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Abstract

This reportdescribesthe implementationof a discriminative HMM parameteres-
timation techniqueknown asFrameDiscrimination(FD) for largevocabulary speech
recognition,andreportsimprovementsin accuracy overML-trainedandMMI-trained
models. Featuresof the implementationinclude the useof an algorithm called the
RoadmapalgorithmwhichselectsthemostimportantGaussiansfor agiveninputframe
without calculatingevery Gaussianprobability in thesystem,a new distancemeasure
betweenGaussiansbasedonoverlap(which is usedin theRoadmapalgorithm),andan
investigationof improvementsto theExtendedBaum-Welchformulae.FrameDiscrim-
inationestimationis foundto giveerrorratesat leastasgoodasMMI with considerably
lesscomputationaleffort.
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1 Intr oduction

DiscriminativeHMM parameterre-estimationtechniques,for exampleMaximumMu-
tual Information(MMI), have beenwidely reportedin theliteratureto improverecog-
nition results;but therehave beenrelatively few reportsof the applicationof these
techniquesto largevocabulary speechrecognition.See,for example,[5, 8, 9, 10]. A
goodpartof thereasonfor this is theextracomputationaleffort involvedin MMI train-
ing. In [8, 5], theuseof recognitionlatticesasanapproximationto MMI trainingwas
reported,which resultedin a considerablespeeduprelative to a morenaive implemen-
tation,but it still took 15 timeslongerthanconventionalMaximumLikelihood(ML)
training. In this papera relatedobjective functioncalledFrameDiscrimination(FD)
is appliedto continuousspeechrecognitiontasks,giving fasterrecognitionthan the
above-mentionedimplementationof MMI, andcomparableor betteraccuracy.

A discriminative criterion calledFrameDiscriminationwasdevelopedin [2]. Its
efficient implementationfor largevocabulary speechrecognition(LVCSR)is reported
here.To implementFD efficiently theRoadmapalgorithmwasdevelopedwhich finds
the Gaussiansin the HMM setwhich bestmatchan input vector(i.e, highestproba-
bility), while only testinga fraction of the Gaussiansin the HMM set(in the region
of 1-10%). This is doneby settingup links, or “roads” betweenGaussiansandnavi-
gatingamongthemusinga hill-climbing algorithm. The links aresetup usinga new
distancemeasure,basedon overlapof Gaussians.In re-estimatingtheHMMs theEx-
tendedBaum-Welch (EBW) formulaeareused,andimprovementsto theseformulae
areproposedandtestedhere.

Therestof thereportis structuredasfollows: Section2 introducestheFD objective
function; Section3 details the optimisationapproachused;Section4 describesthe
Roadmapalgorithm usedto optimisethe computations;and Section5 describesan
experimentalevaluationof FD on thespeechrecognitiontests.

2 The FD objective function

The FD objective function is relatedto the MMI objective function, which wasfirst
proposedin [12]. TheMMI objectivefunctionis theposteriorprobabilityof thespeech
transcription,giventhespeechdata:�������
	������������� ������� � � !#"�$ �%�&�(' � �)+*" � � �,� � � ! *" �%�&�.-'/�10 (1)

where
' � is the word sequencecorrespondingto training utterance2 and !#" is the

compositeHMM correspondingto the word sequence
'

.
�&�3'��

is the probability of
theword sequence

'
, asgivenby thelanguagemodel,and

�
is theacousticdata.The

MMI objectivefunctionmayberewritten in termsof thetranscriptionmodel 4 " $ and
thegeneralmodelof speechproduction46587:9 , (which maybethesameasthemodel
usedin thespeechrecogniser),asfollows:�;���<�
	���8�=�>���?� ������� � � ! "�$ ��@ ���?� ���<��� � � ! 587:9 � (2)

The model !#" $ is known as the numeratormodel, and ! 587:9 as the denominator
model,becausethesubtractionof logsmaybeconsideredadivision.

TheFD objectivefunctionis analteredform of Equation2 wherethemodel ! 5�7:9
hasbeenreplacedbyamodelA , whichallowsasupersetof thestatesequencesallowed
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in ! 5�7:9 . Thehopeis that,by allowing theseextra statesequences,thealignmentof
a given speechframeto the statesof the model ! 587:9 will be lessdependenton the
context of thespeechframe,andmoretypical of theassignmentof statesto thatframe
in thelanguageat large.�������
	 � ���=� ����� � � ��� � � ! " $ ��@ ����� � � ��� � � A �

(3)

In this report,andin [2], theparticularform of framediscriminationusedis zeromem-
ory frame discrimination. A is a zero memoryMarkov chain, whoseoutput PDF
consistsof aweightedsumof all thePDFsin theHMM setsothat� � ��� � � A �
	CBED �8FGH �=� I3J?KML�N3OQP I �3R � �(ST���T�&��U I � A � 0
where

R � ��ST�
are the vectorsof speechdata, V � 2 � is the length of utterance2 , andP I �(R � ��ST�W� is the outputPDF of state X . The notation

) I(J?K L�N3O indicatessummation
overall thestatesin ! 5�7:9 , i.e, all statesin theHMM set.

�&�(U I � A �
is theprior proba-

bility of observingstate
U I . Theprior probabilityof eachstateis setproportionallyto

its occupationcountascalculatedby the forward-backwardalgorithmfor a previous
iterationof ML training.

The FrameDiscriminationobjective function may alsobe viewed asthe product
overall framesof theposteriorprobabilityof thecorrectphone

UZY:[8\3\ 7 Y,] giventhespeech
vector: �&��U Y:[8\3\ 7 Y,] � RE�^	6_ �(R � U`Y:[�\(\ 7 Y,]��T�&��UZY:[8\3\ 7 Y,]W�)>a �&�(Ub� _ �(R � Ub� c
It is thusa discriminativecriterionwhich optimisestheacousticmodellingbasedonly
on theindividualspeechframesandtheir assignmentto phones.

3 ExtendedBaum-Welch (EBW) re-estimation

3.1 The EBW formulae

To optimisetheparametersof HMMs whenusingdiscriminativecriteriasuchasMMI
or FD, theEBW re-estimationformulaecanbeused.TheEBW algorithmfor rational
objectivefunctionswasintroducedin [1] andextendedin [4] for thecontinuousdensity
HMMs consideredhere.There-estimationformulaepresentedbelow havebeenfound
to work well in practicealthoughthey canbe only proved to converge whena very
largevalueof theconstantd is usedwhich in turn leadsto very small changesin the
modelparameterson eachiteration.

In thefollowing, countsandotherfunctionsof thealignmentwill begivenasuper-
script num or den, to indicatewhetherthey pertainto the numeratormodels!#"�$ or
thedenominatormodelA .

Theupdateequationsfor themeanvector e�f�g h of the i ’ th mixturecomponentof
statej , andthe correspondingvariancevector, k.lf�g h , areasfollows; the updatefor a
singledimensionof thediagonal-varianceGaussiansis shown.-e�f�g h 	 m�n 9po`qf�g h ���r�s@ nbt 7:9f�g h ���r�Zuwv dxe�f�g hm?y 9po`qf�g h @ y t 7:9f�g h u v d 0 (4)-k lf�g h 	 m�n 9po`qf�g h ��� l ��@ n?t 7:9f8g h �,� l �Zuzv d � k.lf8g h v eQlf�g h �m�y 9po`qf�g h @ y t 7:9f8g h u v d @{-e lf8g h 0 (5)
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where n f�g h ���r�
representsthesumof the trainingdataweightedby theprobabilityof

occupying thatmixturecomponent,i.e.:

n f�g h ���r�
	 ��8�=� B $ H ��� y �f�g h �(ST�W| � ��ST� 0
and n f�g h ��� l � is a similar sumof squaredinput values. y �f�g h �(ST�

is the probability of
occupying mixture i of statej at time

S
, and y f�g h is thecountof thenumberof times

mixturecomponenti of statej is occupied,i.e.:

y f8g h 	 ��8�=� B $ H ��� y �f�g h �(ST� c
3.2 Mixtur e Weight Updates

The formula usedfor continuousEBW updatesis similar to the updatefor discrete
outputprobabilitiesoriginally put forwardin [1]. Theoriginal (discrete)updateswere
asfollows:

-} f�g h 	 } f8g h�~/� �������� } f�g h v���� *h } f *hC~z� �������� } f *h v���� 0 (6)

wherethederivatives ��� D � F���,��� � aregivenby:

� �;���<�� } f8g h 	 �} f�g h ��� 9po`qf�g h @�� t 7:9f8g h � c (7)

However, thesearenotthevaluescommonlyusedin Equation6 whenperformingEBW
re-estimation.Merialdo[13] foundwhile performinggradientoptimisationfor disrimi-
nativetrainingof discreteHMM systemsthatthegradientswereexcessivelydominated
by low valuedparameters,dueto thedivision by } f�g h in Equation7. He thereforeim-
provedconvergenceby substitutinginto theformulathealternativeexpression:

� �� } f�g h�� � 9po`qf�g h) *h � 9po�qf8g *h @ � t 7:9f�g h)�*h � t 7:9f8g *h (8)

Thisequationdiffersconsiderablyfrom Equation7. Themostwecansayis thatthe
sign of the derivativescalculatedboth wayswill probablybe the same,assumingthe
totalnumeratoranddenominatoroccupanciesfor thestateareroughlyequal.However,
in experimentsreportedin [3], this approximationdramaticallyimproved the rateof
convergencefor discreteHMMs. A look atEquations6 and8 showswhy theequations
might be effective. The valueof the approximationto the derivative ascalculatedin
Equation8 is normalisedto lie between-1 and1; this meansthat thesamevalueof

�
will beappropriatefor all mixtures.

A problemencounteredin practicewith thesealteredupdateequationsis that,dur-
ing training, theobjective functionstartsto decreaseagainafter increasingto nearits
maximum[3]. This is not surprising,sinceeven the sign of the derivative in the ap-
proximationof Equation8 maydiffer from theactualvalue: i.e, althoughEquation8
maygivegoodresults,it is not a goodapproximationto thederivative.
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3.3 Alter nativeMixtur e Weight Updates

An alternative setof mixtureweightupdateequationsweredeveloped.Thesemaybe
usedinsteadof thestandardequationsasdescribedin Section3.2,but arenotessential
for theperformanceof implementationdescribedhere.

Theupdateconsistsof choosingthemixtureweights
-} h which maximisethefol-

lowing expression,subjectto thesum-to-oneconstraint:�h ��� y 9po`qh ����� -} h @ y t 7:9h�} h -} h (9)

where y 9po`qh , y t 7:9h ,
�} h ,

-} h arerespectively the numeratoranddenominatormixture
occupanciesand the old and new mixture weights. The subscriptj , specifyingthe
state,is omittedfor brevity. Theoptimisationmaybeperformedby startingfrom some
initial setof mixture weights,choosingeachweight in turn, andoptimisingits value
while scalingtheothersto enforcethesum-to-oneconstraint.Theprocessis repeated
until convergenceis reached.Eachupdatereducesto a quadraticequation;however,
zeronumeratoroccupanciesmustbe handledasa specialcase. Theseupdatesmay
beusedeitherto updatemixturecomponentsor, if MMI training is beingperformed,
to updatethe transitionmatricesas well. Note that in the absenceof denominator
occupanciestheupdatereducesto thestandardBaum-Welchupdate.

Experimentson theResourceManagementcorpusshowedanimprovementin the
optimisationof the FrameDiscriminationcriterion from the useof theseequations,
bothon thetrainingandvalidationdata.Theimprovementwasof theorderof 10-20%
of thetotal changein thecriterion.

Justification

In HMM systems,increasingthe valueof a mixture weight will tendto increasethe
correspondingoccupancy, anddecreasingit will tend to decreasethe occupancy. If
it wasknown in advancewhat the effect of changingthe mixture weights } h would
be on the occupanciesy 9po`qh and y t 7:9h , thengradientdescentcould be performedef-
ficiently basedon this knowledgewithout actually calculatingthe new occupancies
usinga methodsuchasthe Forward-Backwardalgorithm. Of course,this is not pos-
siblebecauseit cannotbeknown exactly what thenew occupancieswill be. But it is
possibleto make non-infinitesimalupdatesby estimatinglimits on the changeof the
occupanciesasmixtureweightschange.It wasassumedthat:

Theoccupancy y h of aGaussianchangesby afactorthatis between1 and
therelativechangein themixtureweight.

Only the variation in the mixture weights of one stateare considered,so that
the parameterset

� � �
becomesa vector of (for convenience)logs of mixture weights� ���?� } � c`c`c ���?� } � �

. Considerthefunction � � -� � � 0 �� � ���
	���� -� � ����@���� �� � ���
, whereF is theFD

criterionasdefinedis Equation3,
�� � �

is theinitial setof parametersand
-� � �

is theupdated
set.Notethatif � � -� � � 0 �� � �������

, this correspondsto anincreasein theobjective function.
Thevalueof � � -� � � 0 �� � ��� maybeexpressedastheline integral:� � -� � � 0 �� � ��� 	��?�� � � � *� � �
¡ �� � ���¢� � ��� c¤£ � � �	C� �� � �¥� *� � � ) �h �=� �¥¦� D¨§ª©W« � � F £ � ����� } h � c
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which is the integral alongsomepathfrom the old parametersto the new parameters
of the changein the objective function. We canchooseto integratealongany path
between

-� � �
and

�� � �
alongwhich

�;��� � �<�
is defined: i.e, any paththat preservesthe sum-

to-oneconstrainton the mixture weights. For convenience,we will choosethe path
correspondingto thestraightline between

� �} � c`c`c �} � �
and

�¬-} � c`c`c -} � �
. Of course,this

is not a straightline as far as
� � �

is concerned,since
� � �

is a vectorof the logs of the
weights.

Thevalues �� [ 5 ��` [ 5 � � aregivenby y 9po�qh @ y t 7:9h , so:

� � -� � � 0 �� � �<�^	>® �� � � � *� � � �h �=� � y 9po`qh @ y t 7:9h � £ � ����� } h � c
If weassumefor a momentthatthenumeratoroccupanciesremainthesameasthe

weightsarechanged,i.e, y 9po�qh 	 �y 9po`qh , andthat the denominatoroccupanciesvary
with theweightsas y t 7:9h 	 �:��� � �y t 7:9h , giving thefunction¯°� -� � � 0 �� � �<�^	 ® �� � �¥� *� � � �h �=��± �y 9po`qh @ } h�} h �y t 7:9h³² £ � ���?� } h � 0 (10)

thenit canbeshown (andwill beshown, below) that
¯°� -� � � 0 �� � ���µ´ � � -� � � 0 �� � ��� . This is useful

becausē
°� -� � � 0 �� � ��� is now a known function, it may thereforebemaximisedby varying

themixtureweights,andtheinequalityguaranteesthat the“real” objective function �
will therebybeincreased.This is thekind of proof which hasbeenusedin thepastto
provetheBW andEBW updateequations[1, 4].

Thisinequalitycanbeprovedfor eachcomponentof thesummationseparately. The
pathalongwhich weareintegratingcorrespondsto a straightline between

� �} � c`c�c �} � �
and

�p-} � c�c`c -} � �
, soeachvalue ����� } h is eitherincreasingor decreasing,anddoesnot

alternatebetweenthetwo. In orderto prove that
¯°� -� � � 0 �� � ����´ � � -� � � 0 �� � ��� , it is sufficient to

provethat

± �y 9po`qh @ } h�} h �y t 7:9h ² £ � �¢��� } h �¶´¸· y 9po`qh @ y t 7:9hº¹ £ � ���?� } h � c (11)

For those} h thatareincreasing,theinequalityof Equation11isvalidsince£ � ����� } h �¶��
, andaccordingto our assumptions,

�y 9po�qh (theoriginal occupancy)
´ y 9po`qh (theac-

tualoccupancy, which is increasing),and y t 7:9h ´ �:���:� �y t 7:9h . Similar reasoningholdsfor
those} h thataredecreasing.

A closedform for
¯°� -� � � 0 �� � �<� canbeobtainedby integrating. Sinceeachelementof

the summationin Equation10 only dependson onemixture weight } h ,
¯M� -� � � 0 �� � ��� can

bewrittenas: �h �=�<»  [ 5 *� � [ 5 �:� �  [ 5 ��:� ± �y 9po�qh @ } h�} h �y t 7:9¼ ² £ � ����� } h � c
Integratingover eachof the

� ����� } h � , andnoting that } h 	�½Z¾%¿E� �¢��� } h � , which is
unchangedby integrationw.r.t. ���?� } h , wehave:¯°� -� � � 0 �� � ���À	>Á�v �h �=� �y 9po�qh ���?� -} h @ �y t 7:9h -} h�} h c (12)
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Theoptimisationof
-�� �

to maximisē
°� -� � � 0 �� � �<� will startattheoriginalmixtureweights�� � �

, and
¯°� -� � � 0 �� � ����	6�

, sotheoptimisationis boundto resultin
¯°� -� � � 0 �� � ����Â>�

, andhence� � -� � � 0 �� � ���ÃÂ+�
, which in turn guaranteesan increase(or no change)in the objective

function
�

. This of courseis basedon our boundson the occupancies(which are
assumed,andnot proven), andonly appliesto the casewherewe are updatingone
setof mixtureweights,whereaswewill beupdatingall sets.However, in practicethey
seemto work well, andin any casetheupdateequationswhichthey replacewerebased
on evenweaker logic (seetheprevioussection).

3.4 Setting the constantDd is thesmoothingconstantin Equations4 and5 for updatingtheGaussianparameters.
In [4], wheretheEBW updatesfor continuousHMMs wereintroduced,andin subse-
quentwork with continuousHMMs, D wassetto twice the minimum positive value
neededto ensurethatall varianceswerepositive. Alterationsaremadeto thisapproach
for the currentwork andthesearedescribedbelow. Thesealterationsarereportedin
detail becausethey were essentialin getting the systemto register an improvement
from FD training.

The value of the constantD is important: too low a figure resultsin slow con-
vergence,and too high a figure will result in instability. Inspectionof Equations4
and5 shows thatfor reasonableupdatesD musthaveaboutthesamemagnitudeasthe
occupancies(or counts)y f8g h . Thus,avalueof D which is highenoughto smoothafre-
quentlyusedphonemodelmaybetoo largefor a lessfrequentlyusedmodel.Accord-
ingly, for work with largeHMM systemsD hasbeensetat aphonelevel (e.g.,[5, 8]).

A suitablevalueof D is normallyfoundby calculatingtheminimumpositivevalue
whichensuresthatall varianceupdatesarepositive,anddoublingit. DoublingD issup-
posedto provide a margin which ensuresthat thevaluechosenis considerablylarger
thanany valuewhichgivesnegativeupdates.However, it wasobservedthatif themin-
imum valuewhich ensurespositive updatesis closeto zero(i.e, considerablysmaller
thantheoccupancy countsy 9po`qf�g h and y t 7:9f�g h ), thendoublingit will have little effect. Ex-
tremevaluesof meanandvariancecouldstill result. An attemptwasmadeto correct
this by introducinga floor on D.

3.5 Flooring D

In experimentsreportedhere,D wasseton a phone-by-phonebasisasin [5], subject
to a floor at the maximumof y 9po`qf�g h or y t 7:9f8g h for any mixture componentin the phone.
The useof a floor was found to improve both convergenceof the FD criterion and
recognitionperformance.Figure1 shows theeffect on FD criterionoptimisationand
recognitionperformanceof threedifferentfloors on D: zero, the maximumvalueof
any of y 9po`qf�g h or y t 7:9f�g h for any mixturecomponentin thephone,andthemaximumvalue
of y t 7:9f8g h in thephone.This wasfor FD trainingof a singleGaussiansystemon theRM
corpus;thedetailsof theexperimentarethesameasfor similarexperimentsdescribed
later.

Figure2 shows the effect on the FD criterion of settingD per Gaussianmixture
componentascomparedto perphone,bothsubjectto afloor at thelargerof thenumer-
atoror denominatoroccupancies.This is for the6-mixturecomponentRM system,as
describedbelow. The Gaussian-level constantswerefound to be moreeffective than
thephone-level constants.Thereadermaybeinterestedto know that thevalueof the
constantD the authorsarecurrentlyusingis seton a per-Gaussianbasisto twice the

8



Floored at max occ

At max den occ    

Floored at zero   

0 1 2 3 4
93.8

94

94.2

94.4

94.6

94.8

95

95.2

95.4

95.6

Iteration of FD training

A
cc

ur
ac

y 
on

 tr
ai

ni
ng

 s
et

0 1 2 3
2

2.2

2.4

2.6

2.8

3

3.2

Iteration of FD training

F
D

 c
rit

er
io

n

Figure1: Comparisonof variousflooringson D, whenseton aphonelevel

0 0.5 1 1.5 2 2.5 3
6

6.5

7

7.5

Iteration of FD training

F
D

 c
rit

er
io

n

D set at Gaussian level
D set at phone level   

Figure2: SettingD on aGaussianvs. phonelevel.

9



minimumvalueneedto give positivevarianceupdatesfor all dimensionsof theGaus-
sian,or thedenominatormixtureoccupancy y t 7:9f�h , whichever is greatest.This appears
to work verywell.

3.6 Implementation Considerations

In re-estimatingtheparametersit is necessaryto calculatethedenominatoroccupanciesy � g t 7:9f8g h ��ST�
for eachtime frameandeachmixturecomponentin theHMM set:

y � g t 7:9f�g h �(ST�À	 } f�g h P f�g h �3R � �(ST�W�W�&�(U I � A �) f J?K L�N3O ) � �h �=� } f8g h P f�g h �3R � �(ST�W�W�&�(U f � A � (13)

where P f�g h �:ÄÅ�
is the Gaussianassociatedwith mixture i of statej , } f�g h is the mix-

tureweight for the Gaussian,4�f is thenumberof Gaussiansin themixture for statej and
�&�(U f � A �

is the prior probability for statej . It follows from Equation13 thatP f�g h �3R � �(ST�W�
must be calculatedfor eachGaussianin the systemand for every time

frame,and thus the overall computationis dominatedby calculationof the denomi-
natoroccupancies.In the caseof the numeratoroccupancies,beampruningapplied
to theforward-backwardalgorithmmaybeusedto optimisetheir computation,andin
any casethe numeratormodel(transcriptionmodel) for a given utteranceis unlikely
to containall statesin the HMM set. To make FD practicalfor large HMM systems
(13) shouldbe computedfor just the most likely Gaussiansin the system(which to-
gethercontributenearlyall the log likelihoodper frame)andthedenominatorof (13)
computedoverjust thoseGaussians.Therefore,theRoadmapalgorithmwasdeveloped
with theaimof finding themostlikely Gaussiansin thesystemfor eachspeechframe.

4 The Roadmapalgorithm

Thepurposeof this algorithmis to reliably find thoseGaussiansin thesystemwhich
bestmatchtheinputfor eachtimeframe,while minimisingcomputation.It operatesby
settingupfor eachGaussiana list of themostsimilarGaussiansin thesystem,forming
a “roadmap”–hencethename.Searchis local, centeringaroundthoseGaussiansthat
havealreadybeenfoundto scorebest.

4.1 DistanceMeasure

A widely usedmeasureof thedistancebetweentwo Gaussiansis thedivergence.How-
ever for currentpurposesit wasfound that the divergencegivestoo high a valuefor
thedifferencebetweentwo Gaussianswhenthey haveverydifferentvariances.There-
fore analternative distancemeasurewassoughtandonebasedon Gaussian“overlap”
developed.

Theoverlapbetweentwo univariateGaussiansis shown in Figure3, beingdefined
as: Æ �3Ç D �WF �TÄ¤� 0 Ç D l F �TÄ¤���
	 »ÉÈEÊË��sÌ Ê

i�X,Í �ÎÇ D �WF �(|�� 0 Ç D l F �(|��W� £ |
where

Ç D �WF �:ÄÅ� and
Ç D l F �:ÄÅ� representtheGaussianfunctions.A suitabledistancemeasure

betweenunivariateGaussiansis thenegativelog of theoverlap.To dealwith multivari-
ateGaussianswith diagonalcovariancematrices,thedistancebetweencorresponding
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univariateGaussiansis summedoverall dimensionsto finally giveadistancemeasure:Ï ��Ð D �TF �:ÄÅ� 0 Ð D l F �:ÄÅ�W�^	 ¼ I �=� @ ���?� Æ �ÎÇ D �WFI �:ÄÅ� 0 Ç D l FI �:ÄÅ�W� 0
where

Ð
is a multivariateGaussianA �3R � e e eÀ0WÑÑ Ñ � and

Ç I �TÄ¤� is the univariateGaussianA �(| � e I 0pÑ I¢I � .
Theuseof theoverlap-baseddistancemeasurein theRoadmapalgorithmdecreases

theaveragereductionin total log probabilityper frameby a factorof 7 relative to the
casewheredivergenceis usedandthemeasuremayhave utility in otherapplications
whereadistancemeasurebetweentwo Gaussiansis required.

4.2 SettingUp The Similarity Relation

For the roadmapalgorithmto operate,for eachGaussiana list of othersimilar Gaus-
siansis required.Herefollowsa descriptionof thealgorithmusedin obtainingit.

Thefirst stageis to obtain,for eachGaussianÒ , a list of theclosestÍ Gaussiansin
thesystem,accordingto thedistancemeasuredefinedabove. In experimentsreported
here,Í 	�Ób�

. Thealgorithmusedto do this is describedin Section4.3.
The secondstageaddsto the similarity list of Gaussianscloseto Ò , those P such

that Ò is in the list of P . This avoids the problemcasewherea Gaussianis not very
closeto any otherGaussians,andmaynever itself appearin any of theselists.

Thethird stageof building thesimilarity listsremovesredundantentries:entriesare
not requiredif therealreadyexistsanotherindirectroutevia anintermediateGaussian.
Redundancy is definedmore preciselyin termsof the distanceof the indirect route
from Ò to P via } . Theconditionfor thepathbetweenÒ and P beingredundantis:Ô }/Õ Ï � Ò<0 } �1Ö&� c¤× Ï � Ò<0 P ��Ø Ï � } 0 P �1Ö&� c × Ï � Ò<0 P �zØ Ï � Ò<0 } ��v Ï � } 0 P �1Ö � cªÙ Ï � Ò<0 P � c (14)

Theremoval of all theseredundantlinks causesa modestincreasein theperformance
of theRoadmapalgorithm.
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Finally thesimilarity lists for eachGaussianaresortedin orderof distancewith the
closestGaussiansfirst in thelist.

4.3 Settingup the initial similarity lists

As mentionedabove, thefirst stageof theinitialisationof thelist of similar Gaussians
consistsof obtaining,for eachGaussianÒ , a list of theclosestÍ Gaussiansin thesys-
tem. This processdominatestheinitialisation. A naive implementationwould involve
finding thedistancebetweeneachpair of Gaussians,andwould take time proportional
to thesquareof thenumberof Gaussiansin thesystem.This is clearlynot suitablefor
very largeHMM sets.An approximateschemewasthereforeusedwhich nevertheless
foundtheclosestÍ Gaussiansalmostwithout fail. Thealgorithmis iterative,requiring
perhapsten iterations,indexedby X , to converge. In the following description,Ú I � Ò �
refersto theapproximationat the X ’ th iterationto thelist of the Í closestGaussianstoÒ ; it is a list of Í or lessGaussians.Eachiterationconsistsof two stages,asfollows:

Initialisation Initialise Ú I � Ò �^Û Ú I Ì.� � Ò � for all a,or to theemptysetif X 	��
.

Stage1 For eachpair of GaussiansÒ and } which arelinkedby roadsvia someother
GaussianP , we evaluatethe overlap-baseddistancemeasure

Ï � Ò<0 } � , andadd Ò
to Ú I � } � andviceversa.If asaresult � Ú I � Ò � � � Í , weremovefrom it thefurthest
elementfrom Ò ; likewisefor Ú I � } � .

Stage2 For eachGaussianÒ we testa number(20 in this case)of randomlychosen
Gaussians,asin Stage1. This is to “seed”thealgorithm,andis doneevery time
ratherthanjustat thestartbecausethiswasfoundto improveperformance.

Thealgorithmiteratesuntil thepercentagechangein thesummeddistances
)CÜÀ)CÝ J�Þ ß D Ü F Ï � Ò<0 P �is small (

Ö
0.05%).This usuallyhappensin aboutten iterations.Spotchecksarecar-

ried out to test the accuracy of the algorithm,by finding the closestGaussiansto a
smallnumberof Gaussiansby bruteforceandcomparingthemwith theresultsof this
algorithm.The Í closestGaussiansarefoundalmostwithout fail.

The essenceof the algorithm is asdescribedabove. But therearesomeimpor-
tant detailswhich arerequiredfor sufficiently fastoperation. Firstly, it is important
not to test the pair

� Ò<0 } � any morethannecessary, ascalculationof overlapis time-
consuming.Therefore,two optimisationsaremade. This first is that a hashtable is
usedto storethoseGaussians} for which the pair

� Ò<0 } � hasalreadybeentested,for
thecurrentvalueof Ò . This avoidscalculatingthedistancebetweena givenpair more
thanonceperiteration.Thesecondoptimisationaimsto avoid calculatingthedistance
betweena givenpair many timeson differentiterations.We storefor eachentry } inÚ I � Ò � the iterationat which it wasaddedto that set. Thesenumberscanbe usedto
work out, for each Ò , those } which we know to have beentestedon a previous iter-
ation, andthesedistancesdo not have to be calculatedagain. This setof previously
testedGaussiansis alsostoredasa hashtable.

For furtherspeedup,anapproximationto theoverlapformulafor asingledimension
of a Gaussianwasusedin finding the lists of closestGaussians.The real formula is
too inefficient,asit involvesworkingout theplaceswheretheGaussianlikelihoodsare
equalandusinga tableof theGaussianintegral to calculatethreeseparateareas.The
alternative usedwasasfollows. It only applieswhere k l ´ k � ; the Gaussianswere
swappedin theothercase.
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k 	áà�âà ã (15)e 	åä â Ì ä ãà ã (16)

�¢��� � � æ ½`ç �Îè ¿%� � @é� c � ê?ê Ùk v�� c¤ë � ë1Ù k @Ã� c¤ë Ó × Ó e l @Ã� c �?� ë Ù eQlk v�� c �bì1Ó ×be l k @��(� c ë � ë Ù @Ã� c ��ê?ê Ù �
(17)

This approximationhad very little effect on the lists of closestGaussians.The
real formula for overlap, rather than the approximation,was usedwhen testingfor
redundantlinks usingthecriterionmentionedin Equation14.

4.4 Finding the BestGaussians

This sectionconcernsthe run-timeoperationof the Roadmapalgorithm. It is a hill-
climbingalgorithmwhich for eachspeechframestartsfrom aninitial setof Gaussians
andaimsto terminatehaving calculateda setof Gaussiansincluding the most likely
onesfor the input speechvector. The initial setof Gaussianscouldeitherbea single
randomGaussianor anumberof thebestGaussiansfrom thelastspeechframe.Firstly
thelog likelihoodof eachof theinitial setof Gaussiansis evaluated.For theGaussians
which aremost likely the Gaussiansclosestto them(asdeterminedby the similarity
lists)areexamined.Theideais thatthealgorithmwill eventuallygotowardstheregion
of Gaussianswhich aremostlikely giventheinputspeechvector.

In this algorithm, we do not know when the most likely Gaussianin the entire
systemhasbeenevaluated,so we useheuristicsto tell us whento stop. At the end,
all GaussiansP f�g h which have beenevaluatedarereturned,alongwith the calculated
valuesP f8g h �(R � ��ST�W�

. Thesecanthenbeusedto calculatetheoccupanciesy �f8g h ��ST�
used

in theEBW updateequations.
In thefollowing descriptionof theRoadmapalgorithm,Gaussianfunctionswill be

denotedÒ . Therule by whicha Gaussianis chosento becomputedis asfollows: from
amongthoseGaussianswhichhavealreadybeenevaluated,take theGaussianÒ which
givesthehighestlikelihoodfor theinput. Thenevaluatethefirst Gaussianin Ò ’s list, i.e,
thatclosestto Ò , if it hasnotalreadybeenevaluated.Otherwisecomputethenext in Ò ’s
list. If all Gaussiansin Ò ’s list havebeenevaluated,thesameprocedureis followedfor
theGaussianwhich givesthenext bestlikelihoodfor theinput. If all Gaussiansin the
lists of all thosewhich havebeencomputedhave themselvesalsobeenevaluated,then
evaluatea randomGaussian.This situationcanoccur if thereareno links (“roads”)
from anisolatedregionof Gaussians.Thealgorithmterminateswhenall theGaussians
closeto afixednumber(perhaps20)of thebestGaussianshavebeentested.

Thesetof Gaussianswhich is initially examinedmayconsistof eithera singlear-
bitraryGaussianor thebest4 Gaussiansfrom thelastinput frame.In theexperiments
reportedhere,thebest20 from thelast input framewereused.It is foundthatin prac-
tice theRoadmapalgorithmcanreliably find themostlikely Gaussiansin thesystem
for eachframewhile only evaluatinga smallpercentageof them(typically between1
and10%,decreasingwith increasingsystemsize).

4.5 Performance

Theperformanceof theRoadmapalgorithmis judgedby theaveragenumberof Gaus-
sianscalculatedpertimeframeandtheaveragedecreasein total likelihoodof theinput
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per time frame. This decreasein likelihoodrepresentsthesumof theGaussianlikeli-
hoodsthatarenot calculatedby thealgorithm. In testson a HMM systemwith 9,500
GaussianmixturestheRoadmapalgorithmgaveonly a0.004decreasein log likelihood
perframewhile on averagecalculating3.7%of theGaussiansin thesystem.

For comparisonanumberof differentschemesof Gaussianselectionbasedonvec-
tor quantisation(VQ) techniques,which have beenwidely reportedin theliteratureto
reducethenumberof Gaussianscomputedin anHMM-basedspeechrecognition,were
alsoexamined.OnesuchVQ schemewith 256codebookentriesandusinga two level
VQ to speedup codebookentrycalculationgaveanaveragedecreasein log likelihood
perframeof 0.3while computing4%of theGaussiansin thesystem.

It is importantto know whateffect thecalculationof only a fairly small subsetof
the Gaussianshason the performanceof the trainedmodels,i.e., what loss in total
log likelihood is acceptable.Experimentsshowed that therewasessentiallyno loss
in recognitionperformancewith a reductionin log likelihoodper frameof up to 0.01
andthe experimentsreportedbelow aimedto keepthe approximationfrom usingthe
Roadmapalgorithmwithin thisbound.

5 Experimental Evaluation

Speechrecognitionexperimentsto evaluateFD havebeenconductedonboththe1,000
word ResourceManagement(RM) taskandon the North AmericanBusiness(NAB)
Newstaskusinga65kwordrecognitionsystem.In all casesinitial MLE trainedmodels
wereusedandthensubsequentFD trainingwasperformed.

5.1 ResourceManagementExperiments

For the RM experiments,a set of decision-treestate-clusteredcross-word triphones
were trainedusingMLE on the SI-109 training set (3990 utterances)usingHTK in
the mannerdescribedin [7]. The input speechfor this systemwasparameterisedas
Mel-frequency cepstralcoefficients(MFCCs)andthenormalisedlog energy; andthe
first andseconddifferentialsof thesevalues.

Thefinal RM modelsethad1577clusteredspeechstatesandversionswith asingle
Gaussianperstateand6 Gaussiansperstatewerecreated.Themodelsweretestedus-
ing thestandardword-pairgrammaron the4 RM speaker independenttestsets(feb89,
oct89,feb91andsep92)whicheachcontain300utterances.

After the MLE modelshad beencreateda numberof iterationsof FD training
wereperformedon both the singleGaussianand6 mixturecomponentsystems.Fig-
ure 4 shows that the FD objective function increasesas training proceedsandgives
thechangesin error rate. Note that the6-componentsystemshows evidenceof over-
training.

feb89 oct89 feb91 sep92 overall

MLE 6.99 7.68 7.49 11.61 8.44
FD iter 4 5.51 6.07 6.52 8.73 6.73

Table1: % worderrorfor singleGaussianRM systemwith MLE andFD training.
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Figure4: FD criterionandRM feb91accuracy varyingwith trainingiteration

feb89 oct89 feb91 sep92 overall

MLE 2.77 4.02 3.30 6.29 4.10
FD iter 4 2.81 3.39 2.90 5.94 3.76

Table2: % worderrorfor 6 GaussianperstateRM systemwith MLE andFD training

Table1 andTable2 show theresultsof FD on thesingleand6 Gaussianperstate
systems.ThesingleGaussiansystemshowsanoveralldecreasein WERof 20.3%after
4 iterationsof FD andthe6 mixturesysteman8.3%reduction.

5.2 NAB Experiments

TheHMMs usedin theseexperimentswerebasedon theHMM-1 setdescribedin [6].
This decision-treestate-clusteredcross-word triphonesetof HMMs had6399speech
statesandwastrainedusingMLE on theWall StreetJournalSI-284trainingset(about
66 hoursof data).Herea versionof thosemodelstrainedon cepstraderivedfrom Mel
frequency perceptuallinearprediction(MF-PLP)analysiswasused.Versionsof these
modelswith 1,2,4and12 mixturecomponentsperstatewerecreatedusingMLE, and
thenfor eachof these4 iterationsof FD trainingapplied.

The modelsweretestedon the 1994DARPA Hub-1 developmentandevaluation
testsets,whicharedenotedcsrnab1dt andcsrnab1et,usingatrigramlanguagemodel
estimatedfrom the 1994NAB 227 million word text corpus. The sameunderlying
HMM set(but trainedusingMFCCs)wasusedin [5] to evaluatethe performanceof
lattice-basedMMIE sothisservesasa usefulpointof comparison.

Table3 givestheperformanceof theFD on NAB andshows that thereductionin
WERdecreasesasmodelcomplexity increases.Thesingleandtwo Gaussianperstate
systemshave a 10% relative word error reductionwhile the 12 mixture component
systemhasa reductionin error of just 2%. However it shouldbe notedthat the FD
modelsgave improvementsoverMLE in all cases.

Table4 comparestheNAB reductionsin word error for thecomparableteststests
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Num mix csrnab1dt csrnab1et % WER
Comps MLE FD MLE FD reduction

1 13.64 11.95 15.64 14.32 10.4
2 11.84 10.58 13.19 12.04 9.7
4 10.67 9.77 11.25 10.84 6.0
12 9.30 8.99 9.96 9.85 2.2

Table3: % word errorrateson NAB testsets

NumMix csrnab1dt csrnab1et
Comps FD MMIE FD MMIE

2 10.6 8.4 8.7 8.8
12 3.3 0.6 1.1 -1.2

Table4: Comparisonof FD andMMIE systemsgiving % worderrorreductionsrelative
to MLE

reportedin [5]. Theresultsareencouraging,with FD giving moreimprovementthan
MMIE in mostcases.

5.3 Computational Cost of FD

For theexperimentsabove thecomputationalcostof FD is very important.As previ-
ouslydiscussed,themostcomputationallyintensive partof FD training is calculating
theoccupationprobabilitiesandfindingthemostlikely Gaussiansin thesystem.Using
theRoadmapalgorithm,calculationof thethesedenominatoroccupanciesfor FD took
aboutfive timesaslong asfor thenumerator, meaningthat this implementationof FD
is aboutsix timesslower thanconventionalMLE training. Theefficient lattice-based
MMIE trainingprocedurediscussedin [5] is 15-20timesslower thanMLE (ignoring
thetime to createtheinitial word lattices).Thereforeit appearsthatFD is aboutthree
timesfasterthanthelatticebasedMMIE procedure.

6 Conclusions

The reporthasdescribedan implementationof FD training. FD is a promisingob-
jective function which seemsto give goodresultsfor the tasksreportedhere. It has
describedthe Roadmapalgorithmwhich aimsto find themostlikely Gaussiansfrom
a largesetof Gaussians,without calclulatingall the conditionalprobabilities.A dis-
tancemeasurebasedon overlap(usedin theRoadmapalgorithm)wasintroduced.An
investigationwasmadeinto the bestway to set the smoothingconstantin the EBW
equations,with substantialimprovementsin convergenceandrecognitionperformance
asa resultof the changesmade,anda new setof mixture updateequations,with an
interestingtheoreticalbasis,wasintroduced.

Resultsreportedhereshow that FD givesconsiderablereductionsin word error
for simplemodelsandalsogivesusefulincreasesin accuracy for moremorecomplex
speechmodelswith moremixturecomponents.Theimprovementsfrom FD arecom-
parableor greaterthanthosegiven by MMIE on the tasksreportedhere,andFD as
implementedhereis morecomputationallyefficient.
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7 Addendum

As this sectionis beingwritten after mostof this reportwascompletedandnew evi-
dencehasnow cometo light, theauthorswish to mentionthattheresultsfor Resource
Managementreportedherewith FrameDiscriminationhave now beenbetteredby a
lattice-basedversionof MMI similar in principle to that reportedin [8], andwhich is
asefficient astheFD implementationreportedhere. FrameDiscrimination,however,
hasbeenshown by Kapadiain his thesis[2], to give betterresultsthanMMI for digit
recognition,so it is still interestingfrom that point of view. Also, the alterationsto
theEBW re-estimationequationspresentedin Section3 havebeentransferredto MMI
estimation,wherethey arestill useful. The overlap-baseddistancemeasurehasalso
provedusefulin HMM soft-tying.
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