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Abstract

In thispaperweaddresstheproblemof recoveringstructureandmotionfrom
thecontoursof a smooth-curvedsurface.A novel andsimplertechniquefor
computingthestructureof anobjectfrom its profilesis introduced.Exper-
imentswith real datashow encouragingresults,which are comparableto
thoseobtainedfrom muchmore sophisticatedtechniques.Furthermore,a
new methodfor motion estimationfrom sequencesof profilesis proposed.
Preliminaryresultsdemonstratethefeasibilityof thealgorithm.

1 Introduction

The recoveringof structureandmotion from sequencesof imagesis a centralproblem
in computervision, andits solutionhasgenerateda rich pool of algorithms[8, 1]. Most
of thesealgorithmsrely oncorrespondencesof pointsor linesbetweenimages,andwork
well whenthescenebeingviewedis composedof polyhedralparts.However, for smooth
surfaceswithout noticeabletexture, point and line correspondencesmay not be easily
established.In thiscasetheprofileof thesurfaceis, veryoften,theonly featureavailable.
This calls for the developmentof a completelydifferentsetof techniques,as the ones
foundin [17, 16, 19, 5, 2, 18].

In this paperwe addresstheproblemof structureandmotionrecovery from thepro-
files of smoothsurfaces. In section2, the differentialgeometryof surfacewill first be
briefly reviewed.This formsthetheoreticalframework for varioustechniquesdeveloped
for thereconstructionof surfacesfrom profiles.Existingmethodsfor reconstructionfrom
discreteviewpointsarethendescribedandcompared.A simpleandbasicmethodfor re-
constructionis proposedandexperimentalresultsarepresented,showing that themodel
recoveredby this simplemethodis comparableto theothers.Theproblemof motiones-
timationis tackledin section3, whereanovel technique,basedonpropertiesof theaffine
epipolargeometryundercircularmotion,is introduced.Experimentswith syntheticdata
demonstratingthefeasibilityof themethodhavebeencarriedout,andpreliminaryresults
arepresented.
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2 Reconstruction from Apparent Contours

2.1 Surface Geometry

Considerapoint
�

onasmooth-curvedsurface� . Underperspectiveprojectionthevector
position � of

�
is givenby �������
	�� , where � is thecameracentreposition, � is the

unit viewing directionand 	 is thedepthof thepoint
�

alongtheviewing direction� . For
a givencameracentreposition � , thesetof points � on thesurfacefor which thevisual
ray is tangentto � is calledthecontourgeneratorandmustsatisfy �������� , where �
is the unit normal to the surface � at � . The contourgeneratordependson both local
surfacegeometryandcameraposition,andits projectiononto the imageplaneis called
theapparentcontour, which formstheprofileof thesurfacein theimage.

As thecameramoves,thecontourgeneratorsweepsoverthevisiblesurface.Thusthe
surface � canbeparameterisedby this spatio-temporalsurfacesweptout by thecontour
generatorsasa resultof thecameramotion������������� ��� ���!�"	!�����#�����$�%�&������� (1)�$�%���#���'(�$����������� ��� (2)

wheretheparameter� describesthepositionalongthecontourgeneratorwhile theparam-
eter � correspondsto time. Suchaparameterisationis howeverunder-constrained:curves
of constant� arethecontourgeneratorswith cameracentrepositions�)����� , while curves
of constant� have no physicalinterpretation.Themostwidely usedparameterisationis
theepipolarparameterisation[4] (seefig. 1) which is derivedfrom theepipolargeometry
in stereovision: two pointson two successive contourgeneratorsarecorrespondentif
they bothlie in theepipolarplanedefinedby thetwo cameracentrepositionsandoneof
the points. Below the subscripts� and � representsthe spatialandtemporalderivatives

2

2

1

1r(s,t )
r(s,t ) c(t )

c(t )

Figure1: Epipolarparameterisationfor thespatial-temporalsurfacesweptby thecontour
generators.

respectively. By differentiating(1) with respectto � andtaking the scalarproductwith
thenormal �$�����#��� , andcombiningwith (2) and �&*'+�,�%�&�����-�
� , wehave �.*.��$�����#���,�/� .
Thusthesurfacenormalcanberecoveredfrom theapparentcontourup to asignby�,�%�&�����-� �0�����#���21��3*4 �0�����#���21�� * 465 (3)

Finally, by differentiating(1) with respectto � and taking the scalarproductwith the
normal �$�����#��� , andcombiningwith (2) and ��73��$�����#�����8� , depth 	!��������� , andthusthe
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3D structure�9�%���#��� , canberecoveredby [4]

	!�����#����� : � 7 ;�$�����#����!7!(�$�����#��� 5 (4)

2.2 Discrete Viewpoints

Thedepthformula(4) requiresadensecontinuousimagesequencefor approximatingthe
spatialandtemporalderivatives,andis sensitiveto edgelocalisation.However, in practice
only imagesatdiscreteviewpointswill beavailableandthus(4) cannotbeuseddirectly.

CipollaandBlake[5] developedasimplenumericalmethodfor estimatingdepthfrom
a minimumof threediscreteviews by determiningtheosculatingcircle in eachepipolar
plane.Giventhreecorrespondencesin threeconsecutive apparentcontours,theviewing
linesdefinedby themareprojectedonto theepipolarplanedefinedby thefirst two. By
assumingthat the curvatureof the epipolarcurve �����(<=�#��� is locally constant,it canbe
approximatedaspartof acircletangentto theseviewing lines.VaillantandFaugeras[19]
developeda similar algorithmwhich usesthe radialplaneinsteadof theepipolarplane.
The osculatingcircle methodsrequirethe cameramotion to be closeto linear andthe
surfaceremainson thesamesideof thetangentsin theprojectionplane.

Boyer andBerger [2] deriveda depthformulationfrom a local approximationof the
surfaceup to ordertwo. Given two correspondingpoints

�.>
and

�!?
on two successive

contourgeneratorswith vectorpositions� > �@� > �A	 > � >
and � ? �
� ? �B	 ? � ?

, by taking
thescalarproductof thedifferencewith thenormal � ?

to thesurfaceat
�!?

, wehave

	 > � : C ���� ?C �D(� ? � C �E(� ?C �F;� ? � (5)

where
C ���G� > :H� ?

andlikewisefor
C � and

C � . Thesecondtermin (5) involves
C �

whichis thedistancebetween
� >

and
� ?

andcannotbecomputed,apriori, from measure-
mentsin two images.Basedonalocalsurfacemodelwith asecondorderapproximation,C �I;� ?

canbe expressedin termsof the normalcurvaturealongtheviewing direction.
This allows the local shapeto be estimatedfrom threeconsecutive contoursby solving
a pair of simultaneousequationsof theform (5). It only requiresthat thesurfacesareat
least J ?

andarenot locally planar.
In this paper, we proposeto usesimple triangulationtechniquesfor reconstruction

of the curved surface. The epipolarparameterisationof the spatial-temporalsurfaceis
adoptedandpointsonconsecutiveapparentcontoursarematchedaccordingto theepipo-
lar correspondence.Thespacepointcanthenbeobtainedby a leastsquaresolutionto the
triangulationproblem.Thismethodis indeedafinite-difference(discrete)approximation
to (4). Let 	 >

and 	 ?
bethedistancesbetweentheintersectionpoint K andthetwo camera

centrepositions� >
and � ?

alongtheviewing directions� >
and � ?

respectively, we haveKL�M� > �N	 > � >
and KL�O� ? �N	 ? � ?

. By takingthescalarproductof thedifferencewith
thenormal � ?

to thesurfaceat
� ?

, wehave

	 > � : C ��;� ?C �F(� ? 5 (6)

This equationfor 	 is essentiallythefirst termin (5). In [2], Boyer andBergercriticised
that,by omitting thesecondterminvolving

C �I;� ?
in (5), it is assumedthatthecontour
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generatorsarenotview dependent,whichis false,andthusleadsto errorin depthestima-
tion. In spiteof that,if boththelocal radiusof curvatureof thesurfaceandthemotionof
thecameraaresmall,sucherrorswill benegligibleandwouldnotaffectthegeneralshape
recovered(seesec.2.3).Thismethodis, of course,computationallysimpler. Unlikeother
methods,no decompositionof the3x4 projectionmatrix is neededto obtainthecalibra-
tion matrix for convertingimagecoordinatesto theunit viewing vector �0��������� , makingit
numericallymorestable.Finally, this methodcanbeusedwith affine cameraswhich do
nothavetheconceptof cameracentreposition.

2.3 Implementation and Experimental Results

Figure 2: Four consecutive imagesin the sequenceareshown with apparentcontours
beingtrackedby cubicB-Splinesnakes.

A headmodelhasbeenreconstructedfrom the sameimagesequenceusing Boyer
and Berger’s method,finite-differenceapproximationand simple triangulationrespec-
tively. Theimagesequencewasacquiredby rotatingtheheadmodelonaturntablewith a
fixedcamera.Therotationanglebetweentwo successive imagesis of P(�=Q andthewhole
sequenceconsistsof 36 images.Thecameraswerecalibratedby taking5 imagesof acal-
ibrationgrid performingthesamemotionon theturntable.Cornerfeaturesweretracked
throughthe 5 imagesof the calibrationgrid and the axis of rotationwasestimatedby
fitting circlesto the trajectoriesof thecornerfeaturesin space.Theprojectionmatrices
for the cameraswere then generatedanalytically from the first cameramatrix and the
axisof rotation. Theapparentcontoursweretrackedby usingcubicB-splinesnakes[4]
(seefig. 2). Fundamentalmatrices[13, 20] betweentwo successive imageswereformed
fromthecorrespondingprojectionmatricesandcorrespondenceswerethenfoundbysolv-
ing for theintersectionsbetweenepipolarlinesandthecubicB-splinesanalyticallyandby
usingorderinganddisparitygradientconstraintsto resolve for any matchingambiguity.
Theresultsof thereconstructionsareshown in fig. 3.

It canbeseenthatthecontourgeneratorsrecoveredby BoyerandBeger’smethodarea
bit smootherandlessnoisy. Nonetheless,themodelsfrom finite differenceapproximation
andsimpletriangulationarestill comparableto thatfrom BoyerandBerger’smethod,and
thedifferenceis hardlyobservableaftershading.By assumingtheradiusof curvature R
alongtheepipolarcurvebelocally constant,theerror S , whichis thedistancebetweenthe
reconstructedpointandthesurface,is givenbyST�G� UWV(X&��Y3Z�[��.:NP;�9R]\/R^Y ? Z&_�� (7)

whereY is theanglebetweentheviewing directions(seefig. 4). If thecamerais far from
therotatingobject, Y canbeapproximatedby theangleof rotation ` . For ` equalsP;�=Q ,
theerrorwill be � 5ba _^c of theradiusR , whichwill benegligible for smallvaluesof R .
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(a) (b) (c)

(d) (e) (f)

Figure3: Resultsof reconstructions.Top row shows thewireframemodelsandthebot-
tom row shows the modelsafter shading:(a,d) Model built from simple triangulation.
(b,e)Model built from finite differenceapproximation.(c,f) Model built from Boyer and
Berger’smethod.

3 Motion Estimation from Apparent Contours

The fundamentaldifficulty in estimatingthe motion of a smoothsurfacefrom the se-
quenceof imagesof its contourgeneratorsis that,unlike point or line features[20], the
contoursdonot readilyprovide imagecorrespondencesthatallow for thecomputationof
theepipolargeometry, summarisedby thefundamentalmatrix. Thischaracteristicmakes
the motion estimationdifficult even for humans,undercertaincircumstances[15]. A
possiblesolutionto this problemis the useof epipolar tangencies[16, 3], asshown in
fig. 5. An epipolartangency is theprojectionof thefrontierpoints[3] (referredto asfixed
pointsin [17]), whichis theintersectionof two consecutivecontourgenerators.If enough
epipolartangenciesarepresent,theepipolargeometrycanbeestimated,andthemotion
is determinedup to a projective transformation.Theintrinsic parametersof thecameras
canthenbeusedto fix themotionof thesurface[11]. Themainproblemof thisapproach
is thata minimumof 7 epipolartangenciesarerequired,a numberwhich is seldomob-

ϕ

ξ

d

Figure4: The error S betweenthe reconstructedpoint andthe surfaceis relatedto the
radiusof curvatureR andtheangleY betweentheviewing directions.
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Figure5: A frontierpoint is theintersectionof two consecutivecontourgeneratorsandis
visible in bothviews. Thefrontierpointprojectsto apointontheapparentcontourwhich
is anepipolartangency.

tainedin practicalcircumstances.If themotionandtheintrinsicparametersareknown to
beconstant,theepipolargeometrybetweensuccessive imageswill alsobeconstant,and
epipolartangenciesfor successive pairsof imagescanbeusedaltogetherin theestima-
tion of thefundamentalmatrix. Anotherpossibilityis theuseof anaffinecamera model,
which,asshown in [14], allows for a simplerandmorerobustestimationof theepipolar
geometryfrom only 4 epipolartangencies.

Themethodpresentedherefor motionestimationfrom apparentcontoursis a fusion
of the techniquesintroducedin [14]. In theseworks themain imagefeaturesof thecir-
cularmotion,namelytheimageof therotationaxisandthehorizonline [10, 9], areused
to derive a parameterisationof the fundamentalmatrix with only 6 degreesof freedom
(d.o.f.), while the affine approximationis usedto reducethe spaceof searchof the pa-
rametersof the fundamentalmatrix. Thedrawbackof thefirst methodis that6 epipolar
tangenciesarestill needed,or 4 imageswith two epipolartangencieseachif theangleof
rotationof thecircularmotion is fixed. In theaffine case,4 epipolartangenciesarestill
needed,and,againtheuseof successive pairsof imagesis possibleonly if themotionis
constant.

3.1 Theoretical Background

Considertwo affine cameras.The orientationof the epipolarlines on eachimagewill
dependonly on therelative orientationof thenormalsto theimageplanesandthecyclo-
torsion, which is therotationof thecamerasaroundtheir opticalaxis. Fig. 6(a)shows a
camerarotatingan angle ` aroundanarbitrary(but fixed)axis. The anglebetweenthe
imageof the axis of rotationandthe vertical axis in the imageplane(in imagecoordi-
nates)is denotedby d , asshown in fig. 6(b). Theanglebetweentheimageplaneandthe
rotationaxisis representedin Fig.6(c)by e . It is importantto noticethattheanglesd ande arepreservedby therotationaroundthefixedaxis. Let f >

and f ?
betheunit vectors

correspondingto thedirectionsof theopticalaxisof thereferencecameraandthecamera
rotatedby ` , respectively, accordingto fig. 7(a).It is easyto seethattheeffectof d onthe
orientationg of theepipolarlinesis simply to rotatethemby d . Without lossof general-
ity, let d beequalto zero.To computeg it is necessaryto project f ?

backto thereference
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(a) (b) (c)
Figure6: (a) The camerasarerelatedby a rotation ` arounda fixedaxis. The angle d
shown in (b) correspondsto theanglebetweentheverticalaxisin imagecoordinatesand
theimageof theaxisof rotation.In (c) it canbeseenthat e is theanglebetweentheaxis
of rotationandtheimageplane.Both e and d donotchangedueto therotation ` .

image,following thedirectionof f >
(seefig. 7(b)). Usingelementarytrigonometry, it is

possibleto show thattheangleg will begivenby

gL�h:ji�k#X+l#i�m n UWopm0e/q n Pr:HX+s^U9`Utopm$` uvu 5 (8)

For non-zerocyclotorsion( dxw�@� ), theangley9z|{ } of epipolarlinesat image~ producedby

k2 k1

axis of rotation

ω

k1
k2

α

y

ψ

x

ω
(a) (b)

Figure7: Theorientationg of theepipolarlinescanbecomputedfrom theanglese and` andtheeffectof d canbeconsideredseparately. Thevectorf ?
is projectedin theimage

planeaccordingthedirectionof f >
.

image� will begivenby y^z { }I�h:rd-��g'z|{ } , whereg!z { } is thesameasin (8) with `A��`.z|{ } .
If asequenceof � affineimagesof asurfacerotatingaroundafixedaxisis available,there
will be �I�FP parametersto beestimated:the2 anglesd and e , andthe ��:xP angles̀.z|{ z�� >
betweensuccessive cameras.Obviously, theangle `'z { } betweenthecameras~ and � can
becomputedas � }+��z|� >��� < ` z�� � { z�� � � >

, andit doesnot needto berepresentedusingmore
parameters.It is worthemphasisingtheimportanceof (8). It allowsfor therepresentation
of all the �-�|�]:HP;� orientationsof theepipolarlinesin asequenceof � affinecameras(all
arrangementsof pairsof images)with only ���/P parameters.

Furthersimplificationcanbeachievedif theintrinsicparametersof theaffinecamera
areassumedto be constant.In this casethe imageof the rotationaxis, representedby
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the line � in homogeneouscoordinates,mustbe the samein all images.Every point �
(alsoin homogeneouscoordinates)in � , taken at image ~ , mustcorrespondto a point �
with thesamecoordinatesin image� . Let � z|{ } bethefundamentalmatrixrelatingimages~ and � . Then, the equation���'� z|{ } �h��� is satisfiediff the point � lies in the line � .
Assumenow that two epipolartangenciesareavailablein eachimage ~ and � , which is
equivalentto having at leastoneclosedcontourper image.Theintersectionof thepairs
of correspondentepipolarlines(overlappingimages~ and� ) providestwo points � >z { } and� ?z { } which satisfy � � � z { } ����� , andthusmustlie in � . Thus,the sequenceof images
provides �-�|��:HP;� pointsto determinetheline � . Sincetwo pointsfix a line, �-�|�]:HP;��:F[
points remain,eachoneallowing onemeasurementfor the estimationof the �|�L��P�� -
tupleof anglesd , e and ��`'z { z�� >(��� � >z � > , henceforthdenotedby � . Moreover, evenif all the
intersectionsof theepipolarlinesarealigned,onefurthermeasurementis still possible,as
theangle �d betweentheline � andtheverticalaxisin imagecoordinatesmustbeequaltod . Theresultis that � imagescontaining2 epipolartangencieseachprovide �-�|�]:HP;��:LP
measurementsto estimatethe ����P parameters� , whichcanthenbecomputedif ��� a .
This is a greatadvantageover the resultspresentedin [14, 6], whereeven for circular
motionwith fixedrotationangle, 4 imageswith 2 epipolartangencieswerestill needed.
Theoverallcostfunctionfor theestimationof � is givenbyJ]���]����� z { } � R ? � �.� >t z|{ } �#�%�2�AR ? � �.� ?W z|{ } �#���W�¡�@�¢l#i�m �d�:Dl�i&mrd=� ? � (9)

where R£�|�.����� is the orthogonaldistancebetweenthe point � andthe line � . The tech-
niqueto estimatetheparametersof thecircularmotionof affine camerasis summarised
in algorithm1.

Algorithm 1 Estimationof themotionparametersfrom apparentcontours.
trackthecontoursusingB-Splines;
initialise theangles� ;
while notconvergedo

computetheintersections� � >t z { } and � � ?# z { } of epipolartangents
fit a line �t�%�¤� to thepointsof intersection;
computetheangle �d between� andtheverticalaxisin imagecoordinates;
computethecostfunction J]�%�]� , asshown in (9);
update� to minimise J]����� ;

end while

3.2 Experimental Results

A preliminaryexperimentwith syntheticdatawascarriedout. Fiveimagesof anellipsoid
weregenerated[7] by successive rotationsof a cameraby [��=Q . Theoptimisationmethod
usedto implementthe algorithm describedin algorithm 1 was the Broyden-Fletcher-
Goldfarb-Shanno[12]. Thecomputationof thederivativesof thecostfunctionwasdone
by finite differences,andeachangleof � wasinitialized within ¥�Q of thegroundtruth.
Theepipolarlinesandtheir intersectionsafterconvergencecanbeseenin fig 8.

To evaluatethe effect of noisein the algorithm,eachellipsecorrespondentto the 5
imagesof the ellipsoid was sampledin 50 points. Uniform noisewas addedto each
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Figure8: Imagesof theellipsesandepipolarlinesafterconvergence.Eachfigureshows
theoverlappingof images~ and� , for ~-�GP&� 5�5�5 �#¦ and �¤�@~��@P�� 5�5�5 ��§ . Thestarsindicate
theintersectionof correspondentepipolarlines.

angle ¨ © ª9«6¬  ª^�¬ ® ª=®t¬ ¯ ª�¯W¬ °
groundtruth ±�² ? < ² ? < ² ? < ² ? < ² ? < ²
initial guess < ² ?W³ ² >�´ ² ? < ² ´Wµ ² ? < ²

noise iterations errorin ¨ errorin © errorin ª�«¶¬  errorin ª^�¬ ® errorin ª=®t¬ ¯ errorin ª=¯t¬ °
0.0 39.0000 <(· <#<#¸ ³ ² <¹· ?#? ¸ ³ ² <(· ?W? < ±�² <¹· ?#? <�º ² <(· ?W?Wµ#µ ² <(· ?W? ± ? ²
0.1 38.8571 <(· ?�>6µ�» ² <¹· ± µ ± ³ ² <(· µ º#ºWº ² <¹· µ�»W? ±�² <(· µ ¸ »�> ² <(· ± <�ºWº ²
0.5 29.8444

> · <#< ? ±�² <¹· ¸ ?#»W³ ² <(· »W´#³W´ ² <¹· ³�>W>#> ² <(· ³W»�> ¸ ² <(· º > ± < ²
1.0 26.0167

> · ¸#¸ ? º ² > · ? < µ ±�² > · <#¸ ± ¸ ² > · < ´�>�µ ² > · < »#» < ² > · < »#´W» ²
1.5 23.4906

´ · <�º ´#´ ² > · ³Wµ�?W» ² > · µ#» º µ ² > · ³ <#¸W< ² > · ³W?#³ ±�² > · º ³#»�> ²
2.0 21.7660

´ · µ�³ ± ´ ² ? · < ?#»tµ ² > · » º ´�> ² ? · <�¸ ³Wµ ² > · »tµ�³ < ² > · ¸Wº ± ³ ²
Table1: After reachingtheglobalminimavalley, thealgorithmpromptlyconvergesto the
correctsolution,andgenerallythe anglesdescribingthe motion arecorrectlyestimated
within [=Q of accuracy. Nevertheless,thepresenceof localminimaandtheinsensitivity of
thecostfunctionto variationsin ` makethesearchverydifficult.

point, anda new ellipsewasfitted back to the disturbedpoints. This experimentwas
reproduced100 timesfor eachdifferentnoiselevel, andthe resultsof the experiments
that converged arepresentedin table1. The iterationspresentedfor eachnoiselevel is
theaveragenumberof iterationsbeforeconvergence,andall errorsareroot meansquare
errorsin degrees.Thenoiselevel is in pixels.Severalproblemswerealreadyfoundatthis
stageof theimplementationof thealgorithm.Theexpressionfor g , givenby (8), is very
insensitiveto changesin ` for any practicalvalue,e.g., �]¼"`"¼N½!Z&[ . Theeffectof noise
producesmoredisturbancein g thansmallvariationsin ` . Furthermore,thecostfunctionJ shown in (9) hasmany local minimapoints,someof themin regionswith a radiusof§�Q aroundtheglobalminima,makingtheinitialisationstepof thealgorithmverycritical.

4 Conclusions and Future Work

Thetechniquefor reconstructionproposedhereis indeedwell-known in stereo-vision,in
thecontext of point andline features.Nevertheless,its applicationfor curvedsurfacere-
constructionis original,andtheresultsobtainedwereconvincing. Moreover, themethod
is moreflexible thanprevious ones,as it cancopewith affine cameras.This makes it
suitableto beusedin conjunctionwith themotionestimationtechniquepresentedin sec-
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tion 3.
Thenovel algorithmfor motionestimationhereintroducedhasamainadvantageover

previouslyproposedmethods,in thatit cancopewith circularmotionatavariablerotation
angleevenwhenonly two epipolartangenciesareavailablein eachimage.This is a situ-
ationof greatpracticalinterest,sinceit correspondsto themotionof anobjectplacedon
a turntablespinningat unknown angle.Althoughthepreliminaryresultsaresatisfactory,
thealgorithmis very sensitive to noise,andthepresenceof several local minimapoints
in thecostfunction(9) makestheconvergencedifficult. Theinvestigationof solutionsto
theseproblemsareto beaddressedin a futurework.
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