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Abstract

Generative kernels, a generalised form of Fisher kernels, are a powerful form of kernel that
allow the kernel parameters to be tuned to a specific task. The standard approach to training
these kernels is to use maximum likelihood estimation. This report describes a novel approach
based on maximum-margin training of both the kernel parameters and a Support Vector Ma-
chine (SVM) classifier. It combines standard SVM training with a gradient-descent based ker-
nel parameter optimisation scheme. This allows the kernel parameters to be explicitly trained
for the data set and the SVM score-space. Initial results on an artificial task and the Deterding
data show that such an approach can reduce classification error rates.






1 Introduction

Many problems, for example, speech, text and DNA-sequence data, consist of variable length sequences
and can be difficult to process within the standard classification framework. For such data, it is usual to
estimate a class-conditional generative model, such as an HMM, and then to use Bayes rule to calculate the
posterior probability of the labels. However, many discriminative techniques, which directly estimate the
posterior probability of the class labels, have in other areas, proved to be superior to generative models.

Generative models are commonly trained using Maximum-Likelihood Estimation (MLE). This views the
model parameters, @, as quantities that are fixed but unknown. Given a training set of independent and
identically distributed examples, X = (x1, ..., ®,), with labels, Y = (y1,. .., y,), MLE chooses param-
eter values that maximise the joint probability of the training set. The MLE objective function is given

by,
Fur =p(X|0) = [] p(xi|0) @)
i=1

For many generative models, a closed-form solution for estimating the model parameters does not exist.
Iterative schemes, based upon the Expectation-Maximisation (EM) algorithm, are commonly used for a
wide-range of models, including HMMSs. However, MLE converges to the true parameter values only when
the underlying model is correct and infinite training data exists. Under realistic conditions, the underlying
models are not known and training data is limited. In such situations, discriminative training may be used.
These techniques aim to train model parameters to directly minimise the error rate, or more commonly, a
differentiable approximation to the error rate. One common discriminative training criterion is Maximum
Mutual Information (MMIE) [4]. In addition to maximising the likelihood of correct hypotheses, this
scheme attempts to reduce the probability of incorrect hypotheses. The MMIE objective function is given

by,

n
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where C is the number of classes.

Another popular and successful discriminative classifier is the Support Vector Machine (SVM) [42]. SVMs
have the desirable property that they attempt to minimise an upper bound on the generalisation error by
maximising the margin of separation between two competing classes. Advantages often cited for using
SVMs are: a strong statistical basis; the existence of a global optimum; and good generalisation to unseen
data. However, SVM performance is intrinsically linked to the choice of kernel and the values of its asso-
ciated parameters. For a particular task, the kernel is usually selected from a set of proposed kernels and
parameters for that kernel are chosen either experimentally (to minimise test error on a validation set) or
through some simple heuristic. Furthermore, although SVMs have been successfully applied to many static
classification tasks, the SVM framework cannot directly classify variable length sequences, such as speech
and text data. These limitations may be addressed through the use of Generative kernels [39, 40]. These
are a generalised form of Fisher kernel [29]. For generative kernels, kernel parameters are learnt directly
from the data, typically using Maximum Likelihood Estimation (MLE) [39, 40]. Maximum Mutual Infor-
mation Estimation (MMIE) [4], a discriminative training scheme often used in speech processing, has also
been used. However, these schemes do not guarantee an optimal kernel for the particular SVM classifier
and score-space being used. In this report a more principled approach to kernel parameter estimation is
described.

Although many techniques for adapting parameters are described in the Neural network literature, including
maximum margin training of perceptrons [32], limited research has been conducted for SVMs. Early SVM
parameter optimisation methods were aimed at finding parameters for specific kernels, such as [10, 15, 16]
for GRBF kernels. Recently, however, more general kernel parameter optimisation schemes have been
introduced. For example, Chapelle [11] proposed a computationally efficient technique for estimating the
leave-one-out error (and thus the generalisation error) using support vectors; this was minimised by gradient
descent. Subsequently, this was extended to minimise an analytic upper bound on the generalisation error
[12]. Later, Ayat [3, 2] introduced a similar minimisation scheme based upon an empirical test error



(calculated using a validation set). Faster convergence was achieved through the use of a quasi-Newton
optimisation algorithm.

Alternative techniques, that aim to improve performance by adjusting parameters other than the kernel
parameters, have also been developed. For example, Grandvalet [25] preprocessed the input-data using
a diagonal scaling matrix; the components of the matrix were learnt by minimising an estimate of the
empirical risk. In [8], Bousquet minimised the Rademacher Complexity of the kernel matrix, and in [31]
Kandola varied the feature-space to maximise a measure of agreement between the kernel and data.

A further problem of SVMs is that they are intrinsically binary classifiers. Real-world problems typically
have many classes — ranging from relatively few (such as the 3-class Iris data set) to several thousand
(when discriminating between context-dependent models in Large Vocabulary Continuous Speech Recog-
nition (LVCSR) systems). Multiclass SVM systems typically take one of two approaches: decomposition
into binary problems; or extending the SVM framework to handle multiple classes (all-in-one methods).
Examples of binary decomposition techniques are 1-versus-all, 1-versus-1 (pairwise) and Error Correcting
Output Codes [20, 21, 33, 14]. All-in-one methods have been considered by Weston [43], Bredensteiner [9]
and Hsu [28]. Multiclass methods are discussed in more detail in section 3.

In this report, techniques for embedding generative models, such as Gaussian mixture models (GMMs),
within SVM kernels are reviewed (section 4). A method of explicitly maximising the margin of separa-
tion between classes by adjusting the parameters of the generative model (the kernel parameters) is then
proposed (section 5). This process amounts to training the generative model using a maximum-margin
criterion. Although the techniques introduced in this report can be applied to any non-linear kernel, this
report will concentrate solely on generative kernels.

2 Support Vector Machines

SVMs are an approximate implementation of the method of structural risk minimisation. This states that
the generalisation error of a classifier is bounded by the sum of the training error and a term that depends
on the Vapnik-Chervonenkis (VC) dimension [17]. For separable data, SVMs yield a training error of 0
and minimise the VC dimension. Vapnik [42] showed that the upper bound on generalisation error does
not depend on the dimensionality of the space and is minimised by locating the unique hyperplane that
maximises the distance between the hyperplane and the closest examples (as shown in figure 1).

In figure 1, the examples in classes A and B are depicted by + and o respectively. The examples in each
class closest to the optimal hyperplane are known as the support vectors and are depicted by B and [@. The
margin is defined as the distance (perpendicular to the optimal hyperplane) between the closest examples
of class A and the closest examples of class B.

2.1 The optimal hyperplane

The concept of maximising the margin between the classes is an intuitive one. Since the training and test
sets are assumed to have been generated by the same underlying process, it is reasonable to assume that
the test data will lie ‘close’ to the training data. This means that large-margin classifiers have a degree of
immunity to noise in both the training examples and the location of the hyperplane (since examples are
far from the decision surface, small perturbations are unlikely to cause them to cross it and be misclas-
sified). Accordingly, large-margin classifiers generalise well despite not incorporating problem-specific
knowledge.

Given linearly separable training data X = (1, ..., @,) with labels Y = (yi, ..., y,) Where z; € R? and
y; € {—1,+1}, a decision surface that separates the two classes is sought. The simplest such surface is a
hyperplane,

wlz+b=0 (3)

where w is an adjustable weight vector and b is the bias. The distance between the hyperplane and the
closest example of each class is known as the margin of separation, denoted p. The hyperplane that
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Support vectors

Figure 1: The optimal hyperplane for separable data

maximises this separation is referred to as the optimal or maximum-margin hyperplane (figure 1); the
optimal hyperplane is unique [42]. The geometric distance between the two classes, herein referred to as
the margin of the SVM, is given by,

Margin = 2p = 4)

2
|w
The learning task for a SVM can thus be formulated as maximising the margin over w and b. An equivalent,
and simpler to optimise, objective function is,

s 1
min 3 (w - w) (%)
where optimisation is constrained by the decision rule, y;(w - &; + b) > 1. These constraints may be
incorporated into the objective function using the method of Lagrange multipliers. The new objective
function, L, is minimised over w and b and maximised over the Lagrange multipliers,

, 1 =
mgXIBl’ilL(a,w,b) = i(w-w)—;ai(yi(w-m+b)—1) (6)
subjectto > | a;y; = 0 and a; > 0. This is a constrained quadratic (convex) optimisation problem with

a unique solution; many efficient algorithms have been developed for solving such problems. The optimal
solution must also satisfy the Karush-Kuhn-Tucker (KKT) conditions,

ailyi(w-z; +b) —1] =0 ©)

At optimality, only examples that satisfy w”z; + b = 1 have a; > 0. These examples are known as the
support vectors [42] and lie on the margin (see figures 1 and 2). In general, there are significantly fewer
support vectors than training examples. This sparseness allows classification of test data to be performed
efficiently.

Optimisation may also be performed using the dual objective function,

n n
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subjectto > | a;y; = 0 and o; > 0. This objective function is cast entirely in terms of the training data.
Additionally, it depends only on the dot products of the input vectors (z; - ;) which are trivial to compute.

2.2 Soft-margin SVMs

In general, it is not possible to construct a separating hyperplane between classes with no classification
errors. In these situations, a hyperplane is found that minimises the probability of error, averaged over the
training set. This is accomplished by introducing soft margins. The margin between classes is said to be
soft if there exist training examples that violate the margin constraint, y;(w - «; + b) > 1. To permit this,
slack variables, €; > 0, can be introduced to measure the deviation of examples from the ideal condition of

pattern separability (¢; = 0). The constraint thus becomes,
yi(w-x; +b) > 1—¢ ©)

Margin constraints may be violated in one of two ways:

N Correctly classified
D (within margin)

Figure 2: Example falls (a) within margin of separation; (b) on the wrong side of the decision hyperplane

e The example is on the correct side of the decision hyperplane but falls inside the margin of separation:
0 < ¢; <1, figure 2(a)

e The example is on the incorrect side of the decision hyperplane: €; > 1; figure 2(b)

The first example is correctly classified; the second is misclassified.

To reflect the need to maximise the margin whilst simultaneously minimising the number of misclassified
examples, the primal objective function is reformulated as,

rgiil%(w cw) +CZei (10)

i=1

C' acts as a regularisation parameter and controls the trade-off between the margin and the number of
misclassified points. The value of C'is selected by the user and is often determined experimentally using a
validation set. The soft-margin dual optimisation problem may be written as,

n n n
1
max W(a) = E @5 E aia;yiy;(Ti - ;) (11)
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subjectto > ; a;y; = 0and 0 < o; < C. This is similar to the separable case since neither the slack
variables, ¢;, nor their Lagrange multipliers appear in the dual problem. However, unlike the separable
case, the upper limit on the Lagrange multipliers, c;, limits the influence of individual examples (which
may be outliers).



2.3 Kernels

For non-linearly separable data, Cover’s theorem [26] states that examples may be made linearly separa-
ble with a high probability given a non-linear transformation, ¢, from input-space to a feature-space of
sufficient dimensionality (figure 3). Using this mapping, the kernelised form of the dual-objective (11) is

Feature—space
transformation

Figure 3: Use of a feature-space to make data linearly separable

defined,
maxW (a, 6) 20" — —Zzaza,y,y, (0,z;,x;) (12)

i=1 j=1

where the Kernel, K, is given by,
K(0,zi,x;) = $(0,z:) - ¢(0,x;) (13)

An explicit feature-space need not be specified when defining the kernel. In general, the kernel may be any
symmetric non-linear function that satisfies Mercer’s condition [42, 17]. This states that the kernel may be
any symmetric non-linear function whose kernel matrix,

K = {K(ea miamj)}(id'):l (14)
is positive semi-definite. This ensures that an expansion,
oo
K(8,zi,x;) = > _ apzi(@:)zk(x;) (15)
k=1
into some unknown feature-space (z1(x), ..., zg(x),...) exists, where this function generates the inner-

product, thus satisfying the requirements of the SVM. In this report, only normalised inner-product kernels,
of the form,

will be considered; these always satisfy Mercer’s condition.

The computational cost of mapping input-data into a high-dimensional feature-space is prohibitive. How-
ever, since the kernel depends only on the inner-product of the mapped examples, ¢(-) - ¢(-), and not
explicitly on ¢(-), this may be overcome by defining kernels that combine the mapping and inner-product
into one operation. Such kernels are useful since the feature-space is never explicitly calculated, allowing
high-dimensional feature-spaces to be used efficiently. Examples of such kernels are given in table 1.

The simple inner-product kernel (discussed above) performs no feature-space transformation. The polyno-
mial kernel transforms the input-data into a feature-space of monomials; the dimensionality is determined



Kernel K(x;, ;) Parameters

Inner-product T;- T
Inhomogeneous polynomial (i -z +c)P Power(p € N), ¢ >0
Sigmoid tanh (k(z; -x;) +6) £>0,6<0
]2
GRBF exp (-“““27fﬂ”> Kernel width (6 > 0)
%

Table 1: Commonly used kernel functions

by both the number of support vectors and a user-specified power, p. For the GRBF kernel, the number
of radial-basis functions and their centres are determined automatically by the number and values of the
support vectors respectively. The Sigmoid kernel creates a two-layer perceptron SVM. The number of
hidden neurons and their weight vectors are determined by the number of support vectors and their values.
Although the Sigmoid kernel is never positive definite [37] (and thus not strictly a SVM kernel), in practice,
it has been used successfully.

3 Multiclass Support Vector Machines

SVMs, as formulated by Vapnik [42], position a hyperplane to maximally separate observations from two
competing classes. However, many practical problems have multiple classes and thus cannot be directly
classified using SVMs. Instead, a more complex setup is required. This is typically achieved using one of
two approaches: decomposition into binary problems (and then training separate SVMs on each problem);
or extending the SVM framework to directly handle multiple classes.

Decomposition is a popular technique and consists of splitting the multiclass problem into a series of binary
problems. A classifier is then trained on each binary problem. Finally, using a predefined algorithm, the
results are combined to yield a class label. Common decomposition techniques are 1-versus-all, 1-versus-1
(pairwise), and Error Correcting Output Codes (ECOCs). The alternative approach is to extend the SVM
framework to directly handle multiple classes. This typically involves redefining the SVM loss function to
include between-class dependencies. The resulting classifiers are sufficiently similar to SVMs that standard
SVM techniques such as SMO [35] and chunking [30]) may be adapted to the new system.

3.1 1-versus-all

1-versus-all decomposition is one of the earliest (and also the most popular) decomposition methods for
SVMs. For a k-class problem, & binary classifiers are constructed. Each classifier is trained to separate
examples of one class from examples of all other classes. This method is popular since the number of
classifiers scales linearly with the number of classes, making it computationally efficient.

To classify a test example, a result is obtained for each binary classifier. These results are then combined
using a voting algorithm. The example is labelled as the class that receives the most votes. In practice,
however, the vote may be tied. Since a single class label is required, the tie must be broken. This is best
done by backing-off to an alternative classifier. However, for convenience the tie is commonly broken by
comparing the value of the decision function for each class — the class with the largest decision function
is chosen. This assumes that the values of the decision function for different classifiers are comparable.
However, since the SVM output scale depends on only a small fraction of the training data (the support
vectors), the scale is not robust and so reliable comparisons cannot be made.

3.2 1-versus-1 (pairwise) decomposition

Another popular decomposition technique is pairwise decomposition. This requires classifiers to be trained
between every possible pair of classes — for a k-class problem, this results in k(k — 1)/2 classifiers. This



technique has limited practical use since the number of classifiers scales quadratically with the number of
classes. For systems with a large number of classes, for example, phonemes in speech recognition systems,
it quickly becomes impractical.

Similarly to 1-versus-all systems, test examples are classified by obtaining a result from each binary clas-
sifier. A simple majority voting scheme is then used to determine the class label. When votes are tied
between two classes, A and B, a casting vote may be given to the classifier A-vs-B. When more classes
are tied, an alternative voting scheme may be used or an alternative classifier used.

Unfortunately, this system suffers from the problem of ’incompetent’ classifiers. This occurs when the class
of the test example does not match the classes used when training the classifier, for example, presenting
an example from class A to a classifier trained to separate classes B and C. Depending on the nature
of the data set, this may generate a significant bias towards specific classes. Although positive voting is
common, Cutzu [18] asserts that, providing individual classifiers are well trained (and so expected to make
few errors), negative voting schemes can minimise the effect of incompetent classifiers. This is because
if, for an example x, the classifier A-vs-B outputs the label A, one cannot conclude that € A (since x
may belong to neither A nor B). However, since the classifier is assumed to output the correct label (given
an example from classes A or B) one can conclude that x ¢ B (otherwise B would have been output).
Alternatively, Angulo, Parra and Catala [1] attempted to minimise this problem by defining a SVM that,
in addition to labelling an example as being from either of the two training classes, can emit an output
indicating that the test example belongs to neither class (and thus contributes no votes).

If probabilistic outputs can be derived from the SVMs, more sophisticated combination techniques may be
used. The most common such technique for generating probabilistic outputs was introduced by Platt [36]
and involves fitting a probability distribution to the output scale of the SVM. Unfortunately, since the
output scale of SVMs is dependent on only the support vectors, these estimates may be severely distorted
by outliers.

3.3 Error correcting output codes

Error correcting output codes (ECOCs) [21, 20, 33] are an alternative decomposition technique. Each class
k is labelled with a fixed length multi-bit output code. Although, in general, output codes for a k-class
problem can be represented by log, & bits, Diettrich and Bakiri proposed adding redundant bits to allow
error correction. Given all training examples, separate binary classifiers can be trained to recognise each
bit of the output codes.

For each test example, the classifiers corresponding to each bit of the output code are evaluated. The
resulting output code is then compared to output codes of each of the classes and the class with the nearest
match is chosen (redundant bits allow a degree of error correction). When finding the nearest match, a
common metric is the Hamming Distance. This measures the number of bit differences between two code
words.

Unfortunately, the assignment of output codes to classes can affect the performance. This is because
different arrangements of codes change the single-bit classification problems, potentially altering their
complexity. Additionally, the use of ‘optimal’ codes is not practical since, as Crammer and Singer [14]
proved, the problem of finding optimal output codes is NP-complete. For this reason, codes are typically
chosen using either expert knowledge or through experimentation. An alternative method, proposed by
Crammer and Singer [14], involved extending ECOCs to use continuous output codes. A set of ‘good’
codes (based upon the minimising the complexity of the binary classifiers) can then be learnt using a
quadratic optimisation procedure.

3.4 All-in-one

These techniques aim to generalise the SVM framework to multiple classes. This is done by generalising
the SVM loss function. For example, Hsu and Lin [28] show that many all-in-one formulations may be



reduced to the following primal loss function,
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where £ is the number of classes, n is the number of training examples. w,, and b,, are the weight vector
and bias of the hyperplane for class m, and €[ are the slack vectors associated with example ¢ and class
m. C'is the standard SVM regularisation constant.

Although all-in-one techniques avoid the problems of decomposition techniques (combining results from
separate classifiers, and determination of class labels), they suffer from complexity problems. This is
because the dual quadratic problem has k(I — 1) variables that must be trained using the whole training
data set. This means that all-in-one systems can take significantly longer to train than equivalent pairwise
or ECOC systems. Additionally, the benefits obtained from such systems have, to date, been minimal.
However, as shown by Hill [27], an all-in-one optimisation can be formulated such that it can be initialised
with the results from a set of pairwise classifiers (optimising the decision boundary for each pair of classes
without regard for any others). This acts to kick-start the optimisation and can significantly reduce the
overall training time.

4 Score-spaces

Dynamic data, such as speech, typically consists of variable-length sequences of observations. However,
since SVMs require a feature-space with a fixed dimensionality, a method of mapping variable-length data
into fixed-length vectors is required. Although several methods have been proposed for performing such a
mapping, many rely on sampling techniques, and thus discard (potentially) useful information. Examples of
such techniques are [5, 38, 23, 24]. An alternative approach, first introduced by Jaakkola and Hausser [29]
and later extended in [34, 39, 40], is to train generative models on the data and then define kernels based
upon them. These kernels are known as generative kernels.

4.1 Log-likelihood and log-likelihood-ratio feature-spaces

The simplest generative feature-space is a log-likelihood (LL) feature-space. SVM training and classifica-
tion are performed using the log posterior probabilities of the generative model. The resulting feature-space
is 2-dimensional,

#(e.0.0.0) = | 11220 | (18)

where,
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and d is the dimensionality of the input-data. A disadvantage of log-likelihood score-spaces is that com-
peting classes are not considered during classification. A more discriminative score-space without this



limitation is the log-likelihood-ratio (LLR) score-space,
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A simple inner-product kernel may be defined for each of these feature-spaces.

Although the use of generative models allows SVMs to classify sequences of observations, preprocessing
creates a layer of abstraction between the input-data and the classifier, limiting the information available
to the classifier. This significantly reduces its power by limiting the flexibility in the positioning of the
decision surface (the input-data is reduced from being d-dimensional to 2-dimensional).

4.2 Fisher score-space

The LL and LLR feature-spaces are defined using the posterior probabilities of the class-conditional gener-
ative models. In [29], Jaakkola and Haussler proposed score-spaces that capture the differences in the gen-
erative process between examples using the gradient-space (a sufficient statistic) of the generative model.
The likelihood score-space (also known as the Fisher score-space) [29, 34] is thus defined as,

¢(x,0) = Vo Inp(z|6) (20)

Since the score-space components have different dynamic ranges, the kernel is defined by a normalised
inner-product,

K(0,z, ;) = p(x:,0)" G ¢(;,0) (21)

where G is the covariance of the score-space,

G = 6{ (6(.0) - o) (¢(2.0) - uqb)T} (22)
e =E{p(x,0)} (23)

When the kernel parameters are estimated using MLE, the score-space has a zero-mean and G reduces to
the Fisher information matrix. Under these circumstances, the kernel is known as a Fisher Kernel.

Jaakkola and Hausser’s original Fisher score-spaces were based upon a single generative model, trained
on examples from both classes. However, when mixture models are used, these score-spaces suffer from
wrap-around [39, 41]. This occurs when different parts of input-space map to the same point in the feature-
space, increasing confusion between classes and reducing performance. This can be avoided by using
multiple generative models, one per class [39, 40]. The score-spaces can be further generalised to include
higher-order terms as well as the log-likelihood ratio [39, 40].

4.3 Log-likelihood ratio score-spaces

A more discriminative score-space can be defined using the first-derivatives of the log-likelihood-ratio.
These are known as log-likelihood-ratio (LLR) score-spaces [41]. Independent generative models are
trained for each class; the log-likelihood-ratio of these models is then used to generate the score-space,

p(wIOA)>
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The LLR term also increases the information explicitly available to the classifier (the gradient-space forms
a sufficient statistic and so implicitly contains the posterior probability). An example score-space, in which
the SVM can be trained, is given by,

Inp(x|64) — In p(x|65)
¢($,0A,GB) = VGA 1np(m|0,4) (25)
Ve, Inp(x|0p)

Similarly to the Fisher score-space, the kernel is defined by the normalised inner-product,

K(0,zi,z;) = ¢(x:,0)" G p(x;,0) (26)
G= 5{ (6@.0) - o) (¢(2.6) - u¢)T} 27)
Mo = g{d)(ma 0)}

In general, it is not possible to calculate the expectation values directly. However, since the training data
is independent and identically distributed, the calculations may be approximated by a summation over the
training data,

n
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For efficient inversion, it is advantageous to approximate G as either block-diagonal or diagonal.

4.4 GMM-based LLR score-spaces

In this report, m-component GMMs with diagonal covariance matrices are used as an example genera-
tive model (one per class). These are a common form of generative model since, given sufficient mixture
components, GMMs can (with mild restrictions) approximate any source distribution. The use of diagonal
covariance matrices significantly reduces the number of parameters to be estimated (compared to full co-
variance matrices) and so increases efficiency of calculations. The log posterior probability of the GMM is
given by,

inp(el6) = n { A (. 2} 9)
j=1
The score-space contains the derivatives of the LLR. For a particular class, these are given by,
Vi, In (p(10)) = (@) [Z7 (2 - ;)]
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and j is the GMM mixture component. A GMM is specified for each class. The kernel normalisation term
is calculated using either equation (27) or the approximation given in (28).

Training the SVM with an inner-product GMM-based LLR kernel requires explicit mapping of training
examples into the score-space. This operation has a computational cost of O(nmd) multiply-accumulates,
where n is the number of training examples, m is the number of mixture-components per generative model
and d is the dimensionality of the data.

10



45 HMM-based LLR score-spaces

Although, with sufficient components, GMMs can model static data well, they are unable to model se-
quences of observations. For such data, Hidden Markov Models (HMMs) may be used. HMMs are finite
state machines that change state at every time ¢. Every time a state j is entered, an observation x; is emit-
ted according to the output probability density function associated with that state, p(x¢|s(t) = j, M). The
HMM state is not directly observable.

This report uses HMMs with GMM output probability density functions for each state. To limit the number
of model parameters, diagonal covariance matrices are used. The log posterior probability of the HMM is
given by,

¢ T
Inp(X|M) = ln{zn%t@_lp(wtwt,M)} (30)
¢ t=1
where a;; is the probability of transitioning from state ¢ to state j, ¢ = (¢1,- .., ¢r) is the current state

sequence, ® is the set of all state sequences, and p(x¢|¢:, M) = by, (x;) is the output probability function
for the state ¢y,

As for the GMM-based score-space, the HMM-based score-space contains the first derivatives of the LLR
with respect to the model parameters. These are given by (see appendix C for derivation) [39, 40],

Vi, Inp(X|M) Z%m ~ Mjm) (31)
Vs, Inp(X| M) Z ””” dnag[ Zim i@ = ) (@ = 1) S5 (32)

where,
ij(T) = p(¢7— = {Sjam}|XaM) (33)

5 Maximum margin training of generative kernels

For a given learning task, the performance of the classifier is affected by both its structure and the values
of its embedded parameters. If these are not well chosen, classification performance will be reduced. For
SVMs, performance is governed by: the kernel, the parameters of the kernel, and the SVM regularisation
parameter (C). The kernel is chosen either by prior knowledge or selected experimentally from a set of
proposed kernels (choosing the one that minimises the test error on a validation set). The regularisation
parameter, C, can also be selected experimentally. Alternatively, an automated technique, such as [6],
can be used. In this report, to allow classification of dynamic data, a generative kernel is assumed. For
simplicity, the regularisation parameter, C, is set empirically and assumed to be fixed.

5.1 Kernel parameter optimisation

This section considers the problem of choosing kernel parameters to optimise classification performance.
A standard parameter selection technique involves performing a search over the kernel parameter-space
to find parameters that minimise error on a validation set. Since an explicit search of parameter-space is
infeasible for generative kernels, parameters are usually learnt from the data using MLE [39, 40] or MMIE.
However, these training schemes do not guarantee an optimal kernel for the SVM classifier and score-space
being used.

For a given score-space and kernel, this report presents a method of determining the kernel parameters by
explicitly maximising the margin of separation. This amounts to maximum-margin (MM) training of the
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generative model. Unlike the simpler search of parameter-space, a validation set is not required. Nor does
it require time-consuming estimates of the generalisation error to be calculated (as required, for example,
in [12]). Instead, the soft-margin dual objective-function (12) is generalised to include kernel parameter
optimisation. Referring to the primal SVM in (6) and noting that minimising with respect to w is equivalent
to minimising with respecttow - @ = Y. | auy;x;-x = > | a;y: K (0, x4, x) (for the non-linear case),
allows us to conclude that this is identical to minimising with respect to 8. The dual objective-function
thus becomes,

maxmmW 0, ) Za, - = Zaz%yzyg 0,z x;) (34)

11]1

From this expression, it is clear that minimising the objective function, T, with respect to the kernel
parameters is equivalent to maximising the kernel. Using this approach, the kernel parameters may be
explicitly tuned to the score-space being used. Note that, for unnormalised generative kernels (G = I),
the system will attempt to attain an infinitely large margin by shifting the model parameters away from the
underlying data.

Although the Lagrange multipliers and kernel parameters can be optimised simultaneously, standard (and
efficient) SVM techniques rely on the convex structure of the conventional SVM objective function, and so
would be inapplicable. Instead, an iterative process is proposed: the kernel parameters and Lagrange mul-
tipliers (support vectors) are each updated whilst assuming the other fixed. The algorithm is given below:

1. Initialise parameters, 0 of generative model using MLE

2. Train SVM to locate initial support vectors, o)

3. Calculate initial value of objective function, W(© = W (8, o(©)

4. For each iteration k:
- 0™ = argming W (8; k1) (A)
- a® = argmax, W(a;0%") (B)

- Recalculate objective function, W = W (8% a(k))

Repeat until convergence: |[W®#) — w(*-1)| < ¢

Step (B) in the above process is the standard SVM optimisation. Step (A) is an unconstrained optimisation
that adjusts the kernel parameters, @, to minimise the objective function, W. No general closed-form
solution is available, so gradient descent optimisation may be used.

o+ — g(k) _ nVeW (0, o) |0(’“) e

where 7 is the gradient-descent step-size. Since the kernel is changing, it is not possible to guarantee that
the KKT conditions are still satisfied. This may result in W increasing after the support vectors have been
updated. Additionally, since the objective function may vary discontinuously with the support vectors,
the system can become unstable with respect to changes in @ since even small changes can result in large
changes in W.

This problem is illustrated on the left-hand side of figure 4. Here, both steps (A) and (B) independently
improve the objective function, but the combined effect is a non-monotonically changing function. Dis-
continuities mean that convergence is not guaranteed.

The optimisation may be stabilised through the use of a back-off algorithm. After each iteration, if W (%) >
W (k=1)  the system backs-off to its previous state (8" 1), a(¥=1)) and the step-size, 7, for the gradient
descent is reduced. This ensures that the objective function can never increase and thus ensures that W
will be lower than (or at worst, equal to) that for a SVM with constant kernel parameters. Performance
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Figure 4: Objective function for a LLR kernel; constant step-size (left) and with back-off

should therefore be improved. The disadvantage of this technique is that, whilst guaranteeing stability, the
system is biased against large changes in kernel parameters, increasing the likelihood of convergence to a
local minimum. The right-hand side of figure 4 shows the stabilised version.

In order to optimise the kernel parameters using gradient descent, the derivative of the objective function
with respect to the kernel parameters is required. This is given by the gradient of the kernel summed over
the current support vectors,

1 n n
VeW(a,0) = _EzzaiajyiijBK(e, T, T;) (36)

i=1 j=1

5.2 Kernel gradients

For the normalised inner-product kernel defined in section 4.3, the kernel gradient is given by,

T
VoK (8, @i, 2;) =[Voo(2:,0)| G (0)p(x;,0)+
$(@:,0)" VoG~ (0)| 6(;,0) + d(w:,0)7 G~ (6) [Vob(x;,0)] 37)
By symmetry, the first and last terms are identical over the summation in (36). The normalisation term, G,

can be calculated using either (27) or the approximation in (28).

Consider the example score-space given in (25). The differentials of the LLR-component of score-space
are contained within the score-space itself. The differentials of the first-order score-space components are
given by (see Appendix A for derivation),

V3, 6.0(x]0)
p(z|0)
This equation requires the generative model to be twice differentiable with respect to each of its parameters.

The second and third terms are components of the score-space and thus require no further calculation. For
the kernel parameter 8y, the gradient of the normalisation matrix is given by,

Vo, (Ve, lnp(a|0)) = ~ [Vo, np(al8)] [Vo, Inp(al®)] (38)

T
Vo6 = -G e{2(0(@.0) - ) (Vo2 0)) b 6! (39)
Since the training data is independent and identically distributed, the expectation value can be approximated
by a summation over the training data,

n

Ve (G =-G! [% > (6@ 0) — ) (Vord(as, e))T] G (40)

i=1
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5.3 Application to GMMs

An example generative model is a m-component GMM with diagonal covariance matrices,

m

p(@|0) = Y N (x; p;, Z) (41)

j=1
Using separate GMM s for each class, the LLR score-space (25) is defined by,

Inp(x|604) — In p(x|65)
¢(w7014703) = VOA lnp(w|9A) (42)
Ve, Inp(xz|0p)

where (for constant component priors), 84 = [pu), $4]T and 85 = [k, = ]T. Equation (42) may be
rewritten more explicitly as,

Inp(xz|04) — Inp(x|65)
Vi, Inp(z]0.4)
d(x,04,0p) = VEA Inp(x|04)
Vi, Inp(x|0p)
Vs, Inp(x|0B)

(43)

Since classes A and B are independent, the gradient of the score-space ¢(x, 8) with respect to the kernel
parameters is given by

Ve, l(x]04) —Veosl(z|05)
ViA,oAl(w|0A) 0
Vo, d(x,04) = V%:A,BAZ(“’WA) , Ve, d(x,08) = 0 (44)
0 Vi 05 Uz|05)
0 VEB,GB ($|GB)

where,
I(z,0) =Inp(xz|0)

The cross-derivatives, V , 4. and V_ , are zero since classes A and B are independent. Using the
general equation, (38), the within-class derlvatlves may be calculated using,

7 [Vo 15(@10)] [Vou(@10)] it #

where
ciN(x; i, X5)

e N (@5, 25)

v (®) = 1j(z]0) = In N'(z|6;)

and

Vi li(x|0) = =27

sk

V2, 5,1;(z/6) = Diag [ I uj)]
1 ) ) 3 L T
V3, 5,1 (x)0) = 5% 'mt - Dlag{dlag[(Ej N - ,uj)) (Ej =z - ,uj)) ] }
Derivations are given in appendix B.

14



5.4 Application to HMMs

To allow classification of dynamic data, HMMs can be used as the base distributions. A score-space may
then be created. For clarity of presentation, and without loss of generality, the discussion below will only
consider score-spaces that contain the log-likelihood ratio and the first derivatives with respect to the means
of the GMM output probability distributions,

Inp(x|04) —Inp(x|0p)
O(x,0) = Vi, Inp(z|64) (45)
Vi, Inp(z|0s)

As for GMMs, maximum margin training for HMMs requires the differential of the score-space with re-
spect to the model parameters. Consider the differential of the score-space with respect to the mean of the
nth mixture component of the kth state, p,,,. The differential of the log-likelihood ratio with respect to
.., IS trivial since it is contained within the score-space. The derivatives of the other components with
respect to p,,, are given by (see appendix C for derivation),

Vi Vi, Inp(X | M) ZZ( (¢ = {sj,m}, ¢ = {Sk,n}lX,M)—%-m(t)%n(f))

t=1 7=1
El;ri (12.,- - p’kn)(mt - N;m)TEg_ri

T
— Ojk 5mn Z Yim (t) E;yz (46)
t=1

By symmetry, the first term of equation (46) may be separated into off-diagonal and diagonal components,

T T
Vi, V5, p(XIM) =237 5™ (p(60 = {s5m}, 6 = {38, 1}1X, M) = 3y (0)10n(r)

t=1 7=t+1
El;; (:ET - “kn)(wt - “]m)TE]_nlv,

T
2 (im (O = %y () 231 (@0 = ) @ — 1) "2
t=1

— 8;k0mn Z Yim () S5k A (47)
t=1

where 4, is the Kronecker delta (6,5 = 1 if a = b, otherwise d,, = 0). The mixture component occupancy,
~vim (t), is given by,
ijN(th Him> 2]jm)
Vim(t) = v;(t)

’ et GmN (@4 1, Zom)

where -y, (t) is the state occupancy. This may be calculated using the Forward-Backward algorithm [22, 19],

(48)

_ _ _ a;(t)B;(?)
v (t) = p(s(t) = jI1 X, M) = PXM) (49)
where,
N-1
aj(t) =p(x,..., ¢ 8(t) = jIM) = [ Z a;(t — 1)%‘;’] bj(x) (50)
N—2
Bi(t) = p(xit1,- .., 27|8(t) = j, M) = Z ajibi(@i41)Bi(t +1) (51)
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Figure 5: Valid paths for calculating p(¢; = {s;,m}, ¢, = {sg,n}| X, M)

The probability of passing through both states {s;, m} and {s,n} (at times ¢ and 7 respectively), p(¢; =
{sj,m}, ¢, = {sk,n}| X, M) is significantly more complex to calculate. Given these constraints, figure
5 depicts the valid paths through the HMM. The probability of passing through states {s;, m} and {s,n}
at times ¢ and 7 is given by,

p(d1 = {85, m}d, = {56,m}1 X, M) = p(@, .., 21, 5(t) = j,m(t) = m|M)

p(wt-i-l; sy Ly S(T) = k? m(T) = n|3(t) = ja M)p(w‘r-i-la ) wT|S(T) = k'a M)
(52)

where the three probabilities correspond to the regions labelled A, C and B in figure 5. The first (region A)
and last (region B) terms are identical to the standard Forward-Backward terms, «;(t) and S (7). Equation
(52) may thus be written,

a; () Yjim OP@111, - - -, 27, 8(7) = Es(t) = J, M)Yin(7)Bk(7)

p(¢t = {sjam}7¢r = {Sk7n}|X’M) = p(XlM)

(83)

Using this expanded expression, the first term of equation (47) may be calculated using the following,
modified, Forward-Backward algorithm,

1. Initialise o5 (¢) and §;(t) for all times, ¢, and states j
2. Foreacht=1->1T

Foreachj =1— N
- Initialise v (¢) = 0 for all states, k
- Set;(t) = a;(t)
- Foreacht=t+1—->T (A)
* Forward step: calculate v, (7) for all states, &
* p(s(t) = J,s(1) = k| X, M) = 7 (7) Bi ()
- End
End

3. End

To avoid underflows, log-likelihoods may be used. The computational cost of this algorithm scales O(N2T?2)
where N is the number of states and T is the number of frames per utterance. Since the correlation between
distant frames is expect to be minimal, the second summation over T' (labelled A above) may be approxi-
mated by a summation from ¢ + 1 through to ¢ + ¢ where c is the number of frames before (by symmetry)
and after the current frame. Complexity then becomes N2¢T where ¢ < T.

16



5.5 Computational cost

As discussed in section 4.4, training the SVM with GMM- and HMM-based LLR kernels requires training
examples to be mapped into the generative score-space. For GMMs, the computational cost of this op-
eration is O(nmd) multiply-accumulates, where n is the number of training examples, m is the number
of mixture-components and d is the dimensionality of the data. HMMs have the additional cost of com-
puting the occupancy for each mixture of each state. Using the Forward-Backward algorithm, this may
be calculated in O(T N?m) time, where T is the number of frames per utterance and N is the number
of states per HMM. Thus, for HMMs, the computational cost of mapping input data to the score-space
is O(nTN?m?2d). However, the computational cost of generating the score-space may be significantly
reduced by only including selected derivatives (features). In this report, the most discriminative features
were chosen using Fisher ratios. These are features that maximise,

F =tr(W™'B) (54)

where W and B are the within- and between-class covariances of the component in the feature-space.

The first step of the MM parameter adjustment requires the gradient, Vg, to be calculated. From equation
(36), it is clear that, for GMMs, this calculation scales quadratically with the number of support vectors and
requires calculation of the kernel gradient. This requires derivatives of the score-space and normalisation
term to be calculated with respect to each of the kernel parameters. These have a cost of O(m?d?) and
O(m?d?n) respectively. Thus, the total cost of the gradient descent optimisation for each MM iteration is
O(m2d?(s®> + n)). Since, for many applications, the number of support vectors is significantly less than
the number of training examples, computation scales as O(m?2d?n).

For HMMs, the time-correlation element of the derivatives significantly increases the computational cost.
However, since the correlation between distance frames is expected to be negligible, the double summation
over T' may be approximated using a localised subset of frames. Alternatively, since preliminary experi-
ments indicate that the time correlation component of the derivative is negligible in comparison with other
terms, it may be ignored.

The second step of each MM iteration requires retraining the SVM — a time consuming operation. However,
since the changes in kernel parameters are small, the changes in Lagrange multipliers are also expected to
be small. Thus, if the SVM is initialised with the results of the previous iteration, the SVM is likely to be
close to optimality and so will require significantly fewer iterations to train.

Finally, it should be noted that the overall computational cost of training can be significantly reduced by
caching results (and partial results) from each stage of training. If caching is used, memory requirements
for the gradient descent scheme scale linearly with the number of training examples. Requirements for
SVM training scale quadratically with the number of training examples (to store the kernel matrix (14)).
This means that, for large data sets, memory requirements can become prohibitive. However, practical
SVM trainers, for example Svm'iont mitigate this problem by using chunking algorithms [30].

6 Experimental results

To evaluate the performance of maximum margin training of kernel parameters, two sets of experiments
were performed. The first was a binary classification task with ‘artificial’ data generated from known
sources. The second used a standard task, the Deterding data [7]. All SVMs were trained using a modified
version of SVM'"9" [30] configured with a linear kernel and C' = 1. All experiments in this section were
performed using score-spaces based upon GMM probability distributions.

6.1 Artificial data

Two-class artificial data was generated from a 3-component GMM. The training and test sets consisted
of 1,000 and 20,000 examples respectively, split equally between the two classes. The training set was
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restricted to 1,000 examples to limit the computational cost of training. The size of the test set was chosen
to allow accurate estimates of the generalisation error of trained classifiers. Given the true source distri-
bution, the Bayes decision rule yielded the optimal decision surface and gave the minimum generalisation
error as 9.3%. Since, for most practical problems, the source distribution is unknown, classifiers must be
constructed using approximate models. Our experiments simulate this by introducing a mismatch between
the true model (a 3-component GMM) and the classifier model (a 1- or 2-component GMM with diagonal
covariance matrices).

Classifier Components  Training (%) Test (%)
Minimum Bayes Error 3 9.3
GMM (MLE) 1 24.0 23.0
GMM (MLE) 2 10.0 9.6
GMM (MMIE) 1 12.1 11.3
GMM (MMIE) 2 11.2 111
SVM with linear kernel 10.8 10.8

Table 2: Baseline error rates for artificial data

Table 2 shows the performance of various standard classifiers on this task. For a 1-component system,
MLE yielded an error rate of 23.0%. Increasing the number of mixture-components increased the power of
the classifier and reduced the error significantly to 9.6%. The discriminative classifier (MMIE) performed
significantly better than MLE for the 1-component system, yielding an error of just 11.3%. However,
additional components had little effect on the error. A soft-margin SVM with a standard linear kernel gave
an error of 10.8%.

4 6

Figure 6: LLR (solid) and Bayes (dashed) decision boundaries before (left) and after (right) parameter
optimisation

As a simple example for MM training, a single Gaussian for each class was used as the kernel. The
Gaussians were first initialised by MLE and then trained using the MM algorithm with a score-space based
on the LLR. Figure 6 shows the change in the position of the kernel and the resultant decision boundary.
MM-training significantly altered the kernel position, moving the decision boundary closer to the Bayes
decision boundary.

A number of configurations of generative kernel and score-space were examined. Three different LLR
score-spaces were examined, LLR, LLR + V,, (LLR term plus derivatives of the LLR with respect to the
means of both classes A and B) and LLR + V,, + Vx (including derivatives with respect to covariances).
Initially, the normalisation term G was approximated by a diagonal matrix. For all score-spaces, MM
training was used to update the means and covariances; component priors were kept fixed at the ML-
estimates. Table 3 shows the error rates, objective function values and margin sizes. As required by the
MM training algorithm, the value of the objective function decreased for all score-spaces. However, the
change in margin was dependent on the score-space. For example, despite a significant drop in the value
of the objective function for the LLR score-space, the margin also fell. This occurred because, as shown in
figure 6, the MM algorithm shifted the distributions away from the underlying data, moving the decision
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Training (%) Test (%) Objective Margin

Kernel Initial Final Initial Final Initial Final Initial Final
1-Component

LLR 238 105 228 104 4771 265.8 1.24 0.70
LLR+V,, (diag) 10.7 104 108 104 269.8 263.4 0.94 0.99
LLR+V,, (block) 10.7 104 108 10.3 268.8 262.9 122 111

LLR+V,+V; (diag) 104 105 104 103 2636 2628 095 1.16
LLR+V,+Vy (block) 105 105 103 10.3 2630 2628 108 1.5

2-Component

LLR 102 93 102 93 2649 2340 049 0.70
LLR+V,, (diag) 93 92 95 94 2351 2276 087 0.9
LLR+V,, (block) 94 93 95 93 2350 2287 088 1.02
LLR+V ,+Vs; (diag) 93 90 96 97 2305 2249 077 068

LLR+V ,+Vx (block) 9.4 9.4 9.7 9.7 2303 226.6 0.76  0.75

Table 3: SVM error rates and performance of LLR kernels on artificial data

surface. This reduced the margin but significantly increased separability of the data resulting in a decrease
in test error from 22.8% to 10.4%.

Figure 7: Decision boundary (a) before and (b) after parameter optimisation; LLR+V ,, + V5 score-space

Increasing the complexity of the score-space reduced the initial values of both the objective function and
the test error. Accordingly, the scope for gains by the MM algorithm was significantly smaller. As shown
in figure 7, the powerful LLR+V ,+V 5 score-space initially positions the decision boundary close to the
Bayes decision boundary. Thus, although MM training significantly changes the kernel position, the change
in decision boundary, and hence change in test error, is negligible for this simple task. With the exception
of the LLR+V ,+V 5 score-space, the 2-component systems achieved training and test error rates equal to
the Bayes error after MM training. The 2-component LLR+V ,+V 5 score-space is too powerful for the
task, resulting in over-training. The MM algorithm decreased the test error for all score-spaces.

Computing the normalisation term using the block-diagonal representation of G yielded only minor im-
provements in test error. However, the additional whitening terms significantly reduced the number of
iterations required for convergence. For example, for the LLR + V,, score-space, the number of itera-
tions required halved, from 65 to 36. Compared to the diagonal approximation, margins were also slightly
higher. Increasing the complexity of the score-space and kernel reduced the test error.

Experiments were performed to determine the effect of the SVM regularisation parameter C' on MM-trained
classifiers; results are shown in table 4. Although performance was relatively unaffected by changes in C,
as C' decreased the number of iterations required for convergence increased significantly (34 iterations were
required for C = 10, whereas 1,084 were required for C' = 0.1).
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Training (%) Test (%) Objective Margin
C Initial Final Initial Final Initial Final Initial Final
1-Component
0.1 10.3 101 106 105 27.99 27.39 118 1.35
1 104 105 104 103 263.6 262.8 095 1.16
10 105 105 10.3 103 26152 26146 094 112
100 105 105 10.3 103 261320 26131.8 099 093

2-Component

0.1 9.3 9.0 9.5 9.7 24.25 22.24 150 161
1 9.3 9.0 9.6 9.7 230.5 224.9 0.77 0.68
10 9.0 9.2 9.6 100 22641 2137.6 051 037
100 9.3 9.2 9.6 10.0 22501.3 213515 019 017

Table 4: SVM error rates for LLR + V,, 4+ V5 score-space with varying C'

6.2 Deterding data

The Deterding dataset [7] consists of the steady-state portion of 11 vowels in British English, spoken in the
context of h*d. The recorded speech samples were low-pass filtered at 4.7KHz before being digitised at
10KHz with a 12-bit resolution. The steady-state portion of the vowel in each utterance was partitioned into
six 512 Hamming windowed segments. Linear predictive analysis was then performed; linear prediction
reflection coefficients were calculated and used to generate 10 log area parameters; these parameters were
recorded and constitute a 10-dimensional input space. The dataset is partitioned into a training set of 528
examples and a test set of 462 examples.

Since the MM training algorithm only trains decision boundaries between two classes, a higher level clas-
sification scheme was used. In this report a simple majority voting scheme was used. If two classes,
wq < wp, Were tied after voting, a casting vote was given to the classifier w,-vs-wy. If more classes were
tied, the tie was resolved using MLE GMMs.

Training (%0) Test (%)
Classifier Components Initial Final Initial  Final
GMM (MLE) 1 40.0 55.8
GMM (MLE) 2 27.7 45.2
SVM (LLR) 1 381 19 580 47.4
SVM (LLR) 2 26.3 0.8 485 388
SVM (LLR + Vpu) 1 10.6 1.0 46.3  48.1

Table 5: Error rates of LLR kernels on Deterding data

Baseline GMM classifiers were trained using MLE. Insufficient data resulted in over-training for all clas-
sifiers. Despite having more parameters than the GMM classifiers (which had tied covariances) and being
highly over-trained (with training errors < 2%), the LLR score-spaces yielded significantly better results.
The relatively simple LLR score-space with 2-components yielded an impressive error rate of just 38.8%.
State-of-the-art performance on this task, using a highly tuned system, is about 30% [40, 23]. Increasing
the complexity of the 1-component score-space did not decrease the error. This is due to both the limited
ability of the single component to model the data and severe overtraining.

7 Futureplans

Over the next two years, | plan to concentrate my work on two areas of research: MM training for HMMs
and Multiclass SVMs. Below is a detailed plan of how I intend to split my time.
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MM training for HMMs (3 months) Complete the implementation of the MM training algorithm for
HMM-based score-spaces (section 4.5). Initially, | will use binary subsets of the Isolet [13] data
set to test my code and to compare MM trained performance with that of ML and MMI trained
classifiers. In addition, I will perform basic multiclass tests on the Isolet E-set using pairwise clas-
sifiers and a majority voting scheme (using both positive and negative voting). Finally, | intend to
test performance using pruned (to leave two options) confusion networks from a Large Vocabulary
Continuous Speech Recognition (LVCSR) task. The task will be simplified by only training SVMs
for particularly confusable pairs of words. For all other words, the label will be chosen using the
posterior probabilities of each word.

ECOC implementation (2 months) Implement basic ECOC multi-class SVMs using the techniques de-
tailed by Dietterich [21] (section 3.3). The initial implementation will be written using the Perl
text processing language. Experiments will be performed to determine the effect of different out-
put codes on system performance. In particular, | will analyse the cost-vs-benefits of increasing the
code length. Additionally, | will analyse the performance variability induced by different code-class
assignments.

Experiments will be performed using the Isolet [13] E-set (additional experiments using all letters
of the alphabet will be performed if time permits) and unpruned (or partially pruned) confusion net-
works from a LVCSR system. Results will be compared against baseline 1-versus-1 (using positive
and negative voting) and 1-versus-all binary decomposition techniques (sections 3.2 and 3.1).

Multiclass MM training — all-in-one method (6 months) Formulate a multi-class version of maximum-
margin training using existing formulations of the all-in-one method. This will involve examining
previous all-in-one theories to determine the benefits and pitfalls of each formulation.

Since the new algorithm needs to scale to large numbers of classes and large data sets, efficiency is
of prime importance. To achieve this, | will analyse the performance of the algorithm and search for
approximations that will allow the system to scale. Of particular interest are methods of bootstrap-
ping the optimisation by solving smaller binary (for example, Hill et al. [27]) or multiclass problems.

Multiclass MM training — implementation (10 months) Using the theory derived previously, | will im-
plement a multiclass system based upon the all-in-one theory. Where possible, existing tools and
libraries will be used to maximise the time available for experimentation and adaptation of the frame-
work. Initially, I plan to test the framework using small scale test sets (such as the Iris data set). Next
I will test performance using the Isolet E-set. Finally, in order to confirm the scalability of the sys-
tem, | will work with unpruned (partially pruned) confusion networks from a LVCSR task.

Write-up and examination (3 months) Complete the formal write-up of a thesis for submission to the
Degree of Doctor of Philosophy.

8 Conclusions

A method of maximum margin training for generative kernels has been described. This explicitly tunes the
kernel parameters to the score-space and kernel used. Preliminary results demonstrate the effect of MM
training on GMM parameters and show significant reductions in error. The results on the Deterding data,
despite over-training, indicate the power of MM training and contradict Ayat’s findings that explicit max-
imisation of the margin does not improve generalisation error [3]. This difference may be due to the greater
complexity of LLR kernels compared to the kernels considered by Ayat. Although, to date, experiments
have only been performed using GMM-based LLR Kernels, future experiments will be performed using
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dynamic data (such as the Isolet [13] isolated letter task) using HMM-based score-spaces. The theory for
this work is contained in sections 4.5, 5.4 and appendix C.

Preliminary research on multiclass SVMs has also been conducted. This is contained in section 3. Detailed
plans for the future progress of this work are contained in section 7. In particular, it is expected that the
research will concentrate on examining alternative forms of the all-in-one SVM formulation. Unlike some
all-in-one theories, focus will be placed upon creating a practical theory that can be scaled to large systems
(substituting approximations for exact results where necessary).
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A Derivatives of the dual SVM objective function

The dual objective function is given by,

maxW 0, ) Zaz - %ZZa,aJyzy] (0,z;,x;) (55)

i=1 j=1

The gradient descent optimisation of kernel parameters requires the gradient of the dual objective function.
This is given by the derivative of the kernel summed over the support vectors,

1 n n
VoW (e, 0) = —3 D> iajyiy; VoK (0, mi, x;) (56)

i=1 j=1

where,

Vo, K(0,zi,z;) = [Vokdl(wi,@)}TG_l(b(wjae)
+ (@, 0)"[Ve,G | $(;,0)
+ ¢(2:,6)7G™" [Vo,b(;,0)] (57)
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The derivative of the score-space with respect to the parameter 6y, is given by,

Vo, [¢(z,0)]; = Vo, (vg, In p(a:|0))

=V (i Vortel®)
= s {10 (% 0) = (T (s

(mlw) (V3,.0,0l0)) - (m|0) (Vo,p(l8)) =) (Vour(zl0))
(a}|0) (vﬂ: 0P (m|0)) - (V"j 1np(m|0)) (V@,c 1np(:1:|0)) (58)

The derivative of the normalisation term G~ with respect to the parameter @y, is given by,
Vo, (671) = -G (Ve,G)G!

Since,
G = &{(6(2,0) — o) (#(2.0) o) '}

= E{dl(:c, 0)p(, a)T} - 5{¢(m,0)}5{¢(w,0)}T

The derivative of G is given by,
V0,6 = 26{ (6(2.0)) (Vo.0(2.6)) " }
T
- 25{4)(3:, 0)}5{ng¢(:c, 0)}

- 25{ (¢(,0)) (Vo (=, 0))T}

- zg{uq,, (Vakgb(w,H))T}
= 26{ (900,00~ 1) (To.002.0)) )

Therefore,

Ve, (G—l) = —2G—15{ (d)(.’z:, 9) — u¢) (Vom(m, 0))T}G_1 (59)

B Derivatives of the GMM LLR score-space

Since classes A and B are assumed to be independent, derivatives of the score-space with respect to pa-
rameters @ 4 and @ g are given by,

Ve, Inp(z(6)
V. 104 Inp(|6)
Vo,d(x,0) = | V5, 4, Inp(z|0) (60)
0
0
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and,

Vo, Inp(z|6)

0
Ve, b(x,0) = 0 (61)
ViB,eE In p(x|0)

Vs .0, Inp(z(6)

For each class,

Vi, = %(@) [T (@ - )] (62)
Vs, = w;m)diag [ -5+ (37 @ - ) (37 (@ - “a‘))T] (63)

The second-derivatives are given by,

[ Vo, 15(16)] [Vo, lx(2l8)] it # k

Vi, 0.1(x16) = W{vg?l,.(ww) + [1=] [Vo,i(10)] [vejlj<w|0>]T} ="k

where (Diag]-] transforms a d-dimensional vector into a d x d diagonal matrix),

V2 o li(x)0) = -2 !

HjsHj J

V2, 5,1;(z(0) = Diag [ -2 (- ,J,j)]

2 l 11 ; ; -1 —1g—1 T
szﬁzjlj(:c|0):§2j ¥, — Diagq diag (Ej (a:—uj)) <2j PIp (w—ﬂj))
and,

(@) = S N @y, 2),)
I;(@,8) = InA(x]6;)

Between-class derivatives, for example, Vg, ¢, In p(z|8), are zero.

C Derivativesof theHMM LLR score-space

Data that consists of a sequence of observations may be modelled using a Hidden Markov Model (HMM)
with a GMM output probability function. Let X = (@1, ..., ;) be the observed vectors (the utterance).
Given a model M, the log-likelihood of observing X is given by,

® T
np(X M) = 1 { 3 [T as parlén, M0} 649
¢ t=1
where ¢ = (¢1, ..., @) isthe hidden state sequence, ® is the set of all state sequences, a;; is the probability

of transitioning from state ¢ to state j, and p(x:|¢:, M) is the output probability function for state ¢;.
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Differentiating the log-likelihood with respect to one of the state output function parameters, 8 ;,,, yields,

d T
VOJm lnp(XlM ZVGjm{ Ha¢t¢t—1p(wt|¢t7M)}
¢ t=1
1 Ht 10¢rps— 1p(mt|¢t7 )v }
PXIM) ; { earae) R G
e T
_ p(X|p, M) Vo,-mp(wr|¢nM)} 65
%2{ PXIM) a6, M) )
For a GMM output probability distribution,
p(x(6;) Z cimN (@3 Bjms Xjm) (66)
Vau,,.p(@:|0;) = (wt, (t) = mls(t) = j, M)Zj0 (& — pjm) (67)
= =1 T
szmp(w|0j) — p(mt,m(t) ?'3(75) J’M)dlag [ _ E]—l + (2]—1(:1: _ “])) <2J—1(w _ ll’g)) :|
(68)
C.1 Differentiating with respect to the mean
From (65),
2 T (X |p M) Vi, p(wrwﬁM)}
1 ) im
Vi, Inp(X|M) = %;{ X|M oz oo )
Since V., p(zr|pr, M) =0 Vs # j, let &' be the set of paths such that s(7) = j,
¥ T X|¢I ;L p((l?.,-|3(7') :j,M)
" S0 o) <)
[ o p(X |9, M) | plas, m(r) = mls(r) = §, M) (,_,
- DT OT) e A (e — sy
T —
= S T R Pm(e) = i) = e M @ — )
T
=Y " p(s(r) = jIX, M) p(m(7) = m|s(r) = j, @, M)Z; (@7 = Bjrm)
7=1
T
=Y p(m(r) =m,s(1) = j|X, M)S; ) (€r = pjm)
7=1
T
= Yim(N) (@ = ) (69)
T=1
where,
Vim(T) = p(m(7) = m, s(1) = j| X, M)
= p(¢7’ = {Sja m}|X, M) (70)
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C.2 Differentiating with respect to the covariance matrix

Using a derivation similar to that for the differential with respect to the mean, the derivative of the log-
likelihood with respect to the diagonal covariance matrix is given by,

Vs, Inp(X|M) Z 7]” d.ag[ =+ (2;1(95 - p,j)) (zj—l(w - uj))T] (71)

C.3 2nd differential with respect to the mean

From (69) and (70),
v”’j lnp XlM Zry]m l‘l’]m) (72)
’ij( ) = ( T = {Sjam}lxw/\/l (73)

Taking the second differential of this expression with respect to the mean gives,

T

View, Vi PXIM) = 3 Vi, [rom ()@ = 1) 250
T T
= (Z(V%ﬂjm(t))(wt - l‘jm)TEj_nlz> - (5jk5m” Zyjm(t)2;$> )
=1 t=1

where d,; is the Kronecker delta and is equal to 1 if a = b or 0 otherwise. First consider the term,

V[-L;m’yjm = [.L,m |: (¢t = {Sjvm}lX M):|

[p(X,qﬁt = {Sj,m}lM)]
p(X|M)

Vi, p(X, ¢ = {55, m}| M)

= v""kn

_ 1
" pXM)
- SR B = sy mHM)V s, P(X M)
1
= mvyk"p(xad)t = {sj,m}|M)
~ (6 = {53, m} [ X, M)V, 0 p(X | M)
T
= T P b= (b = (s nHAMB @ — )
= Yim (1) Z ’Ykn(T)El;i (Tr — M)
T

= Zp(¢t = {Sj’m}5¢‘l' = {8};,,”}|X,M)2];7}(.’1:7— - Illkn)

T=1

— Yim () D Ven(T) Sir (T — P (75)
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Substituting (75) into (74) yields,

Vien Vi, Inp(X|IM) = Z Zp ¢ = {sj,m}, ¢r = {5k, nH X, M)Z . (@7 — ) (@0 — pj) " S50

t=17=1
T T
= 3 > im )k (1) i (@5 = p1y) (@ — 1270) S
t=1 77=1
T
- jk(smn Z Yim (t)E_T (76)
t=1
C.4 2nd differential with respect to the covariance matrix
From (71) and (70),
Vs, Inp(X|M) = Z 71’" dlag[ 2+ - ) (= -y St (77
(78)

7J'm( ) = (¢‘r = {Sjvm}lX’M

Taking the second differential of this expression with respect to the diagonal covariance matrix yields,

T
V5. Vs, Inp(X|M) = Zv ,m{”m )dlag[ zj1+2j1(m—uj)(m—uj)sz1] } (79)
T

T
1 _ _ _
=3 Z (VEkn'YJm )dlag[ % L+ % N — pji)(x — Nj)TEj 1]
1 T
+3 Z d.ag[ PR P S e e G uj)sz—l] (80)
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Considering the term,

Ve m = Vi, [p(qﬁt _ {sj,m}|X,M)]

A
= mv%mx,@ = {s;,m}|M)
— P 1 = M M) Vs, (X IM)
- mvzmx,@ = {s;,m}|M)
— p(¢ = {3j,m}| X, M)V, Inp(X|M)
= m ip(x, ¢ = {sj,m}, ¢, = {sx,n}| M)diag [ B T R [ € ukn)Tzki]

T
im t . — — -
_ 'VJT() > Yin(7)diag [ -2 2 — ) (2 — “kn)TEkT}]
7=1

T

= & 3 p(60 = {55,m}, 6, = {sx,n} X, M)diag [ = B + iy (@ — ) (@7 — ukn)”xzﬁ]

=1

T

im t H - - k

— Jgmi) 2( ) ) " Yk (7)diag [ — T + T (@7 — py) (@7 — u;m)TEki]
T7=1

T

= %Z [p(dn = {sj,m}, ¢, = {sk,n} X, M) — yjm(t)m(f)]

T=1
diag [ = S+ S (@ — pgn) (T — ukn)TEknl]

(81)

Substituting (75) into (74) yields,

T

V)]kn ngm 1np(X|./\/l) = i Z |:p(¢t = {Sjam}a ¢‘r = {Skan}|X7M) - ij(t)lykn(T)]

T=1
T

diag [ = i+ Dy (@7 — ) (27 — ukn)TEk,}] diag [ = B + D (@7 — ) (@7 — Bn) " B

T
1 . . e e _
+3 > jm (r)Diag (dlag [zj -2t (e - ) (2 — )T S 1]) (82)
T=1

(83)
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