethe directionsof the right andleft epipoles,respectively.

Thisparameterisationis similar to theoneintroducedin [111], andit canbeshown

that,if
�

is thedistanceof anepipolarline to theorigin of thecoordinatesystemon
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theright image,thedistanceof thecorrespondingepipolarline to theorigin of the

coordinatesystemontheleft imageis �

� �

� . Thus,theparameterisationshown in

(3.32)is minimal, general,andit allows for a geometricinterpretationof eachone

of theparameters� , �

�

, � and � .

3.3 Epipolar Geometryand SmoothSurfaces

A detailedexpositionof estimationof epipolargeometryfrom imagesof smooth

surfacesis given in the chapter4. This sectionconsidersonly somebackground

materialandresultsrelatedto theaf�ne epipolargeometryof smoothsurfaces.

Considera surface � of type
� �

, asde�ned in section1.2.1, viewed by two

pinholecameras
$

� and
$

� . The following de�nitions are presentedas a quick

review [28]:

� a contourgenerator associatedwith the surface � and the camera
$

� cor-

respondsto the spacecurve ��� � suchthat for all points
�

�

� the line

passingthroughtheopticalcentreof
$

� and
�

is tangentto � at
�

;

� theimageof thecontourgeneratorassociatedwith thecamera
$

� is a pro�le

or apparentcontour;

� if two contourgeneratorsassociatedwith thesurface � andthecameras
$

�

and
$

� intersect,thepointsof intersectionaredenotedfrontierpoints;

� theepipolarplane� de�nedby theopticalcentersof thetwo cameras
$

� and
$

� andanassociatedfrontierpoint
���

is tangentto thesurface� at
���

;

� theepipolarlines correspondingto theepipolarplane � aretangentto their

associatedpro�les andarecalledepipolartangents;
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The tangentpointsof associatedepipolartangenciescorrespondto the imagesof

thesamepoint on thesurface � , namely, the frontier point. Theabove de�nitions

are illustratedin �gure 3.3. The key observation aboutthe epipolargeometryof

camerasviewing smoothsurfacesis thefollowing property[125,28]:

Property 1 Epipolar linestangentto thepro�le in oneimagecorrespondto epipo-

lar linestangentto thepro�le at theotherimage.

epipolar plane

frontier point

apparent contour

epipolar tangency

epipole

camera center

contour generator

Figure 3.3. The frontier point is a �x ed point on the surface, corresponding to the intersection

of two contour generators. The epipolar lines corresponding to the frontier point are tangent

to the pro�les . Images courtesy of Kwan­Yee Kenneth Wong.

Theproblemin estimatingtheepipolargeometryfrom pro�les lies in thedif�culty

of establishingimagecorrespondencesto be usedin the computationof the cost

function (3.24). The solution comesfrom property1: the geometricerror to be

minimisedwill bethedistancebetweenepipolarlinesandtheclosesttangentpoints

on thepro�les [25, 24,28], asshown in �gure 3.4.
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(a) (b)

Figure 3.4. Geometric error for corresponding epipolar tangencies. The dashed line on each

image is the epipolar line corresponding to the solid epipolar line on the other image. The

distance between the dashed lines and the tangency point on the solid line is the geometric

error to be used in the minimisation of (3.24).

The direct applicationof this method,however, is not practical. First, seven

epipolartangenciesmustbeavailable,which is only possiblewhentheobjectbeing

viewedhasa very rich geometry. Second,unlesstheinitialisationof parametersin

theoptimisationprocessis madevery closeto thetruesolution,thealgorithmwill

bepoisedto gettrappedin a localminima.An exampleof thissituationis shown in

�gure 3.5.

3.3.1 Af�ne Epipolar Geometryof SmoothSurfaces

Whenan af�ne approximationcanbe made,the applicationof property1 canbe

greatlysimpli�ed [111]. Insteadof searchingfor the full setof parametersof the

fundamentalmatrix, onecaninitialise � and �

�

at arbitraryvalues.Then,epipolar

linestangentto thepro�les at theseanglescanbeeasilyobtained.Let
�

� and
�

� be

two suchlines,andlet
�

�

� and
�

�

� be the correspondingepipolarlines at thesecond

image.Thedistancesfrom theselines to theoriginsof therespective imagecoor-
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(a) (b)

Figure 3.5. Result of a direct search for epipolar tangencies satisfying property 1. Although

there is no ground truth available, a qualitative analysis shows that the solution found

corresponds to a local minima: since the camera motion is roughly planar, one of the

epipolar lines should be nearly parallel to the horizon [4], which does not happen. Images

courtesy of Roberto Cipolla.

(a) (b)

Figure 3.6. Estimation of epipolar geometry from pro�les under af�ne approximation. The

epipolar lines are parallel to the horizon, as expected from planar motion (compare with

�gure 3.5), and therefore the result is qualitatively correct.

dinatesystemscanbecomputedas
�

+ and
�

�

+ , �

�

�

�

�

. Finally, thesolutionof the
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systemof equations

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

(3.35)

givesthe parameters� and � . The remainingtangentlines canbe usedto com-

puteacostfunctionsimilar to (3.24).Theminimumnumberof epipolartangencies

necessaryto solvetheproblemis now four, amorerealistic�gure. Moreover, thedi-

mensionof thesearchspacehasbeenreducedto two. Thisprocedureis summarised

in algorithm3.1,andexperimentalresultsareshown in �gure 3.6.

Algorithm 3.1Estimationof theaf�ne epipolargeometryfrom pro�les.
initialiseangles� and �

�

in (3.32);
while not convergeddo

�nd tangentsto thepro�les at theangles� and �

�

;
selectany two tangents

�

� and
�

� at the�rst imagecorrespondingto tangents
�

�

�

and
�

�

� at thesecondimage;
computethe distances

�

+ and
�

�

+ , �

�

�

�

�

from the lines to the origins of the
respective imagecoordinatesystems;
solve theequations(3.35);
update� and �

�

to minimise(3.24)for theremainingepipolarlines;
endwhile

3.4 Geometryof Multiple Cameras

Thefundamentalmatrix is thespecialisationfor two views of generalmulticamera

tensors [64, 45,71], which arealgebraicexpressionsfor theconstraintsthematch-

ing of featuresalongimagesimposeson the projective basisof the sceneandthe

cameras.Besidesthe fundamentalmatrix, the bestknown of thesemulticamera

tensorsarethe trifocal tensor[136, 137, 64, 66, 45, 46, 47, 18] andthequadfocal
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tensor[45,19,71,138]. It hasbeenshown in [45] thatthequadrilinearrelationsare

linear combinationsof the bilinear ones(expressedby the fundamentalmatrices)

andthe trilinear ones(expressedby the trifocal tensor),andthat any highermul-

tilinear relationcanbe obtainedfrom the bilinear, trilinear andquadrilinearones.

Thissectionwill brie�y review someaspectsof thetrifocal tensorandgenericmul-

tilinear relations.

3.4.1 Trif ocalTensors

This sectionmakesextensiveuseof theEinsteinnotationfor tensors[39] andde�-

nitionsintroducedin [66]. Thematrix
�

givenby

�

�

��

�

�

�

�

�

� �

� � �

�

���

...
...

...

�

�

�

� � �

�

�

�

���

�

�

�

�

(3.36)

can be written as
�

�

�

(

+ , wherethe subscriptis the index of the column, and

the superscriptis the index of the row. Therefore,�

+ representsa row vectorand

�

(

representsa columnvector. In general,�

(

	

(


��	�	�

(��

+

	

+



�	�	�

+�� representsa tensorof degree

�

�

� . Finally, any equationof thetype
�

�

+ �

�

�

+

�

+

�

� is shortenedto �

+

�

+

�

� ,

following theEinsteinsummationconvention.

Considertheprojectivecameras
$

�

�

� �

"

���

(

+ ,
$

�

�

�

�

+

( and
$

� �

�

�

� �

+

( , and

let �

�
	

+ , �

�

��	

�

+ and �

� �

��	

� �

+ bethehomogeneousrepresentationof theimages

at
$

,
$

�

and
$

� �

of a line � in space.Therefore,theplanes�

(

�

�

+

(

	

+ , �

�

(

�

�

�

(

+

	

+

and �

� �

(

�

�

� �

(

+

	

+ intersectat � . Thisconditioncanbeusedto derive theexpression

	

+

�
	

�

(

	

� �

*

' ( *

+
� (3.37)
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where

' (�*

+

�

�

(

+

�

*

�

�

�

(

�

�

*

+ (3.38)

de�nesthetrifocal tensor[136, 66]. Let now � , �

�

and �

� �

betheimagesof a point

in 3D space,eachonetaken from the camerawith correspondingsuperscript(see

�gure 3.7). Then,

� � ���

�

�

*

� � �

+

' (

�

*

� � �

(

'

+

�

*

�

� (3.39)

Thetrifocal tensoris a �

�

�

�

� tensorthatplaysfor tripletsof camerasthesame

role that thefundamentalmatrix playsfor stereosystems.Observe that (3.37)and

(3.39)arelinear equationsin the entriesof the tensorthat canbe usedto transfer

pointsandlinesmatchedin apairof viewsto athird one.Since(3.37)is anequality

in homogeneouscoordinates,it providesthreeequationsin theentriesof
' (�*

+ , two of

which arelinearly independent.Analogously, (3.39)providesnineequationsin the

entriesof
')(�*

+ , four of which arelinearly independent[66]. Thegeneralexpression

of thetrilinear constraint is

�

+

	

�

(

	

� �

*

'
(�*

+

�

�

� (3.40)

Parameterisation of the Trif ocal Tensor. Therearetwenty-sevenentriesin the

trifocal tensor. However, theseentriesarenot independent.Considerthreearbitrary

cameramatrices,which, together, hold � �

�

�

�

� � dof. The trifocal tensordoes

not dependon theunderlyingprojective frame,i.e., thesametrifocal tensorcanbe

obtainedby transformingthecamerasaccordingto anarbitraryprojective transfor-
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mation
�

	

� , which has�fteen dof. Thus,thetrifocal tensorhas � �

�

� �

�

��� dof.

Thetwenty-sevenentriesof thetrifocal tensorarerelatedthroughasetof nonlinear

constraintsthathavebeenthoroughlyinvestigated[46, 47,18].

Minimal parameterisationsof thetrifocal tensorhasbeengivenin [148,91, 47].

Theparameterisationin [148] is givenin termsof theinvariantsof six pointsin three

views [127, 162], andit doesnot describeanexplicit functionthatmapsany given

eighteennumbersinto a trifocal tensor. This dif�culty is overcomein [47], where

thetrifocal tensoris explicitly describedin termsof eighteenparameters.However,

a simplerparameterisationcanbe obtained,in which it is not necessaryto solve

any polynomialequationto obtainthetensor, thereforeavoidingmultiplesolutions.

Considerthetransformation
�

	

� givenby

�

�

��

�




�

� �

�

�




�

���

�

� (3.41)

where 


+

� �

�

	���� , �

�

�

�

�

. Applying this transformationto thecameramatrices
$

,
$

�

and
$

� �

, the form of �

(

+ is preserved for whichever valuesof
�

, � and
�

are

used,whichcanthenbechosensuchthat

$
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" � (3.42)

Now thereis no remainingdegreeof freedomin � , but theoverall scaleof
$

� �

can
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still besetsothat

$ � �
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" � (3.43)

Using (3.38) to compute
' (�*

+ oneobtainsan explicit minimal parameterisationof

thetrifocal tensor:
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where
�

�

�

�

� . The parameterisationdiscussedin [47] is not general,sincethe

entry 111 of the tensoris arbitrarily madeequal to one, which may not always

be possible,althoughthe conditionsunderwhich this situationis veri�ed arenot

known. Theparameterisationgivenin (3.44)is alsonotgeneral:in orderto make
$

�

and
$

� �

asshown in (3.42)and(3.43),theleft epipolesof thefundamentalmatrices

obtainedfrom
$

and
$

�

andfrom
$

and
$

� �

musthave � -coordinatedifferentfrom

zero.However, this is aconditionwhosevalidity canbeveri�ed in advance,andan

alternativeparameterisationcanbeemployedshouldit befounduntrue.

Computation of the Trif ocal Tensor. Given ��� tripletsof pointsand ��� triplets

of linesmatchedin threeviews suchthat � ���

� �

���
	

�

� , (3.37)and(3.39)can

be usedto computethe entriesof the trifocal tensorby a linear algorithm [66],

albeit thesolutionwill not satisfytheeightnonlinearconstraintsdescribedin [18].

However, usingtheparameterisationin (3.44)it is possibleto recover matrices
$

�
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Figure 3.7. Geometric representation of the trilinear constraint.

and
$

� �

asin (3.42)and(3.43)by solvinganoverconstrainedsetof linearequations.

This is anotheradvantageof using (3.44) over the parameterisationdescribedin

[47], which demandstheiterativesolutionof a nonlinearsetof equationsto obtain

thecameramatricesandsimultaneouslyimposethenecessaryconstraintsover the

entriesof thetensorcomputedfrom thelinearalgorithm.
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To recover thematrices
$

�

and
$

� �

, onemust�rst solve thelinearsystem
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where
 is thescalefactorof thetensor. Then, �

�

� (

+ canbecomputedas
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The remainingparametersare �
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Oncethematrices
$

�

and
$

� �

arefound,aniterativeprocedurecanbeusedto re�ne

the eighteenparametersin (3.44) in order to minimisethe geometricerror in the

transferof pointsandlines.
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Af�ne Trif ocal Tensor. In the af�ne case(seesection2.3.2),the trifocal tensor

musthold �

�

�

�

�

�

�

�

�

dof, correspondingto the �

�

� dof of threeaf�ne

cameras,minus the twelve dof of a generalaf�ne transformation.Therefore,by

specialisingthecameras
$

�

and
$

� �

to be af�ne, a simplerparameterisationof the

trifocal tensor
' (�*

+ canbeobtained,givenby

,
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Althoughin a differentform, this is thesameresultobtainedin [110,46], but now

theparameterisationis minimal, involving only twelve terms.

3.4.2 GeneralMultilinear Relations

A naturalextensionof thetrifocal tensoris thequadfocaltensor[45, 19, 71, 138],

whichis a �

�

�

�

�

�

� tensorencodingthegeometricrelationsbetweenfour images.

By consideringthecameras
$

,
$

�

,
$

� �

asbeforeplusa new camera
$

� � �

, theentries



3.5. CONCLUSIONS 53
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of aquadfocaltensor� canbegivenby [71]
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If thematrix
$

� � �

is assumedto have thesameformatasthematrix
$

� �

in (3.43),a

parameterisationof thequadfocaltensorwith only
���

�

�

�

� �

�

� � termscanbe

directlyobtainedfrom (3.51).Thisapproachcanbeeasilyextendedto parameterise

tensorsof any degree.

3.5 Conclusions

Thischapterpresentedasummaryof epipolargeometryandmulticamerarelations.

It followed [164] in its approachto the introductionof the fundamentalmatrix,

anddiscusseddifferentparameterisationsfor
"

. It alsoaddressedsomeproperties

of theessentialmatrix,which arefurtherdevelopedin chapter5 to producea self-

calibrationalgorithm.Sometechniquesfor computingthefundamentalmatrixwere

alsodiscussedin this chapter.

The review of the fundamentalmatrix wasthenspecialisedto af�ne cameras,

anda novel parameterisationof the af�ne fundamentalmatrix wasderived. This

was followed by a brief overview of the connectionbetweenepipolargeometry

andsmoothsurfaces,culminatingin the developmentof a practicalalgorithmfor

estimatingtheaf�ne epipolargeometryof a stereorig from pro�les. Experiments

with real datawereperformed,andthe resultswerecomparedto thoseof a well-
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known method[24]. A qualitative analysisdemonstratedthe validity of the new

approach.

Thechapterwasclosedwith areview of geometryof multicamerasystems,both

projective andaf�ne. This review focusedon thetrifocal tensor, for which a novel

minimal parameterisationwasintroduced.This parameterisationwasshown to be

easilyextendable,providing minimal representationsfor higherdegreemultiview

tensors.



Chapter 4

Epipolar Geometry fr om Pro�les

Under Cir cular Motion

Mengo abroadto wonder[...] at thecircular motionsof thestars; andthey passby
themselveswithoutwondering.

St.Augustine(354–430),Confessions, bookX.

4.1 Intr oduction

Methodsfor motionestimationand3D reconstructionfrom pointor line correspon-

dencesin a sequenceof imageshave achieveda high level of sophistication,with

impressiveresults[147,84, 50]. Nevertheless,if correspondingpointsarenotavail-

able the currenttechniquescannotbe applied. That is exactly the casewhenthe

scenebeingviewedis composedof non-texturedsmoothsurfaces,andin thissitua-

tion thedominantfeaturein theimageis thepro�le or apparentcontourof thesur-

face[85]. Besides,evenwhenpointcorrespondencescanbeestablished,thepro�le

55



56 CHAPTER4. EPIPOLARGEOMETRY FROM PROFILESUNDER...

still offersimportantcluesfor determiningbothmotionandshape,andthereforeit

shouldbeusedwheneveravailable.

This chapteraddressestheproblemof motionestimationandreconstructionof

3D modelsfrom pro�les of anobjectrotatingon a turntable,obtainedfrom a �x ed

camera.Its maincontribution is thedevelopmentof a practicalandaccuratetech-

niquefor solvingthis problemfrom pro�les alone,which is accurateenoughto al-

low thereconstructionof theobject.No correspondencebetweenpointsor linesare

necessary, althoughthemethodproposedcanbeequallyusedwhenthesefeatures

areavailable,without any further adaptation.Symmetrypropertiesof the surface

of revolution sweptout by therotatingobjectareexploited to obtainthe imageof

therotationaxisandthehomographyrelatingepipolarlines,in arobustandelegant

way. These,togetherwith geometricconstraintsfor imagesof rotatingobjects,are

thenusedto obtain �rst the imageof the horizon,which is the projectionof the

planethatcontainsthecameracentres,andthentheepipoles,thusfully determin-

ing theepipolargeometryof thesequenceof images.Theestimationof theepipolar

geometryby this sequentialapproach(imageof rotationaxis — homography—

imageof the horizon— epipoles)avoids many of the problemsusually found in

otheralgorithmsfor motionrecovery from pro�les. In particular, thesearchfor the

epipoles,by far the mostcritical step,is carriedout asa simpleone-dimensional

optimisationproblem.Theinitialisationof theparametersis trivial andcompletely

automaticfor all stagesof thealgorithm.After theestimationof theepipolargeom-

etry, the Euclideanmotion is recoveredusingthe �x ed intrinsic parametersof the

camera,obtainedeitherfrom a calibrationgrid or from self-calibrationtechniques.

Finally, thespinningobjectis reconstructedfrom its pro�les, usingthemotiones-

timatedin thepreviousstage.Resultsfrom realdataarepresented,demonstrating
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theef�ciency andusefulnessof theproposedmethod.

4.2 PreviousWorks and Bibliographic Review

The�rst attemptsto approachtheproblemof motionestimationfrom apparentcon-

toursdateback to Rieger, in 1986[128], who introducedthe conceptof frontier

point, interpretedas“centersof spin” [sic] of the imagemotion. Thatpaperdealt

with the caseof frontoparallelorthographicprojection,which is a ratherrestric-

tive situation. This ideawasfurther developedby Porrill andPollard[125], who

recognisedthe frontier point asa �x ed point on the surface,correspondingto the

intersectionof two consecutivecontourgenerators[27] (seesection3.3). Thecon-

nectionbetweenthe epipolargeometryandthe frontier pointswasestablishedin

[56], andanalgorithmfor motionestimationfrom pro�les wasintroducedin [25].

Relatedworksalsoinclude[6], wherea techniquebasedon registeringthe images

usinga planarcurve was�rst developed. This methodwasimplementedin [33],

which alsoshowed resultsof reconstructionfrom the estimatedmotion. In [111]

the algorithm presentedin [25] was specialisedto the af�ne case. The work in

[79] presentsa methodwheretheaf�ne approximationis usedto bootstrapthefull

projectivecase.

Initial stepstowardsa solutionfor the problemof reconstructionfrom appar-

entcontourswith known cameramotionweregivenby Barrow andTenenbaum,in

1981[7], wherea techniqueto computesurfacenormalswas introduced. Koen-

derink [85, 87] establishedrelationsbetweenthe differential geometryof a sur-

faceandthedifferentialgeometryof its pro�les. This work wasextendedin [55],

wherealgorithmsfor computingthe curvatureof a surfacefrom its pro�les were

developedandimplementedfor orthographicprojection.In [158] a reconstruction



58 CHAPTER4. EPIPOLARGEOMETRY FROM PROFILESUNDER...

methodbasedon parameterisingthesurfaceby radial curveswasdeveloped.Bet-

ter resultscanbeachievedby usinganepipolarparameterisation, togetherwith an

interpolationusingtheosculatingcircle, asintroducedin [27]. Furtherre�nements

wereobtainedin [14, 146], anda simpletechniquewasdevelopedin [161], based

on a �nite-dif ferenceimplementationof [27]. Despiteits simplicity, the method

developedin [161] rendersresultscomparableto thosein [14] and[27], andwas

thereforethetechniqueusedhere.

This work makesuseof symmetryproperties[165, 95, 167,37] of thesurface

of revolutionsweptout by therotatingobjectto overcomethemaindif�culties and

drawbackspresentin othermethodsthat have attemptedto estimatemotion from

pro�les, namely: theneedfor a very goodinitialisation for the epipolargeometry

andanunrealisticdemandfor a largenumberof epipolartangencies[25,6,5] (here

as few as two epipolartangenciesareneeded),restrictionto linear motion [130]

(whereascircularmotion is a morepracticalsituation),or theuseof an af�ne ap-

proximation[111,161] (whichmaybeusedonly for shallow scenes,section3.3.1).

After obtainingthe motion, the reconstructioncanbe achieved by a simple tech-

nique[161], basedon the epipolarparameterisation[27], which extendsthe com-

montriangulationmethodsfrom pointsto pro�les.

An interestingcomparisoncanbe madebetweenthe work presentedhereand

[50]. Both paperstackle the sameproblem,but while in [50] hundredsof points

weretracked andmatchedfor eachpair of adjacentimages,it will be shown here

thata solutioncanbe obtainedevenwhenonly two epipolartangenciesareavail-

able,with at leastcomparableresults.

This chapterbeginsby describinga methodto obtainthe imageof therotation

axisandthecoordinatesof aspecialvanishingpoint,usedin theparameterisationof
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thefundamentalmatrixundercircularmotion,from symmetrypropertiesof thepro-

�le of thesurfaceof revolutionsweptoutby anobjectplacedona turntable.These

provide thehomographycomponentof thefundamentalmatrix in a planepluspar-

allax representation.The epipolarconstraintis thenusedto estimatethe epipoles

for eachpairof imagesin thesequence.Theseepipolesshouldbecollinear, andthe

line containingthemcorrespondsto thehorizon. Dueto noise,this alignmentwill

notbeveri�ed, andaline is robustly�tted to thecloudof epipolestoprovideanesti-

matefor thehorizon.Oncethisestimateis available,theepipolarconstraintis again

employedto recomputetheepipoleswith aminimalparameterisationspecialisedto

circularmotion[159]. Theepipolesarenow constrainedto lie on thehorizon,pro-

viding anaccurateestimatefor theepipolargeometryof eachpair of imagesin the

sequence.Intrinsic parameters,eithercomputedfrom a self-calibrationalgorithm

or precomputedby any standardcalibrationtechnique,canthenbe usedtogether

with thefundamentalmatricesto determinethecameramotion.

Section4.3 reviews the symmetrypropertiesexhibited by the imageof a sur-

faceof revolution summarisedin theform of theharmonichomology. Section4.4

establishestherelationshipbetweenthis transformationandtheepipolargeometry,

andalsopresentstwo usefulparameterisationsof the fundamentalmatrix. These

parameterisationsallow the estimationof the epipolesto be carriedout as inde-

pendentone-dimensionalsearches,avoiding local minimaandgreatlyreducingthe

computationalcomplexity of theestimation.Section4.5presentsthealgorithmfor

motion recovery, andthe implementationof the algorithmfor real datais shown

in section4.6, which alsomakescomparisonswith previousworks. Experimental

resultsusingtheestimatedmotionfor reconstructionareshown in Section4.7.
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4.3 Symmetry in the Image of a Surface of Revolu-

tion

An objectrotatingabouta �x edaxissweepsout a surfaceof revolution [54]. Sym-

metrypropertiesof theimageof this surfaceof revolution canbeexploitedto esti-

matetheparametersof themotionof theobjectin asimpleandelegantway, aswill

beshown next. In thede�nitions thatfollow, pointsandlineswill bereferredto by

their representationasvectorsin homogeneouscoordinates,asusual.

A 2D homographythat keepsthepencil of lines througha point � andtheset

of pointsona line
�

�x edis calledaperspectivecollineationwith centre� andaxis
�

. A homology is a perspective collineationwhosecentreandaxisarenot incident

(otherwisetheperspectivecollineationis calledanelation). Let
�

beapointmapped

by ahomologyontoapoint
�

�

. It is easyto show thatthecentreof thehomology, � ,

andthepoints
�

and
�

�

arecollinear. Let �

� betheline passingthroughthesepoints,

and �

� betheintersectionof �

� andtheaxis
�

. If
�

and
�

�

areharmonicconjugates

with respectto � and �

� , i.e., their cross-ratiois one,the homologyis saidto be

a harmonichomology (seedetailsin [133, 30] andalso�gure 4.1(a)). Thematrix
�

representinga harmonichomologywith centre � andaxis
�

in homogeneous

coordinatesis givenby

�

�

�
�

�
�

�

�

�

�

�

� (4.1)

The pro�le of a surfaceof revolution exhibits a specialsymmetryproperty,

which can be describedby a harmonichomology[95]. The next theoremgives

a formalde�nition for thisproperty:
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Theorem 1 Thepro�le of a surfaceof revolution � viewedby a pinholecamera

is invariant to theharmonichomology with axisgivenby theimage of therotation

axisof thesurfaceof revolutionandcentregivenbytheimageof thepointat in�nity

in a directionorthogonalto a planethat containstherotationaxisandthecamera

centre .

Thefollowing lemmawill beusedin theproofof theorem1.

Lemma 1 Let
,

���

�

��

�

�

be a harmonichomology with axis
�

�

and centre �

�

on the plane �

�

, and let � ���

�

��

� be a bijective2D homographybetweenthe

planes�

�

and � . Then,thetransformation
�

�

�

,

�


��

���

�
�

� is a harmonic

homologywith axis
�

�

�


 �
�

�

andcentre �

�

�
�

�

.

Proof: Since� is bijective, �


��

exists.Then

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�


��

�

�
�

� �

� �

�

�

�

� (4.2)

since�

� �

�

�

�

� �

�

. �

Thefollowing corollaryis a trivial consequenceof lemma1:

Corollary 1 Let
,

, � ,
�

, �

�

and � bede�nedasin lemma1. Thetransformation

� is an isomorphismbetweenthe structures
�

,

�

�

�

�

and
�

�

�

�

�

, i.e,

��

�

�

�

,

�

,

�

�

�

�

�

.

An importantconsequenceof lemma1 andcorollary 1 is that if a setof points
�

�

,

e.g.,thepro�le of asurfaceof revolution,is invariantto aharmonichomologyT, the
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set
�

obtainedby transforming
�

�

by a 2D projective transformation� is invariant

to theharmonichomology
�

�

�

,

�


��

.

Without loss of generalityassumethat the axis of rotation of the surfaceof

revolution � is coincidentwith the
�

-axisof a right-handedorthogonalcoordinate

system.Consideringa particularcaseof theorem1 in which thepinholecamera
�

$

is givenby
�

$

�

�

�

&

" , where
&

�

� � �

�

"

�

, for any �

� � , symmetryconsiderations

show thatthepro�le
�

�

of � will bebilaterallysymmetricwith respectto theimageof

the
�

-axis[116,113], whichcorrespondsto theline ��2

�

� � � �

"

�

in (homogeneous)

imagecoordinates.

Proof of theorem 1 (particular case): Since
�

�

is bilaterallysymmetricabout � 2 ,

thereis atransformation
,

thatmapseachpointof
�

�

ontoits symmetriccounterpart,

givenby

,

�

�
�

�

�

�

�

�

� � �

� � �

� � �

�
�

�

�

�

�

� (4.3)

However, asany bilateralsymmetrytransformation,
,

is alsoaharmonichomology,

with axis � 2 andcentre���

�

� � � �

"

�

, since

,

�

�
�

�
��� �

�

2

�

�

�

� 2

� (4.4)

The transformation
,

mapsthe set
�

�

onto itself (althoughthe pointsof
�

�

arenot

mappedonto themselvesby
,

, but onto their symmetriccounterparts),andthus
�

�

is invariantto theharmonichomology
,

. Sincethecameracentreliesonthe � -axis

of thecoordinatesystem,theplanethatcontainsthecameracentreandtheaxisof
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rotationis in fact the
�

� -plane,andthepoint at in�nity orthogonalto this planeis

�

�

�

� � � � �

"

�

, whoseimageis ��� . �

Let
$

be an arbitrarypinholecamera.The camera
$

canbe obtainedby rotating
�

$

aboutits optical centreby a rotation
%

andtransformingthe imagecoordinate

systemof
�

$

by introducingthe intrinsic parametersrepresentedby thecalibration

matrix
#

. Let
#�%

�

� . Thus,
$

�

� �

���

&

" , andthepoint �

� in spacewith image

��� in
�

$

will projectto a point � �

�

� ��� in
$

. Analogously, theline � 2 in
�

$

will

correspondto a line
�

2

�

�


 �

� 2 in
$

. It is now possibleto derive the proof of

theorem1 in thegeneralcase.

Proof of theorem1 (generalcase): Let
�

bethepro�le of thesurfaceof revolution

� obtainedfrom the camera
$

. Thus,the imageof the bijection � actingon the

pro�le
�

�

is
�

(or �

�

�

�

�

), and,usinglemma1, thetransformation
�

�

�

,

�


��

is a harmonichomologywith centre���

�

� ��� andaxis
�

2

�

�


 �

� 2 . Moreover,

from Corollary1,
�

�

�

�

�

�

,

�

�

, or
�

�

�

�

,

�

�

. Fromtheparticularcaseof the

theorem1 it is known thatthepro�le
�

�

will beinvariantto theharmonichomology
,

, so
�

�

�

�

�

�

�

�

. �

When the camerais pointing directly towardsthe axis of rotation, the trans-

formationthatmaps
�

onto its symmetriccounterpartwill be reducedto a skewed

symmetry[81, 114, 20], which correspondsto a particularcaseof the harmonic

homologyin which thepoleis at in�nity . It is givenby

��� �

�	��

���������

��

�

�

�
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���	��
�������������� 
"!$#%�&�	��
'� �)(*�	��
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021

1

1

1

354

(4.5)
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(a) (b) (c)

Figure 4.1. (a) Pro�le of a surface of revolution under general viewing conditions. The

symmetry of the pro�le is represented by a harmonic homology de�ned by the image of the

rotation axis and the pole. (b) When the camera is pointing towards the axis of rotation the

transformation reduces to a skewed symmetry, which is a particular case of the harmonic

homology with the pole at in�nity . (c) If, additionally, the camera has zero skew and aspect

ratio one, the transformation becomes a bilateral symmetry, in which the lines of symmetry

are perpendicular to the image of the rotation axis.

where
�

2

�

�

�	�

�
�

� � �
�

�
�

"

�

is theimageof therotationaxis,with
�

�

�

�

�	�

�
�

�

�

�

� ���
� . Theangle � givestheorientationof the lines of symmetry, which arethe

lines joining eachpoint to its skew-symmetriccounterpart(see�gure 4.1(b)). The

transformation� hasthreedof.

If the cameraalso haszero skew and aspectratio one, the transformationis

furtherreducedto abilateralsymmetry, givenby

�

�

�

�

�

�

�

�

� �	�

�

�

�

�

�
���

�

�

���
� �

�
�

�

� � �

�

�

�	�

�

�

�

���

�
���
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�

�

�
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�

� (4.6)

Thetransformationnow hasonly two dof, sincethe linesof symmetryareorthog-

onalto
�

2 . A graphicalrepresentationof thebilateralsymmetry, skewedsymmetry

andharmonichomologyis shown in �gure 4.1.
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4.4 Parameterisationsof the FundamentalMatrix

4.4.1 FundamentalMatrix under Cir cular Motion

The fundamentalmatrix correspondingto a pair of camerasrelatedby a rotation

arounda �x ed axis hasa very specialparameterisation,as shown in [159, 50],

which canbe expressedexplicitly in termsof �x ed imagefeaturesundercircular

motion (imageof rotationaxis, pole andhorizon, jointly holding 5 dof) and the

relative angleof rotation(1 dof). A simplerderivationof this resultwill beshown

here.Moreover, a novel parameterisationbasedon theharmonichomologywill be

introduced,providing aconnectionbetweenthegeometryof thecompletesequence

(harmonichomology)with the geometryof a singlepair of images(fundamental

matrix).

Considerthepairof cameramatrices
�

$

� and
�

$

� , givenby

�

$

�

�

�

�

&

"

�

$

�

�

�

%��
�����

&

" � (4.7)

where

&

�
�

� � �

�

�

(4.8)

and
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�

�

���

�

�

�

�

� (4.9)
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for
�

�

�

� . Let
�

"

bethefundamentalmatrix relating
�

$

� and
�

$

� . From(4.7), (4.8)

and(4.9),it is easyto seethat

�

"

�

��

�

�

�

�

�

�	�

�

� �

� �

�	�

�

� �

� �

� � �

�

�

�

�
���

�

�

���

�

�

�

�

�

�

� � �

�

��

�

�

�

�

�

�

�

���

�

�

�

�

�

� � �	�

�

� �

�

�

��

�

�

�

�

��

�

�

�

�

�

�

�

���

�

�

�

�

�

� � �

�

�

��

�

�

�

�

�

�

�

���

�

�

�

�

�

� � �

�

���

�

�

�

�

�

(4.10)

Let �

�

�

�

�

and �	� bethepointsat in�nity in the � ,
�

and � directions,respectively,

in world coordinates.Projectingthesepointsusingthe camera
�

$

� , we obtainthe

vanishingpoints � �

�

�

�

and �

� givenby

���

�

�
�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�
�

�

�

�

�

and �

�!�

�
�

�

�

�

�

�

�

�

�
�

�

�

�

�

� (4.11)

Theimageof thehorizonis theline �

� , andtheimageof therotationaxisis theline

� 2 , where

� 2

�

��

�

�

�

�

�

�

�

���

�

�

�

�

and �

�

�

��

�

�

�

�

�

�

�

���

�

�

�

�

� (4.12)
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Substituting(4.11)and(4.12)into (4.10),thedesiredparameterisationis obtained:

�

"

�

�

�
���

�

�

� ���

" �

� �

� �

�

�

�

� 2 �

�

�

�

�

�

�

�

2

�

�

� (4.13)

Thefactor“
�

�
���

�

” canbeeliminatedsincethefundamentalmatrix is de�ned only

up to anarbitraryscale.Assumenow that thecameras
�

$

� and
�

$

� aretransformed

by a rotation
%

abouttheir opticalcentersandtheintroductionof a setof intrinsic

parametersrepresentedby thecalibrationmatrix
#

. Thenew pair of cameras,
$

�

and
$

� , is relatedto
�

$

� and
�

$

� by

$

�

�

�

�

$

� and

$

�

�

�

�

$

�

� (4.14)

where�

�

#�%

. Thefundamentalmatrix
"

of thenew pairof cameras
$

� and
$

�

is givenby

"

�

�


 �

�

"

�


��

�

����� �

�

�

� � �

"
�

�
�

� �

�

�

� �

2

�

�

�

�
�

�

�

�

2

�

� (4.15)

where � �

�

� ��� ,
�

�

�

�


 �

�

� and
�

2

�

�


 �

� 2 . Sincethefundamentalmatrix is

de�ned only up to ascalefactor, (4.15)canberewrittenas

"
� � �

�

� � �

"
�

���
�

� �

�

�

� �

2

�

�

�

�
�

�

�

�

2

�

� (4.16)

where
�

�

�

� ����� �

�

�

. Thenotation
"

�����

wasusedin (4.16)to emphasisethat,for

a givencircularmotionsequence,theparameters��� ,
�

2 ,
�

� and
�

are�x ed,andthe

fundamentalmatricesassociatedwith any pair of camerasin the sequencediffers
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only in thevalueof
�

.

4.4.2 Parameterisationvia Planar Harmonic Homology

Theimagesof arotatingobjectarethesameastheimagesof a �x edobjecttakenby

a camerarotatingaroundthesameaxis,or by multiple camerasalongthatcircular

trajectory. Considerany two suchcameras,denotedby
$

� and
$

� . If
$

� and
$

� point towardsthe axisof rotationandhave zeroskew andaspectratio 1, their

epipoles�

� and �

� will besymmetricwith respectto theimageof therotationaxis,

or �

�

�

,

�

� , accordingto �gure 4.2. In ageneralsituation,theepipoleswill simply

berelatedby thetransformation�

�

�

�

�

� . It is thenstraightforwardto show that

thecorrespondingepipolarlines
�

� and
�

� arerelatedby
�

�

�

�


 �

�

� . This means

that the pair of epipolescanbe representedwith only two parametersonce
�

is

known. From(4.1) it canbeseenthat
�

hasonly four dof.

l s

q/2q/2

axis of rotation

camera center camera center

l s

P
e e

P1

1 2

2

image planes

Figure 4.2. If the cameras are pointing towards the axis of rotation and their skew is zero

and aspect ratio is 1, the epipoles �

� and �

� are symmetric with respect to the image of the

rotation axis.



4.4. PARAMETERISATIONS OFTHE FUNDAMENTAL MATRIX 69

It is possibleto express
"

in (4.16)accordingto a planarplus parallaxrepre-

sentation(seesection3.1.2)suchthat
�

"

�

�

�

�

�

" �

�

� , where
�

�


 �

is any matrix that

mapsthe epipolarlines from one imageto the other, and
�

�

�

is the epipolein the

secondimage.Fromthisdiscussionandsection4.3,it follows that

"

�

�

�

�

" �

�

� (4.17)

where,from (4.16), �

�

�

� �

� � �

� �

�

�

�

�

2

" �

�

� . Therefore,
"

hasonly six dof: four

to determine
�

andtwo to �x �

� , in agreementwith [159]. Note that in thecase

of skewedsymmetryandbilateralsymmetry, thedof of thefundamentalmatrixwill

bereducedto � veandfour respectively, correspondingto thedecreasein thedof of

thesymmetrytransformation.A full accountof thedof of thefundamentalmatrix

underdifferentcon�gurationsis givenin table4.1.

From (4.17) it canbe seenthat the transformation
�

correspondsto a plane

inducedhomography. Thismeansthattheregistrationof theimagescanbedoneby

using
�

insteadof a planarcontourasproposedin [6, 33]. It hasbeendiscussed

in section3.1.2thatdifferentchoicesof theplanethat inducesthehomographyin

a planeplus parallaxparameterisationof the fundamentalmatrix, suchasthe one

in (4.17),will resultin differenthomographies,althoughthey will all generatethe

samefundamentalmatrix,since

"

�

�

�

�

"
�

�

�

�

�

�

"
�

�

� �

�

�

$

�

"


 $
� �

�

� (4.18)

Thethreeparameterfamily of homographies�

� �

�

�

$ �

" parameterisedin
$

hasa

one-to-onecorrespondencewith the setof planesin
� �

. Theparticularplanethat

inducestheplanarhomology
�

is givenin thenext theorem:
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Theorem 2 Theplanar homology W relating the cameras
$

� and
$

� is induced

by theplane
�

thatcontainstheaxisof rotationandbisectsthesegmentjoining the

optical centresof thecameras.

Proof: Theexistenceanduniquenessof
�

satisfyingthehypothesisof thetheorem

aretrivial. Let �

�

�

� � � �

"

�

, �

�

�

� � � �

"

�

, and �

�

�

� � � �

"

�

. Without lossof

generality, let

$

�

�

# %

�

�

�

� " and

$

�

�

# %

�

%

�

�

�

�
" � (4.19)

whereK is thematrix of intrinsic parametersof
$

� and
$

� , R is the rotationma-

trix relatingtheorientationof thecoordinatesystemof
$

� to theworld coordinate

system,and
%

�

�

is a rotationby
�

aboutthe
�

-axisof theworld coordinatesystem,

i.e.,

%

�

�

�

��

�

�

�

�

�	�

�

�

�

�
���

�

� � �

�

�
���

�

�

� �

�

�

���

�

�

�

�

� (4.20)

Therefore,



�

�

�

� �

, thepoint
�

�

�

�

�
�
���

� � �
�

�

�
�

�	�

�

� � �
�

�

"

�

lies on
�

. Pro-

jecting
�

using
$

� and
$

� , oneobtains�

�

�

#�%
�

� �

�

�

�

and �

�

�

# %
�

%

�

�

� �

�

�

�

. Since

%

�

�

�

�

��

�

�

�

�

�
� � �

� �	�

�

��� �
�

� �

�

�	�

�

�

� � �

��� �
�

�

�

�
� � �

�

� ���

��� �
�

�
�

�

� �

�

� �	�

�

��� �
�

�

���

�

�

�

�
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�
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�

�

�

�

� � ���

��� � � �

�

�

�	�

�

��� � � �

���

�

�

�

�

�

��

�

�

�

�

�

� � �

� � �

� � �

���

�

�

�

�

�

� (4.21)

or
%

�

�

�

�

� � � �

�

�

�

�

�

� �

, we have �

�

�

# %

�

� � � �

�

�

�

�

�

� ���

�

� " , or �

�

�

� � �

� # %

�

�

�

�

�

% 
�� # 
�� �

�

� . It canbeshown [113] that
# %

�

�

�

� � and �

�

�

% 
�� # 
��

�

� �

2

, andthus �

�

�

�

�

� . �

A graphicalrepresentationof theresultin theorem2 is shown in �gure 4.3.

P1

q/2 q/2
P2

Figure 4.3. The harmonic homology is a homography induced by the plane that contains

the axis of rotation and bisects the segment joining the camera centers.

4.5 Motion Estimation

Consideranobjectthatundergoesa full rotationarounda �x edaxis. Theenvelope

� of its pro�les is found by overlappingthe imagesof the sequenceandapplying

a Canny edgedetector[17] to the resultantimage. This envelopecorrespondsto

the imageof a surfaceof revolution, andthusit is harmonicallysymmetric. The
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Con�guration Parameterisation dof
Generalmotion �

�

" �

�

� �

�

Circularmotion �

�

" �

� � �

�

Circularmotionwith camerapointingataxisof rota-
tion �

�

" �

�

� �

�

Circularmotionwith camerapointingataxisof rota-
tion andhaving zeroskew andaspectratio1 �

�

" �

�

� �	�

Circularmotionwith camerapointingataxisof rota-
tion andhaving zeroskew andno rotationaboutthe
opticalaxis

�

�

" �

�

�

� �

�

Puretranslation �

�

" �

�

Puretranslationorthogonalto opticalaxis �

���

" �

�

Table 4.1. Analysis of the dof of the fundamental matrix for different types of motion with

�x ed intrinsic parameters.

homography
�

relatedto � is then found by sampling � points �

+ along � and

optimisingthecostfunction

���
�

� �

�

�

2

�

�

�

�

+ �

�

�

� �

�	�

�

�

�
�

� �

�

�

2

�

�

+

�

�

� (4.22)

where
�

� �

� �

�

�

�
�

� �

�

�

2

�

�

+

�

is theorthogonaldistancebetweenthecurve � andthe

transformedsamplepoint �

�

+

�

�
�

� �

�

�

2

�

�

+ . Theestimationof
�

is summarised

in procedure4.2.

The initialisationof the line
�

2 andthe point � � canbemadevery closeto the

globalminimumby automaticallylocatingoneor morepairsof correspondingbi-

tangentson theenvelope.Giventwo bitangents
� �

�

���

�

�

�

and
� �

�

���

�

�

�

on thetwo

sidesof thepro�le � with bitangentpoints �

���

�

� and �

���

�

� , respectively (see�g-

ure 4.4), the intersectionof the two bitangents(
���

�

���

�

�

�

�

� �

�

���

�

�

�

) andthe inter-

sectionof the diagonals(
� �

�

���

�

�

�

�

� �

�

� �

�

�

�

) give two points de�ning a line that

canbeusedasanestimateof
�

2 . An estimatefor thevanishingpoint ��� is givenby
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thepoint of intersectionof thelines
� �

�

���

�

�

�

and
� �

�

�

�

�

�

�

. Theinitialisationof
�

2

and � � from bitangentsoftenprovidesanexcellentinitial guessfor theoptimisation

problem. This is generallygoodenoughto avoid any local minimum andallows

convergenceto theglobalminimumin asmallnumberof iterations.

1
p

ls

p
2

1
q

2
q

e

p
2

1
q

2
q

1
p

Figure 4.4. Initialisation of the optimisation parameters
�

2 and � � from the bitangents and

lines formed by bitangent points.

Procedure 4.2Get Homology : Estimationof theharmonichomology
�

.
overlaptheimagesin thesequence;
extracttheenvelope� of thepro�les usinga Canny edgedetector;
sample� points �

+ along � ;
initialise theaxisof symmetry

�

2 andthevanishingpoint ��� usingbitangents;
while not convergeddo

computethepoints �

�

+

�

�

�

+ ;
computethedistancesbetween� and �

�

+ using(4.22);
update

�

2 and � � to minimise(4.22);
endwhile

After obtaininga goodestimateof
�

, onecanthensearchfor epipolar tan-

genciesbetweenpairsof imagesin thesequenceusingtheparameterisationgiven

by (4.17). To obtaina pair of correspondingepipolartangentsin two images,it is

necessaryto �nd a line tangentto onepro�le that is transformedby
�


 �

to a line

tangentto thepro�le in theotherimage(see�gure 4.5).Thesearchfor correspond-
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W
-T

W
-T1l

l2
=

l2

Figure 4.5. The line
�

� tangent to the bottom of the pro�le in the �rst image is transferred

to the line
�

� in the second image by the harmonic homology. A line
���

� parallel to
�

� and

tangent to the bottom of the pro�le is located and the distance between
�

� and
���

� drives

the search for the orientation of
�

� , which upon convergence will correspond to an epipolar

tangent. An epipolar tangent at the top of the pro�le is obtained in the same way.

ing tangentsmay be carriedout asa one-dimensionaloptimisationproblem. The

singleparameteris theangle � thatde�nes theorientationof theepipolarline
�

� in

the�rst image,andthecostfunctionis givenby

���

	

�

�

�

�

�

� �

�	�
�


 �

�

�

�

�

�

�

�
�

�

�

�

� �

� (4.23)

wherethefunction
�

� �

�	�
�


 � �

�

�

�

�

�

���

�

�

�

� �

givesthedistancebetweenthetransferred

line
�

�

�

�


 �
�

� anda line
���

� parallelto
�

� andtangentto thepro�le in thesecond

image. Typical valuesof � lie between-0.5 rad and 0.5 rad, or
�

� �
� and � �

� .

The shapeof the cost function (4.23) for the pro�les in �gure 4.5 canbe seenin

�gure 4.6.

The epipolescanthenbe computedasthe intersectionof epipolarlines in the

sameimage. After obtainingthis �rst estimatefor the epipoles,the imageof the

horizoncanthenbefoundby robustly �tting a line
�

� to the initial setof epipoles,

suchthat
� �

�

� �

�

� . Figure4.10shows a typical outputof procedure4.3, together
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Figure 4.6. Plot of the cost function (4.23) for corresponding epipolar tangents near the top

(a) and bottom (b) of the pro�les in �gure 4.5.

Procedure 4.3Get Horizon : Estimationof thehorizon.
extractthepro�les of theimagesusingaCanny edgedetector;
�t B-splinesto thetopandthebottomof thepro�les;
for eachselectedpair of imagesdo

for topandbottomof pro�les do
initialise theangle � de�ning theorientationof theepipolarline at the �rst
image;
while notconvergeddo

�nd
�

� (see�gure 4.5);
computetheline

�

�

�

�

 � �

� ;
�nd theline

�
�

� (see�gure 4.5);
computethedistancebetween

�

� and
���

� using(4.23);
update� to minimise(4.23);

endwhile
end for
computeepipolesby intesectingepipolarlines tangentto the top andbottom
of thepro�les in eachimage;

end for
�t thehorizon

�

� to thecloudof epipoles.

with thehorizon
�

� �tted to theepipoles.

An alternative methodto computetheepipolesis to registerthepro�les using

thehomology
�

, eliminatingtheeffectsof rotationon theimages,andthenapply
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any of themethodsin [6, 130,33], in a planeplusparallaxapproach.However, no

advantagehasbeenobtainedby doing so,sinceto usethis methodit is necessary

to �nd a commontangentbetweentwo pro�les, which involvesa searchat leastas

complex astheonein procedure4.3.

4.5.1 Estimation of the EpipolesConstrained to the Horizon

After estimatingthehorizon,theonly missingterm in theparameterisationof the

fundamentalmatrix shown in (4.16)is thescalefactor

	��

�
�

� �

� �
�

� (4.24)

This parametercanbe found, again,by a one-dimensionalsearchthat minimizes

thegeometricerrorof transferredepipolarlinesasshown in �gure 4.7. Therefore,

two distinctparameterizationsof thefundamentalmatrix areused:(4.17)to obtain

thecloudof epipolesandthehorizon,and(4.16)to recomputethepositionof the

epipolesconstrainedto lie on thehorizon.

Procedure 4.4Get Epipoles : Estimationof theEpipoles.
for eachselectedpair of imagesdo

initialise thescalefactor 	 in (4.24);
while notconvergeddo

computeaputative fundamentalmatrixusing(4.16);
locateepipolartangentsat thetopandthebottomof pro�les in bothimages;
transferepipolartangentsfrom the�rst imageto thesecondtheimageusing

�

;
computethe geometricerror as the distancebetweenthe lines transferred
fromthe�rst imageto theepipolartangenciesin thesecondimage,asshown
in �gure 4.7;
update	 to minimisethegeometricerror;

endwhile
end for
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(a) (b)

Figure 4.7. Once the horizon is computed, the location of the epipoles along this line can be

re�ned by using (4.16). This �gure shows the geometric error for transferred epipolar lines.

The terms � � ,
�

2 and
�

� were obtained from procedure 4.2 and procedure 4.3. The solid

lines in each correspond to tangents to the pro�le passing through the putative epipoles,

and the dashed lines correspond to lines transferred from one image to the other by applying

the harmonic homology
�

. The sum of the distances between transferred lines and the

corresponding tangent points is the geometric error that drives the search for the scale

factor 	 �

�
�

� �

� �
�

in (4.16). This scale factor was set to 100 in the �gure , for better

visualisation.

The overal procedurefor estimatingthe epipolargeometryof a turntablese-

quenceis shown in algorithm4.1.

Algorithm 4.1Estimationof theEpipolarGeometry.
estimatetheharmonichomology

�

usingGet Homology (seeprocedure4.2);
estimatethehorizon

�

� usingGet Horizon (seeprocedure4.3);
estimatetheepipolesusingGet Epipoles (seeprocedure4.4);
computethefundamentalmatricesusing(4.17);

4.5.2 Limitations of the Algorithm

Therearesomelimitationson theapplicabilityof thealgorithmspresentedhere:
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Density of the sequenceof images. If the numberof imagesin the sequence

is too small,or theangleof rotationbetweensuccessive snapshotsis too large,the

envelopeof thepro�les nolongerapproximatesthepro�le of asurfaceof revolution,

and,therefore,procedure4.2will fail to correctlyestimatetheimageof therotation

axisandthepole. In practice,this problemdoesnot ariseif theanglesof rotation

in a closedsequencearebelow � � � . This problemcanbeovercomeby performing

a simultaneoussearchfor the harmonichomologyandthe rotationangles,at the

expenseof increasingthenumberof searchparametersandthereforethecomplexity

of theoptimisation.

Symmetry of the object. If theobjectplacedontheturntableis rotationallysym-

metricandits axisof symmetrycoincideswith theaxisof rotationof theturntable,

procedure4.3 will fail. To understandthis problem,considerthe alternative for-

mulationof procedure4.3 in which the epipolesarecomputedby �rst registering

the imagesby usingthe harmonichomologyandthencomputingthe epipolesas

theintersectionof commontangentsto thepro�les. Undertheconditionsdescribed

above, the registrationof thepro�les will not produceany effect, sincethe image

of a surfaceof revolutionwith thesamerotationaxisastheturntableis invariantto

the harmonichomology. Moreover, the pro�les will coincide,andany tangentto

oneof thepro�les will bea commontangentto thepair of pro�les. Therefore,the

positionof theepipolewill beundetermined.To avoid this problemit is enoughto

repositionthesymmetricobjectovertheturntablesothatits symmetryaxisdoesnot

coincideanymorewith the turntableaxis. Thefurther the two axesare,thebetter.

Of course,theplacementof theobjectmustnot besodistantfrom thecentreof the

turntableasto remove it from the �eld of view. In the experimentsshown in this

paperusingavaseandaheadmodel,whicharenearlyrotationallysymmetricin the
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regionsof interest(the top andthe bottomof the objects),it wasveri�ed that the

problemdisappearsif theaxesareseparatedby adistanceof about50 pixels.

4.6 Implementation and Experimental Results

Figure 4.8. Top row shows four images of the vase. Bottom row shows four images of the

head model.

Thealgorithmsdescribedin thepreviousSectionweretestedusingtwo setsof

imagesfrom a vaseanda headmodel,respectively (see�gure 4.8). Both setscon-

sistedof 36images,with theturntablerotatedby anangleof ��� � betweensuccessive

snapshots.Thefactthattheanglewas�x edwasnotusedeitherin theestimationof

theepipolargeometry, nor in thereconstructionto beshown in Section4.7.For the

vasesequence,thesymmetrytransformationassociatedwith theenvelopeof its pro-

�les wasassumedtobeaharmonichomology
�

, whereasfor theheadsequencethe

transformationwasmodelledasa skewedsymmetry � . Thechoiceof thesimpler

modelfor theheadsequencewasmotivatedby thefact that thecamerawasnearly

pointingtowardstheaxisof theturntable,andthereforetheskewedsymmetrytrans-

formationcouldbeused.Of course,therewouldhavebeennoproblemin adopting

themorecomplex model.To obtain
�

and � , procedure4.2wasimplementedwith
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100 evenly spacedsamplepointsalongeachenvelope( �

�

��� � ). Initialisations

weredoneby usingbitangents.Lessthan10 iterationsof theLevenberg-Marquardt

algorithmwerenecessary, with derivativescomputedby �nite differences.The�nal

positionsof therotationaxescanbeseenin �gure 4.9.

Figure 4.9. Overlap of the images of the vase (left) and of the head (right). The solid lines

are the envelopes of the pro�les and dashed lines are estimates of the images of the rotation

axis in both sequences.

In the implementationof procedure4.3, seventypairsof imageswereselected

by uniformly samplingtheindexesof theimagesin eachsequence,andtheresultant

estimateof theepipolesfor thevasesequenceis shown in �gure 4.10,which also

showsthehorizon
�

� foundbyarobust�t to theepipoles.Toget
�

� aminimisationof

themedianof thesquaresof theresidualswasused,followedby removal of outliers

andorthogonalleast-squaresregressionusingthe remainingpoints (inliers). The

epipolargeometrywas then re-estimatedwith the epipolesconstrainedto lie on
�

� . Oncethe epipolargeometrywas obtained,precomputedintrinsic parameters

wereusedto convert the fundamentalmatricesinto essentialmatrices,and these

werethendecomposedto provide thecameramotionandorientation.Theresulting

cameracon�gurationsarepresentedin �gure 4.11.

Theobjectwasrotatedon a manualturntablewith resolutionof �

�

� �
� , but the
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Figure 4.10. Epipoles estimated by procedure 4.3. The horizon was found by doing a robust

�t to the cloud of epipoles. Inliers are shown as circles ( � ) and outliers as crosses (
�

).

realprecisionachieved is highly dependenton theskill of theoperator. TheRMS

errorsin theestimatedangleswere �

�

�

�

� and �

�

�

�
� for thevaseandheadsequence

respectively (see�gure 4.12),demonstratingtheaccuracy of theestimation.

Rotation axis

Reconstructed vase Rotation axis

Reconstructed object

Figure 4.11. Camera con�gur ations for the vase (left) and head (right) sequences.
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It is interestingto comparethis resultwith theonesshown in [50, pg. 166] for

the “Head”, “Freiburg” and“Dinosaur” sequences,wherethe averagenumberof

pointmatchesperimagepairvariesfrom 137to 399,dependingonthesequence.It

shouldbestressedthatonly two epipolartangentswereusedfor eachpairof images

in theexperimentspresentedin thispaper, with comparableresults.
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Figure 4.12. Estimated angles of rotation between successive views for the vase (left) and

head (right) sequences, with RMS errors �

�

�

�

� and �

�

�

� � , respectively.

4.7 Reconstructionfr om ImagePro�les

Thealgorithmfor motionestimationintroducedherecanbeusedevenwhenpoint

correspondencescanbeestablished.Ontheotherhand,methodssuchastheonesin
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Algorithm 4.2Reconstructionfrom imagepro�les.
for �

�

� to �

�

� do
sample� points �

( alongthepro�le in image� ;
for




�

� to � do
computetheepipolarline

�

at image�

�

� correspondingto thepoint �

( ;
�nd theintersection�

�

(

of theline
�

with thepro�le in image�

�

� ;
triangulatethepoints �

( and �

�

(

;
end for

end for

[147], [50] and[84] cannotdealwith situationswherepro�les aretheonly available

featuresin thescene,andit is thereforenaturalto usethemotionrecoveredby the

techniqueshown in thispaperto performreconstructionfrom pro�les. To solvethis

problemunderknown motion,themainalgorithmscanbefoundin [146, 158,27,

14, 161]. Resultsreportedin [161] comparethe last three,andalthoughit slightly

favourstheonein [14], thesimplicity of themethodproposedin [161] justi�es its

choicefor evaluatingtheaccuracy of themotionestimatedhere.It shouldbeclear,

however, that oncethe cameramotion is estimated,a numberof techniquesfor

reconstructioncouldbeused,suchasvoxel-carving[145,89] or level-setmethods

[43].

4.7.1 Description of the Method

Thealgorithmfor reconstructionfrom pro�les introducedin [161] is basedon the

assumptionthat, if themotion is small, the error in triangulatingcorrespondences

in imagesof successivecontourgenerators,establishedvia theepipolarparameter-

isation,will benegligible (see�gure 4.13). This correspondsto a �nite-dif ference

approximationof the techniqueshown in [27]. A summaryof the procedureis

shown in algorithm4.2.



84 CHAPTER4. EPIPOLARGEOMETRY FROM PROFILESUNDER...

u2

u1

1C

C2

Epipolar plane

Figure 4.13. The correspondence between the points �

� and �

� is established via the

epipolar parameterisation. The result of the triangulation of �

� and �

� is nota point on the

surface, but if the motion is small, the error will be negligible.

4.7.2 Implementation and Experimental Results

B-splineswere �tted to the left sidesof the pro�les in the sequences.From top

to bottom, 18 points were sampledalong the splinesin the �rst image(see�g-

ure4.14(a)),from which thecorrespondingepipolarlinesin thesecondimagewere

computed,andthecorrespondingpointswerethentriangulated.Theintersectionof

the epipolarlines with the pro�le at the secondimageis shown in �gure 4.14(b).

Sincethe correspondingpointssatisfytheepipolarconstraintby construction,the

triangulationwill beexact,i.e., theraysassociatedwith thepointsat the�rst image

will exactly intersectthecorrespondingraysfrom thesecondimage.As pointedout

in [69], in this casethe choiceof triangulationmethodbecomesirrelevant, anda

simpleleast-squaressolutionwasadopted.Detailsof the3D reconstructionof the
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objectareshown in �gure 4.15and�gure 4.16.

(a) (b)

Figure 4.14. (a) Points sampled at the �rst image. (b) Corresponding epipolar lines at the

second image. The triangulation is carried out between a point in the �rst image and the

intersection of its corresponding epipolar line and the pro�le in the second image.

4.8 Summary and Conclusions

This chapterintroduceda novel techniquefor motion estimationfrom imagepro-

�les. It doesnot make useof expensive searchprocedures,suchasbundleadjust-

ment,althoughit naturally integratesdatafrom multiple images. The methodis

mathematicallysound,practicalandhighly accurate.From the motionestimation

to themodelreconstruction,nopoint trackingis requiredandit doesnotdependon

having point correspondencesbeforehand.

Theconvergenceto local minima,a critical issuein mostnon-linearoptimisa-

tion problems,is avoidedby a divide-and-conquerapproachthat keepsthesizeof

theproblemmanageable.Moreover, asearchspacewith lowerdimensionresultsin

fewer iterationsbeforeconvergence.Thequalityof modelreconstructedis remark-

able,in particularif oneconsidersthatonly theleastpossibleamountof information

hasbeenused.
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Figure 4.15. Details of the reconstruction of the vase. The left column shows the mesh and

the right column shows the reconstruction after shading.
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Figure 4.16. Details of the reconstruction of the head. The left column shows the mesh and

the right column shows the reconstruction after shading.
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Chapter 5

CameraSelf-Calibration

5.1 Intr oduction

This chapterintroducesa novel techniquefor self-calibrationof cameraswith pos-

sibly varying intrinsic parametersbasedon the Huangand Faugerasconstraints,

which statethat the two nonzerosingularvaluesof an essentialmatrix must be

equal.For known skew, aspectratioandprincipalpoint,thisconditionis usedto de-

riveanapproximatelinearsolutionfor theestimationof thefocallengths,whichcan

beusedto bootstrapa moreaccuratesearchfor theparametersof thecameras.Un-

derminimalassumptions,suchaszeroskew, thetechniquepresentedherecancope

with variableintrinsic parameters,andit hasa built-in detectionof critical motions

for self-calibration,whichgreatlyimprovestheaccuracy of theself-calibration.

The main contributions of the chapterare the developmentof a novel linear

algorithmfor estimatingfocal lengthsof multiple cameras,the embeddeddetec-

tion of pairsof imagesfor which thecameramotion is critical for self-calibration

[163, 141,142, 80], andtheintroductionof a nonlinearre�nementto thelinearso-

lution with simultaneousestimationof the remainingcameraparametersthatalso

89
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incorporatesthe critical motion detection. The input of the algorithm is a setof

fundamentalmatrices,andit is notnecessaryto performany kind of projectivefac-

torisation [143, 150,72] or projectivebundleadjustment[9, 143, 10] prior to the

calibration.Experimentswith syntheticandrealdatahaveshown thatthetechnique

is robustto noiseandthatit operateswell underquasi-criticalmotions.

5.2 PreviousWorks

The problemof self-calibrationhas attractedthe attentionof researchersin the

computervision communityfor providing a powerful methodfor the recovery of

3D modelsfrom imagesequences.Comparedto theclassicalcalibrationproblem

[155, 49,41], thealgorithmsfor self-calibrationmakenoor few assumptionsabout

theparticularstructureof thescenebeingviewed.Instead,they attemptto calibrate

thecamerasby �nding intrinsic parametersthatareconsistentwith theunderlying

projectivegeometryof asequenceof images.Thisconstraintsof consistency canbe

expressedastheKruppaequations[109, 101,98], theTrivediconstraints[154], the

HuangandFaugerasconstraints[76, 61, 112], or formulatedin termsof theabso-

lutequadric[151,122]. Interestingly, it hasbeenshown thattheKruppaequations,

theTrivediconstraintsandtheHuangandFaugerasconstraintsareequivalent[101].

However, aspointedout in [97], thatdoesnotmeanthatthey will producethesame

resultswhenusedin self-calibrationalgorithms. The Kruppaequationshave the

advantageof requiring the solutionof systemsof polynomialequationsof lower

orderwhencomparedwith theTrivediandtheHuangandFaugerasconstraints(but

seesection5.4.1),which, however, do not make explicit useof epipoles,whose

estimationis notoriouslyinaccurate.

Theconceptof self-calibrationwasintroducedby Maybank,FaugerasandLu-
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ong [109, 44], who proposedan approachbasedon the Kruppa equationswhen

up to threeviews of a sceneare available, and establishedthe relation between

cameraintrinsic parametersandthe absoluteconic. An algorithmfor computing

the focal lengthsof two camerasgiventhecorrespondingfundamentalmatrix and

knowledgeof the remainingintrinsic parameterswasprovidedby Hartley in [61]

(anelegantclosed-formsolutionfor thesameproblemcanbefoundin [13]). That

paperalsomadethe �rst useof the HuangandFaugerasconstraintsasa tool for

self-calibration.In [62] theideasin [109] wereusedin thedevelopmentof a prac-

tical algorithmfor self-calibrationfor morethanthreecameras.Togetherwith [45],

it alsoput forwardtheideaof �nding anappropriate3D homographythatupdatesa

projective reconstructionto a Euclideanone.This approachwasfurtherdeveloped

by Triggs in [151], wherethe absolutequadricwasintroduced,andby Pollefeys,

KochandVanGool in [121, 122], wherea practicalmethodfor self-calibrationof

multiplecameraswith varyingintrinsic parameterswasdeveloped.

Thetechniquepresentedin thispapergeneralisestheonesintroducedin [61, 13].

It hasalinearstep,whereonly thefocallengthsarecomputed,followedby anonlin-

earoptimisationthatre�nes theestimateobtainedin thelinearstageandallows for

theestimationof moreintrinsic parameters,suchastheprincipalpoint. Moreover,

it naturally takes into accounthow closeto a critical motion for self-calibration

[163, 141, 142, 80] the relative motion betweenany two pair of camerasin the

sequenceis, and“weights” theinformationprovidedby thatparticularpair accord-

ingly. Finally, theinput of thealgorithmis only a setof fundamentalmatrices,and

thereforethereis no needfor projective bundleadjustment.This is an interesting

advantage,for althoughit is easytocomputefundamentalmatricesconsistentwith a

givensetof projectivecameramatrices(andstill usethetechniqueproposedhere),
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the estimationof projective cameramatricesgiven a setof fundamentalmatrices

is a nontrivial problem,dueto nonlinearrelationsthe fundamentalmatricesmust

simultaneouslysatisfy[48].

5.3 Theoretical Background

Thegeneralform for thematrix
#

of intrinsic parametersof apinholecamerais

#

�

��

�

�

�

�

�

� �

�

�
� �

� � �

���

�

�

�

�

� (5.1)

It hasbeenshown in chapter3 that given the fundamentalmatrix
"

relatedto a

pair of imageswith intrinsic parametersgiven by
#

� and
#

� , the corresponding

essentialmatrixwill begivenby
!

�

#
�

�

" #

� [102]. Therelative translation
&

and

rotation
%

betweentheimagescanbefounddecomposingtheessentialmatrix
!

as

!

�

�

&

"

�

%

� (5.2)

5.3.1 The Huang and FaugerasConstraints

Severalworkshavepointedoutthepossibilityof exploiting theHuangandFaugeras

constraintsfor self-calibration[61, 112, 97]. This constraintstatesthat the two

nonzerosingularvaluesof anessentialmatrix
!

mustbeequal[156,76], i.e.,
!

�
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, where
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� �
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���

�

�

�

�

� (5.3)

and � and � areorthonormalmatrices.Thisconstraintis anecessaryandsuf�cient

conditionfor thedecompositionof
!

asshown in (5.2)to bepossible.

5.4 Self-Calibration fr om the EssentialMatrix

Considera sequenceof
�

imagestakenfrom
�

pinholecameras(or from thesame

pinholecamerain
�

differentpositions),andlet
#

+ be the matrix of intrinsic pa-

rametersof camera� , whereit is assumedzeroskew andaspectratio one(seesec-

tion 2.3.1),i.e,

#

+

�

��

�

�

�

�

�

+

�

�

+

�

�
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�
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���
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Therefore,theessentialmatrix relatedto images� and



is givenby

!

+

(

�

#

�

(

"

+

(

#

+

� (5.5)

where
"

+

( is the fundamentalmatrix correspondingto images� and



. Neverthe-

less,theHuangandFaugerasconstraintswill not besatis�ed in (5.5) for arbitrary

matrices
#

( and
#

+ . Sinceany fundamentalmatrix hasrank two, the rankof
!

+

(

will alsobe two for any
#

( and
#

+ with full rank. However, aspointedout by
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Longuet-Higginsand�rst mentionedin [76], the conditionthat two singularval-

uesof a matrix areequalyields two constraintson its elements,which have to be

additionallyimposedover
#

( and
#

+ for (5.2) to bepossible.

5.4.1 Linear Solution

This sectionpresentsthederivationof a novel linearalgorithmfor self-calibration

underthe assumptionsof known principal point, aspectratio andskew. It gener-

alisesfor multiplecamerastheresultsfoundin [61,13], andfurtherextendsthemto

take into accountcritical andquasi-criticalcameracon�gurations,aswill beshown

in subsection5.4.2. Under the assumptionthat so many intrinsic parametersare

known, it is reasonableto arguethatonecouldsimply trustthe(presumably)highly

accuratespeci�cationsfor the valueof the focal lengthtprovided by the camera

manufacturer. However, for a sequenceof imagesaquiredfrom a zoomingcamera,

the focal lengthwill be varying,despiteany default valueindicatedby the manu-

facturer. In thissituationthealgorithmpresentedherecanclearlyplayanimportant

role.

A necessarycondition for the validity of the HuangandFaugerasconstraints

derivedby Longuet-Higgins[76] is thatif
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This result canbe directly veri�ed by expanding(5.2) with
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and(5.7) followsby comparing(5.6)and(5.8). Moreover, (5.7)canberewrittenas
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Therefore,from (5.5),

!

+

(

�

��

�

�

�

�

�

+

�

(

�

+

(

� �

�

+

�

(

�

+

(

�

�

�

(

�

+

(

� �

�

+

�

(

�

+

(

�

�

�

+

�

(

�

+

(

� �

�

(

�

+

(

�

�

�

+

�

+

(

� �

�

+

�

+

(

�

�

�

+

(

� �

� �

�

�

�

�

� (5.13)

and

$

+

(

�

�

$

+

(

�

�

�

�

+

�

(

�

+

(

�

�

�

+

(

� �

�

�

�

+

�

(

�

+

(

� �

�

+

(

�

�

�

�

(

�

+

(

�

�

�

+

(

� �

�

$

+

(

�

�

$

+

(

�

�

�

�

+

�

(

�

+

(

� �

�

+

(

�
�

�

�

�

+

�

(

�

+

(

�

�

�

+

(

�

�

�

�

(

�

+

(

�
�

�

+

(

� �

� (5.14)

$

+

(

�

�

$

+

(

�

�

�

�

+

�

�

(

�

+

(

� �

�

+

(

�

�

�

�

�

+

�

�

(

�

+

(

�

�

�

+

(

� �

�

�

�

(

�

+

(

�
�

�

+

(

�

�

�

Thus,substituting(5.10),(5.11)and(5.13) in (5.14),with �

(

+

�

�


 (

+

�


 (

+

�


 (

+

�

"

�

, one

obtains

�

(

���



(

+

�

	

(

+

�

�

�

�

+

�

(

�

+

(

�

�

�

+

(

�
�

�

�

�

+

�

(

�

+

(

� �

�

+

(

�

�

�

�

(

�

+

(

�

�

�

+

(

� �

� (5.15)

�

(

���



(

+

�

	

(

+

�

�

�

�

+

�

(

�

+

(

� �

�

+

(

�
�

�

�

�

+

�

(

�

+

(

�

�

�

+

(

�

�

�

�

(

�

+

(

�
�

�

+

(

� �

� (5.16)

�

���



(

+

�

	

(

+

�

�

�

�

+

�

�

(

�

+

(

� �

�

+

(

�

�

�

�

�

+

�

�

(

�

+

(

�

�

�

+

(

� �

�

�

�

(

�

+

(

�
�

�

+

(

�

�

� (5.17)

Thefocal length �

+ canbeobtainedfrom (5.15)and(5.16)by solvingthesystemof

linearequations
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� (5.18)

The equationsin (5.18) provide a linear solution for the estimationof the focal

length. Interestingly, the computationof �

+ accordingto (5.18) gives the same
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expressionfound in [13] when � and �

�

(correspondingto the principal points in

thatauthor'snotation)aremadeequalto � � � �

"

�

.

5.4.2 Detectionof Critical Motions

It hasbeenpointedout in several works [163, 141,142] that, for someparticular

cameramotions,self-calibrationof all parametersmaynotbepossible.Theaddition

of furtherconstraints— suchaszeroskew, squarepixelsor knowledgeof theprinci-

palpoint— mayresolvetheambiguitiesthatariseundersuchconditions.However,

someparticularcon�gurationsremainambiguousevenwhentheseconstraintsare

imposed.In particular, it hasbeenshown in [166] that,whenthecameramotionis

restrictedto anarbitrarytranslationfollowedby a rotationabouta line perpendicu-

lar to theimageplane,nocombinationof theconstraintsmentionedaboveprovides

enoughinformationfor theresolutionof theambiguity. In fact, it hasbeenshown

in [80] that,for a pair of cameraswith varyingfocal lengththis ambiguityremains

for the larger classof motionswhereall pairsof optical axesintersecteachother.

Observe that the motion describedin [166] is a particularcaseof this one,where

theopticalaxesintersectat thesamepointat in�nity .

Let
$

� and
$

� , where

$

�

�

#

�

�

�
�

" and
$

�

�

#

�

�

%

&

" � (5.19)

bethecameramatricesof two projectivecameras,andassumetheaspectratio,skew

andprincipalpoints,denotedas �

� and �

� , areknown. Without lossof generality,
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wecanmake
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� (5.20)

Moreover, assumethattheopticalaxesof
$

� and
$

� intersect.Therefore,theopti-

cal axesde�ne anepipolarplanewhosecorrespondingepipolarlinespassthrough

�

� and �

� (see�gure 5.1). This meansthat, if
"

is the fundamentalmatrix relat-

ing the cameras,with element�




denotedby
�

(

+ , the principalpointsmustsatisfy

theepipolarconstraint,i.e., �

�

�

"

�

�

�

� . However, it is assumedthat �

�

�

�

�

�

� � � �

"

�

, and,hence,
�

� �

�

� . However, from [102, Section2.3] andassuming
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�

�

�

�

�

�
"

�

, the fundamentalmatrix relatingthe camerasin (5.19) is given

by
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If theelement�




of
%

is denotedby �

+

( , theexpansionof
�

� � in (5.21)gives
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for agiven 


� �

. Substituting(5.22)in (5.21),wehave
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Substituting(5.23)and(5.24)in (5.18)we �nally obtain
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Since
�����	�
���

�

� , therewill bea family of solutionsfor �

�

�

�

�

�

	

"

�

in (5.18),given

by � ��� , where �

� �

and ���

�

�

�

�

�

�

"

�

is a unitaryvectorin theright null space

of
�

. By using (5.17) and (5.23), it is possibleto show that the corresponding

solutionfor �

�

� will be �

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�

� �
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� �

�
�	�
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�

.

If morecamerasareadded,but their relative displacementis suchthatany two

optical axesintersect,all
�

+

( in (5.18)will be rank de�cient. Thusthe condition

numberof
�

+

( canbeusedasaheuristicmeasureof how closeto critical themotion

is. Let
�

+

( betheinverseof theconditionnumberof
�

+

( . Therefore,whenmultiple

imagesareavailable,the linearestimationof thefocal length �

+ of image � canbe
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Figure 5.1. If the optical axes of the cameras intersect, they de�ne an epipolar plane � .

Since the optical axes pass through the principal points �

� and �

� , the plane � must

also contain �

� and �

� . Therefore �

� and �

� are related by the epipolar constraint, i.e.,
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(5.26)
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As an example,assumethat threeimagesindexedby �

�

�

�

�

�

� areavailable.

Thethreecorrespondingfundamentalmatricesare
"

�

� ,
"

� � and
"

�

� . Thesystemof

equationsfor thecomputationof the focal lengthof the �rst camera,�

� , will then

begivenby
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A simpleexperimentwasdesignedto validatetheusefulnessof
�

in (5.26)asa

measureof how closethemotionof a givenpair of camerasis to a critical con�g-

uration.Thevergenceangle � (i.e., theanglebetweentheopticalaxes)of a stereo

pair with intersectingoptical axis wasset to �
� , �

� , ���
� and � �

� . For eachvalue

of � theelevationangle � of thesecondcamera(i.e., theanglebetweenits optical

axisandtheplanecontainingthetwo cameracentersandtheopticalaxisof the�rst

camera)is variedin therange � �
�

�

� �
�

" . The fundamentalmatrix relatingthecam-

erasfor every combinationof � and � wasthencomputed,followedby thematrix
�

in (5.18).Theinverseof theconditionnumberof
�

is shown in �gure 5.2(a).For

comparison,anothermeasureof thecriticality of themotionwascomputed,given

by thegeometricerrorof therespectiveprincipalpointswhenmatchedthroughthe

epipolarconstraint(see�gure 3.2). Thevaluesof this alternativemeasure,denoted


 , areshown in �gure 5.2(b).

It canbe seenfrom �gure 5.2 that
�

is approximatelylinear with the valueof

� , theelevationangle,which is themainparametercontrollinghow closeto critical

thecameramotionis. It alsogrowswith � , thevergenceangle,giving moreweight
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Figure 5.2. Measures of criticality of the camera motion. (a) Inverse of condition number

of matrix
�

in 5.18 (
�

) and (b) geometric error in pixels of the reprojection of the principal

point. Both (a) and (b) are plotted versus the elevation angle � of the second camera, for

several values of the vergence angle � .

to largerbaselinesthanto smallones.Thealternative measure
 , however, is not

sowell-behaved.Althoughit consistentlyincreaseswith � , it quickly saturatesas
�

grows. Theuseof 
 insteadof
�

in (5.26)would resultin giving nearlythesame

weight to equationsderived from cameraswith the same � , which is obviously

undesired.

5.4.3 Nonlinear Solution

Oncean initial approximationfor the focal lengthsof thecamerashasbeenfound

by thelinearalgorithm,a full nonlinearoptimisationcanberun. If
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� (5.28)
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then,for
!

+

( to beavalid essentialmatrix,

�
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+

(

�

�

�

+

(

�

�

� (5.29)

musthold. Therefore,it is possibleto searchfor the intrinsic parametersby min-

imising thecostfunction
�

� #��
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� (5.30)

The parametersof this costfunction do not needto be only the focal lengths,but

may also include the principal pointsor aspectratios,as long asenoughimages

areavailable. The expressionin (5.30) is similar to the onein [112], but now the

equationsfor eachpair of cameraareweightedaccordingto thesuitability of their

relativemotionregardingits closenessto acritical con�gurationfor self-calibration.

SincetheHuangandFaugerasconstraintsprovide two equationson the intrin-

sic parametersper fundamentalmatrix, a naive computationwould suggestthat,

becausebetween
�

imagesthereare
�

�
�

�

�

���
�

fundamentalmatrices,six images

would allow for thecalibrationof all intrinsic parametersevenif thesewerevary-

ing, which is clearly impossible. The contradictionarisesfrom the fact that the
�

�
�

�

�

�#�
�

fundamentalmatricesarenot independent,asdiscussedin section5.2.

Theminimumnumberof imagesfor theself-calibrationof a camerawhere�

* pa-

rametersareknown and ��� parametersare�x ed, with the remaining �

�

�

*

�

���

unknown andvarying,waspointedout in [122] as
�

suchthat

�

�

�

*

�
�

�
�

�

�

�

�	�
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� (5.31)
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Typically, theskew is zeroandtheaspectratio is one,andtherefore�

*

�

�

. If the

principalpoint andthefocal lengthareunknown andvarying, � �

�

� . Substituting

the valuesof �

* and �	� in (5.31),oneobtains
�

	 � , andthusself-calibrationis

possiblewith aminimumof four cameras.Undermany practicalsituations[13] the

principalpoint cannotbeaccuratelyestimated,andit canbesafelyassumedto be

at thecentreof theimage.In this case,� *

�

� , andthereforetheminimumnumber

of camerasfor self-calibrationof thevaryingfocal lengthis two.

It is importantto observe that althoughthe
� � � �

�

��� �

fundamentalmatrices

associatedwith
�

camerasarenotindependent,it is bene�cial tousetheinformation

providedby asmany fundamentalmatricesaspossibleevenwhenthis information

is redundant,sincethisprocedurespreadstheerrormoreevenlyacrossthecameras

andtheredundancy improvestherobustnessof thealgorithm.

Alter native Expressionsfor the Huang and FaugerasConstraints Thereare

severalalgebraicrepresentationsof theHuangandFaugerasconstraintsthatdo not

make explicit useof the singularvaluedecompositionof the essentialmatrix, in

contrastto (5.29).A few examplesare
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shown in [41], and,usingthenotationof (5.6),
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(5.33)

presentedin [76]. In bothcasestherankconditionhasyet to beimposed.Thereis

a computationaladvantagein usingthe expressionsgiven in (5.32)or (5.33)over
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theonein (5.29),sincethe formeronesuseabout1/3 and1/4, respectively, of the

numberof �oating point operationsnecessaryfor the computationof (5.29) [58].

However, thecomputationof thederivativesof thecostfunctionis muchsimplerif

(5.29)is used.As will bediscussedin thenext session,this advantagejusti�es the

choiceof (5.29)asthealgebraicexpressionof the HuangandFaugerasconstraint

to bein usedin theself-calibrationalgorithm.

5.5 Description of the Algorithm

Algorithm 5.1Linearleast-squaresestimationof thefocal lengths.
Assumethattheprincipalpointsareat thecentreof theimagesandtransformthe
coordinatesystemssothattheprincipalpointsbecome

�

�

�

�

�

;
for �

�

� to # imagesdo
for




�

� to # imagesdo
if

"

+

( is de�ned then
�ll �

�

*


��

�

+ , �

�

*

�

+ , �

�

*


��

�

� , �

�

*

�

� , �

�

*


�� and �

�

* accordingto (5.26);
end if

end for
solve �

�

� � ; �

+

���

�

+

end for

The ideasdevelopedin the previous sectionscanbe encapsulatedinto a prac-

tical and�e xible algorithmfor self-calibration.Considera sequenceof
�

images

acquiredfrom a camerawith, possibly, varying intrinsic parameters.Initially, the

fundamentalmatricesrelatingasmany pairsof imagesaspossiblearecomputed.

Thesefundamentalmatricesarethenusedto computean initial guessfor the fo-

cal lengthsaccordingto the linear algorithmdescribedin (5.26) andsummarised

in algorithm5.1. A moreaccuratesolutioncanthenbe found by minimising the

costfunctionshown in (5.30),asdescribedin algorithm5.2.Severalcon�gurations

arepossible,combiningknown, �x ed andvariableprincipalpointswith �x edand
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variablefocal lengths.To minimisethecostfunction in (5.30)any gradientbased

algorithmcanbe used,suchasBFGS[15, 51, 57, 134] or Levenberg-Marquardt

[93, 106] (for detailsof theimplementationof themethodssee[99, 126]). Experi-

mentalanalysishasshown thattheaccuracy andconvergencespeedof thealgorithm

aregreatly increasedif the derivativesof the cost function arecomputedanalyti-

cally insteadof beingestimatedby �nite differences.Closed-formsolutionsfor the

derivativesof (5.29)areprovidedin appendixB.

Algorithm 5.2Nonlinearestimationof theintrinsicparameters.
Computefundamentalmatricesbetweenimagepairs;
initialise focal lengthsusingalgorithm5.1;
initialiseprincipalpointsat thecentreof theimages;
while notconvergeddo

computecostfunction
�

in (5.30);
compute

�

�

�

���

����� and
�

�

�

���

���

� analyticallyusing(B.5) and(B.6);
update

#

+ and
#

( to minimise
�

;
endwhile

5.6 Experimental Results

To evaluatethe robustnessandaccuracy of the algorithmsproposed,experiments

with bothsyntheticandrealdatawerecarriedout. In all theexperimentstheskew

wasassumedto be zeroandthe aspectratio wasassumedto be one. In different

experiments,the principal point wasconsideredto be known, unknown but �x ed,

andvarying.

5.6.1 SyntheticData

To investigatethe algorithm's robustnessto noise,50 pointswererandomlyscat-

teredin the interior of a cubecentredat
�

�

�

�

�

�

�

with edgeof length one. Ten
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Figure 5.3. Cameras and points used in the self­calibration experiment with synthetic data.

cameraswith principalpoints
�

�

�

�

�

�

� �

�

andfocal lengthsfrom 600to 2000were

placedaroundthe cube,con�gured asshown in �gure 5.3. Gaussiannoisewith

differentstandarddeviationswasaddedto the imagepoints,andall fundamental

matricesbetweenpairsof imageson eachgroupof 4 adjacentimageswerecom-

putedby minimising the reprojectionerror [102, 164]. The cameraswere then

calibratedusingthelinearalgorithm,followedby thenonlinearalgorithmassuming

known, �x edandvariablefocal lengths.Resultsareshown in �gures 5.4–5.7.The

algorithmis highly accurate,estimatingthefocal lengthwith about1% of thetrue

valuewhenthe imagenoiseis onepixel. It canalsobe seenfrom �gures 5.4–5.7
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Figure 5.4. Percentage RMS errors for the focal length �

�

�

� � � for 10 experiments with

synthetic data and different standard deviations � of the image noise.
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Figure 5.5. Percentage RMS errors for the focal length �

�

�

���
�

� for 10 experiments with

synthetic data and different standard deviations � of the image noise.

thattheerror in theestimationdegradesgracefullyasthestandarddeviation of the

imagenoiseincreases.Moreover, therelative accuracy of thenonlinearestimation
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Figure 5.6. Percentage RMS errors for the focal length �

�

�

� � � � for 10 experiments with

synthetic data and different standard deviations � of the image noise.

is not signi�cantly affectedby the magnitudeof the true focal length,sincefrom

�gure 5.4 to �gure 5.7 therewasmorethana threefoldincreasein this valuewith

no correspondingchangein thepercentageRMS error. This effect is clearerin �g-

ure5.8,whichpresentsthetrackingof thefocal lengthsthroughouttheimages.The

resultsshown aretheaverageof 10experiments.

5.6.2 RealData

Six imagesof a calibrationgrid, shown in �gure 5.9, wereacquiredwith a digital

camerawith a resolutionof � ���

�

�
� � pixels.Threeof theimagesweretakenwith

a zoomfactorof two, if the indicationsof the manufacturercanbe trusted. The

camerawasthencalibratedusingthemetricinformationof thecalibrationgrid and

abundleadjustmentalgorithm[41, 153,70]. Self-calibrationwascarriedout using

the linearalgorithm,andthenonlinearalgorithmassumingknown principalpoint,
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Figure 5.8. Tracking of the focal length. The results shown are the percentage average error

of 10 experiments, with � equal to 1 pixel.

unknown but �x ed principal point, andvariableprincipal point. Observe that the

motionis quasi-critical,sinceall thecamerasareroughlypointingat thesamepoint
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Figure 5.9. Images of the calibration grid used for experiments with real data

in spaceat thecentreof thecalibrationgrid.

Figure5.10showsthevaluesof thefocal lengthsin differentimages.Thelinear

algorithm is inaccurate,but its estimationof the focal length is good enoughto

beusedasan initial guessfor thenonlinearalgorithm,which convergesto a good

solution whatever assumptionsare madeabout the principal point. Figure 5.11
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Figure 5.10. Estimated values of focal length from different algorithms.

shows the percentageerror on the estimateof the focal lengthsfor the nonlinear

algorithm. Theerror for eachimageis normalisedby thefocal lengthprovidedby

thebundleadjustmentalgorithm.Thethreealternativeassumptionsfor theprincipal

pointproduceapproximatelythesameresultsfor thelargerfocal lengthsin images

one,two andthree. Nevertheless,allowing for the principal point to vary clearly

producesaworseresultfor theestimateof thesmallerfocal lengthsin imagesfour,

� veandsix. It hasbeenpointedout in [122] thatfor noiselevelsof theorderof one

pixel andabove thesimplermodelsshouldbepreferred.To explainwhy thechoice

of themodelis lesscritical whenthefocal lengthis larger, we turn our attentionto

�gure 5.12.

Clearly, the principal point is not accuratelyestimatedwhen it is allowed to

vary, if we are to trust the result of the bundle adjustmentalgorithm. However,

for larger valuesof the focal length,a preciseestimationof the principal point is

lesssigni�cant, asshown in [13]. Therefore,thesmallervaluesof thefocal length

arethe onesthat aremoststronglyaffectedby inaccuraciesin the positionof the
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Figure 5.11. Percentage error in the focal lengths for different algorithms. If the principal

point is allowed to vary the estimation of the focal length becomes less accurate.
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Figure 5.12. Principal points computed from different algorithms. It is clear that the principal

point is not accurately estimated when it is allowed to vary. However, the effect of errors in

the position of the principal point may be neglected when the focal length is larger.

principalpoint,producingtheeffect shown in �gure 5.11.

A secondexperimentwith realdatawascarriedout,thistimewith asequenceof

� veoutdoorimages,of which four areshown in �gure 5.13.Cornersweredetected

by usinga Harris cornerdetector[60, 59], andmatchedthroughcorrelationtech-

niques[94, 82]. The algorithmdescribedin section3.1.4wasappliedto estimate
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thefundamentalmatricesrelatingtheimages,andtheself-calibrationalgorithmin-

troducedherewasusedto calibratethecameras.Theprincipalpoint wasassumed

to be �x edat thecentreof the images,while the focal lengthwasallowedto vary.

Sinceno zoomingwasused,any differencesin the valuesof the focal lengthsare

dueeitherto focusing,whichshouldproduceonly amarginaleffect,or to inaccura-

ciesof theself-calibrationalgorithm.Thefocal lengthsfoundfor the� vecameras,

expressedin pixels,were1372.1,1354.1,1390.4,1361.5,and1363.8.Thestandard

deviation of thesevaluesis 13.8,or about1% of their mean,showing thestability

of theresult.

Oncethecameraswerecalibrated,a3Dmodelwasbuilt usingthereconstruction

packagePhotoBuilder[129]. The�nal modelis shown in �gure 5.14.It is important

to noticethat,althoughtherelativemotionof eachpairof camerasis nearlycritical,

sinceall the camerasare approximatelypointing at the samepoint in the corner

of the building, the parameterswereaccuratelyestimatedasdemonstratedby the

visualqualityof thereconstruction.

5.7 Conclusions

This chapterpresenteda novel self-calibrationtechniquebasedon the Huangand

Faugerasconstraintsonessentialmatrices.Thisconstraintwasfully exploited,pro-

viding (i) a linear algorithm for computingfocal lengthsthat generalisesfor an

arbitrarynumberof camerasthe resultsin [61, 13], (ii ) a built-in methodfor the

detectionof critical motionsfor eachpair of imagesin the sequence,and (iii ) a

nonlineartechniquefor re�ning the initial estimateof the focal lengthsandcom-

putingtheprincipalpointof eachcamera.Thealgorithmwastestedwith bothsyn-

theticandrealdata,showing goodrobustnessto noise. A Matlab implementation
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Figure 5.13. First, second, fourth and �fth images in the outdoor sequence used for recon­

struction.

of thecompleteself-calibrationalgorithmis publicly availablein <ftp://svr-

ftp.eng.cam.ac.uk/pub/> .
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Figure 5.14. 3D model reconstructed from the outdoor sequence shown at different view­

points.



Chapter 6

Conclusion

6.1 Summary

This thesisattemptedto contributeto theunderstandingof two importantproblems

in computervision: estimationof epipolarandcameraself-calibration.By consider-

ing animportantsubclassof cameramotions(circularmotion),it providedthe�rst

practicalsolutionto theestimationof epipolargeometrybasedsolelyonpro�les. A

differentstandpointwastaken for theproblemof self-calibration,which wascon-

sideredin its mostgeneralform (varying intrinsic parameters)andwastackledin

conjunctionwith theanalysisof critical motions.

Estimation of Epipolar Geometry fr om Pro�les. Thecentralideathatallowed

the solutionof the problemof estimatingthe epipolargeometryof a turntablese-

quencefrom pro�les wastherecognitionthat,astheobjectplacedon theturntable

rotates,it sweepsout asurfaceof revolution. Symmetrypropertiesof thepro�le of

this surfaceof revolution providedimportantcomponentsof theepipolargeometry

of suchimagesequences,i.e., the imageof theaxisof rotation,anda specialvan-

117
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ishingpoint, thepole,which correspondsto theimageof thepointat in�nity in the

directionorthogonalto theplanecontainingtheopticalcentreof thevirtual camera

thatseesthesurfaceof revolutionandtheaxisof theturntable.

The remainingcomponentsof theepipolargeometryarethehorizon,which is

theimageof theplanecontainingthecameracentres,andthepositionof oneepipole

alongthehorizon.Theseareobtainedby exploiting theepipolarconstraintfor each

pair of pro�les, which provided an initial estimatefor the epipolesof many pairs

of images.The horizonwasthencomputedby robustly �tting a line to the cloud

of epipoles,andthesewerethenre-estimatedfrom theepipolarconstraint,but now

with theadditionalconstraintthatthey shouldlie on thehorizon.

Theaccuracy of theepipolargeometrysoobtainedwasveri�ed by usingit to-

getherwith thecameraintrinsicparameterstoestimatethecameramotionandcheck

it againstavailablegroundtruths,producingexcellentresults.Furthermore,some

experimentsof reconstructionfrom pro�les were carriedout to demonstratethe

qualityof thealgorithmsdevelopedhere.

CameraSelf-Calibration. Therigid bodyconstraintis theprinciplebehindself-

calibrationalgorithms. It hasmany algebraicinterpretations,suchasthe Kruppa

equations,theTrivedi constraints,andtheHuangandFaugerasconstraints,which

werethe onesusedin this work. The HuangandFaugerasconstraintscanbe ex-

pressedin differentforms,andoneof themcanbeusedto determinethenull space

of theessentialmatrix,whichcanbeeasilyrelatedto null spaceof thefundamental

matrix, i.e., theepipole.Thisapproachprovideda linearsolutionfor theestimation

of focal lengthsobtainedby assumingthattheskew, aspectratioandprincipalpoint

of asetof camerasareknown.

Thestability of thesolutionof the linearsystem(of type
�

�

�

$

) usedin the
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computationof thefocal lengthsof apairof camerasrelatedto agivenfundamental

matrixwasusedasanindicatorof how closeto critical therelativemotionbetween

the cameraswas. The measureof stability chosenwas the condition numberof

thematrix
�

, andthesystemof equationswasthenextendedby consideringall the

fundamentalmatricesthatarerelatedto pairsof camerasthatincludea�x edcamera
$

, providing two equationsperfundamentalmatrix for thecomputationof thefocal

lengthof
$

. Eachnew pair of equationsof theextendedsystemwasweightedby

theconditionnumberobtainedfrom its correspondingfundamentalmatrix.

The next stepwasthena nonlinearre�nementof the estimatedfocal lengths,

which alsoallowedfor thecomputationof otherintrinsic parameters,in particular

the principal point. Another formulation of the Huangand Faugerasconstraints

wasadopted,and the conditionnumbersusedin the linear algorithmwereagain

employed to weight the contribution of eachfundamentalmatrix in the nonlinear

re�nement.

Severalexperimentswith bothsyntheticandrealdatawereperformed,demon-

stratingthe accuracy and robustnessof the methodin differentcon�gurationsof

�x ed,�x edbut unknown, and�nally varyingintrinsicparameters.

6.2 Futur eWork

It is hopedthat this work haspresentedrelevant contributions to the subjectsit

investigated.However, it is clearthattherearemany importantquestionsit hasnot

touched:

� theoverlookingof the informationprovidedby pro�les asa cluefor camera

motionhasbeenseverelycriticisedin thiswork; however, thatdoesnotmean
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that cornersandedgesshouldbe completelyignored,but, instead,usedin

conjunctionwith pro�les; aframework to ef�ciently integratetheinformation

offeredby thesedifferentvisualcuesis a topicof currentresearch;

� so far, thereis no optimal solution to the problemof structureandmotion

from pro�les — thereis noequivalent,in thiscontext, of abundleadjustment

algorithm;animportantstepin �lling thisgapis thedevelopmentof a model

for the effect that imagenoisehason theextractionof contours;only when

suchanerrormodelbecomesavailablecana maximumlikelihoodestimator

for structureandmotionfrom pro�les bedeveloped;

� theuseof theconditionnumbersof thematricescomputedin thelinearesti-

mationof the focal lengthsaspresentedhere,althoughuseful,is only anad

hocmeasureof how far to critical thecameramotion is; any self-calibration

procedurewouldbene�t from a morethoroughinvestigationof thisproblem.



Appendix A

Derivativesof the GeometricErr or of

the FundamentalMatrix

Theminimisationof geometricerror (3.24)in thecomputationof thefundamental

matrix is usually carriedout throughnumericaltechniques[99, 126]. However,

thesetechniquesinvolvethecomputationof thegradientandsometimestheHessian

of thecostfunction,which arenormallyestimatedby using�nite differences[28,

pp. 154]. Thecomputationof theHessianof (3.24)servestheadditionalpurposeof

providing errorboundsto theaccuracy of the fundamentalmatrix beingestimated

throughcovariancepropagation[35, 164]. However, �nite differencemethodsfor

computingderivativescanbeinaccurateunlesshighorderapproximationsaremade

[52], which canbe computationallyexpensive. This appendixpresentsanalytical

expressionsfor both the gradientandthe Hessianof (3.24),which canbe usedto

overcomethesedif�culties.

As in section3.1.4,we will follow thenotationof [104] andde�ne �
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It can be arguedthat this parameterisationis not general,since it precludesthe
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TheHessianof thegeometricerroris thenfoundby substituting(A.17), (A.18) and
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Appendix B

Derivative of the Huang and

FaugerasConstraints

It canbeshown that �
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where �
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arethek-th columnsof thematrices�
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in (5.28).Sub-

stituting (B.4) and(B.3) in (B.2), andthe result in (B.1), oneobtainsthe desired
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derivative:
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A similarmanipulationcanbeusedto derive,with theaidof somepropertiesof the

Kronecker productand the commutationmatrix, the Jacobianof
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where
�

� � is thecommutationmatrix
�

�

�

�

�

(see(A.1)).
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