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ABSTRACT
There has been significant interest in developing alternatives to
hidden Markov models (HMMs) for speech recognition. In par-
ticular, interest has been focused upon models that allow addi-
tional dependencies to be incorporated. One such model is the
Augmented Statistical Model. Here a local exponential approx-
imation, based upon derivatives of a base distribution, is made
about some distribution of the base model. Augmented statistical
models can be trained using a maximum margin criterion, which
may be implemented using an SVM with a generative kernel. Cal-
culating derivatives of the base distribution, in particular higher-
order derivatives, to form the generative kernel requires complex
dynamic programming algorithms. In this paper a new form of ra-
tional kernel, a continuous rational kernel is proposed. This allows
elements of the generative kernel, including those based on higher-
order derivatives, to be computed using standard forms of trans-
ducer within a rational kernel framework. In addition, the deriva-
tives are shown to be a principled method of defining marginalised
kernels. Continuous rational kernels are evaluated using a large
vocabulary continuous speech recognition (LVCSR) task.

1. INTRODUCTION

Many classification algorithms operate on only fixed-length vec-
tors. However, applications such as text processing, computational
biology and speech processing require classification of variable-
length sequences of vectors. For such data, it is usual to esti-
mate class-conditional generative models, such as Gaussian mix-
ture models (GMMs) and hidden Markov models (HMMs), and
then to use Bayes’ rule to calculate the posterior probability of the
class labels. For example, in speech recognition, HMMs are used
to map sequences of observations, O = {o1, . . . , oT }, into a one-
dimensional likelihood space,

p̂(O; λ) =
X

θ∈Θ

T
Y

t=1

aθtθt−1p(ot|θt; λ) (1)

where aij and p(ot|θt; λ) are the state transition probabilities and
state-output distributions respectively; θ is a state sequence from
the set of all possible sequences, Θ. Unfortunately, the indepen-
dence and conditional-independence assumptions associated with
HMMs are not correct for the speech signal, and so may degrade
recognition performance.

In [1, 2], Augmented Statistical Models are proposed as a prin-
cipled method of adding higher-order dependencies to a base sta-
tistical model. First, a base statistical model, p̂(O; λ), is defined;
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this is typically a GMM or HMM. The parameters of this base
model, λ, are normally estimated using maximum likelihood esti-
mation (MLE). Next, an augmented statistical model is generated
using a local exponential approximation to the base distribution,

p(O; λ, α) =
1

τ (λ,α)
p̂(O; λ) exp

h

α
T∇

(ρ)
λ ln p̂(O; λ)

i

(2)

where ∇
(ρ)
λ ln p̂(O; λ) represents all derivatives up to an order

ρ. When latent-variable base models are used, the augmented
model breaks the conditional independence assumptions of the
base model [2]; independence assumptions remain unchanged. Un-
fortunately the augmented parameters, α, cannot be estimated eas-
ily using MLE since the normalisation term, τ (λ,α), cannot usu-
ally be calculated. However, by only considering binary classifi-
cation tasks, estimation of α can be reduced to finding a linear
decision boundary in a generative score-space [3, 1] (an extension
of the Fisher score-space [4]), formed from the log-likelihood ratio
of the two base distributions and ∇

(ρ)
λ ln p̂(O; λ) for each class.

Support vector machines (SVMs) – an implementation of maxi-
mum margin estimation – are commonly used to find this deci-
sion boundary since they offer good generalisation performance in
high-dimensional score-spaces. However, calculating higher-order
derivatives of models such as HMMs normally requires complex
dynamic programming algorithms, tuned to specific derivatives.

Recently, Cortes et al. [5, 6] introduced a family of kernels,
based upon weighted finite-state transducers, known as Rational
Kernels. These operate by mapping variable-length sequences of
discrete symbols into a fixed-dimensional feature-space in which
‘distances’ may be computed. String kernels have been shown to
be a special case of rational kernels [5]. However, unlike string
kernels (which require dynamic programming algorithms), ratio-
nal kernel calculations use efficient weighted transducer composi-
tion. This enables them to operate on weighted lattices of obser-
vations (in addition to linear sequences) allowing effective clas-
sification when observation labels are uncertain. Rational ker-
nels have been used in the construction of speech recognition sys-
tems [5, 7, 8]. In these systems, HMMs map continuous observa-
tions into a one-dimensional log-likelihood-space – the output of
each HMM – and a label identifying the HMM. These labels and
scores are passed to the recogniser. Rational kernels, trained upon
the recogniser output, are then used to disambiguate sequences of
words [5]. Unfortunately, unlike generative kernels, this technique
discards all acoustic and HMM state-space information after the
initial stage of recognition.

Previous work has examined the relationships between Fisher
kernels, finite-state automata and string kernels. In Saunders et
al. [9] the links between string kernels and Fisher kernels were dis-
cussed. Saunders showed that if generative models, parametrised
by the probabilities of contiguous word sequences, are trained on



text documents, string kernels on those documents are equivalent
to the Fisher derivatives of the generative model of the document.

In this paper, a form of continuous rational kernel is proposed.
Here, rational kernels are used as a framework for calculating gen-
erative kernels with various-order derivatives. This allows con-
tinuous data to be directly used within the rational kernel frame-
work. In contrast to the standard approach of calculating gener-
ative score-spaces explicitly (using dynamic programming algo-
rithms that vary with each derivative), continuous rational kernels
use standard transducer operations – different derivatives are cal-
culated using the same algorithms with different finite-state trans-
ducers.

2. FINITE-STATE TRANSDUCERS AND RATIONAL
KERNELS

In this section weighted finite-state transducers and acceptors are
introduced. These consist of a set of states labelled from 1 to N .
All paths start from state one1 and terminate in an end-state (de-
noted by a double circle). Transitions between states are repre-
sented by directed arcs labelled in the form δ :γ, where δ ∈ Σ and
γ ∈ ∆ are the input and output symbols. Σ and ∆ are input and
output alphabets. Either δ and γ can be the null symbol, ε. These
represent transitions that either do not absorb symbols (null input,
δ = ε) or do not emit symbols (null output, γ = ε). In this paper,
input and output alphabets are assumed to be identical, Σ = ∆.
Arcs labelled with ∆:∆ or ∆: ε denote the set of transitions δ : δ
and δ :ε, for all δ ∈ ∆.

In addition to input and output symbols, transitions between
states are assigned a weight, w. Valid values for this weight and
the operations used to propagate it through lattices are determined
by the semiring, (K,⊕,⊗, 0̄, 1̄) [10]. The set of weights, w ∈ K,
is closed under the operations of addition, ⊕, and multiplication,
⊗. The zero and identity elements are denoted by 0̄ and 1̄ respec-
tively. Some standard semirings are the Real, Log and Tropical
semirings. For transducers, weights in the real semiring represent
probabilities: they are multiplied along paths and summed when
paths merge. The log semiring is an isomorphism of the real semi-
ring and is used to avoid numerical accuracy problems when long
sequences are considered. When large transducers are considered,
the Viterbi semiring is often used. This is similar to the log semi-
ring except that when paths merge, only the most likely path is
propagated. Unless explicitly stated (using /w notation), weights
are assumed to be identically 1̄. For clarity, all transducers in this
paper are defined in the real semiring.

The advantage of representing sequences and operations as
transducers is that they can be transformed using a number of stan-
dard algorithms. Given two transducers, U1 and U2, efficient al-
gorithms exist for the operations: inversion, U−1

1 ; composition,
U1 ◦ U2 [7]; and shortest-distance/transducer weight, [[U1]] [10].
These operations allow efficient rational kernels to be defined.

Rational kernels [5] are an attractive method of mapping discrete-
symbol sequences and lattices to a high-dimensional feature-space
since all calculations are performed using standardised transducer
operations. Consider two sequences, Oa and Ob, with observa-
tions chosen from a discrete alphabet ∆. One simple feature-
space is defined as the space where each dimension represents the
frequency of a particular symbol (similar to a Bag-of-Words ker-

1Since state numbering is arbitrary, the states of a transducer with start-
ing state s 6= 1 can be simply renumbered so that the s = 1.

nel [11]). This is known as the unigram feature-space. In vector
notation this is written as,

φ(O) =

2

6

4

f(a|O)
f(b|O)

...

3

7

5
(3)

where f(δ|O) represents the number of occurrences of δ in O.
A similarity measure between examples in this feature-space is
normally given by the dot-product. This is known as a unigram
kernel,

K(Oa, Ob) = φ(Oa)T
φ(Ob) =

X

δ∈∆

f(δ|Oa)f(δ|Ob) (4)

Both the unigram feature-space and kernel can be efficiently cal-
culated within the finite-state transducer framework. First, accep-
tors, Ai, are constructed to represent the observation sequences
Oi. Composing these acceptors with the unigram transducer, U ,

U = :∆ ∆

∆:ε ∆:ε

21

transforms the linear sequences of observations into lattices, Ai ◦
U . Each lattice contains Ti distinct paths of length Ti (where Ti

is the length of an observation sequence Oi). All output symbols
in the t-th, t ∈ [1, Ti], path are null except for the transition asso-
ciated with ot which has an output label ot ∈ ∆. The number of
paths with a particular output label, δ ∈ ∆, is equal to the number
of occurrences of δ in the sequence. Each path has a unit weight,
and so the total weight of these paths is f(δ|x) – the unigram
count. The unigram rational kernel is given by the dot-product
in this feature-space, and is written as [5],

K(Oa, Ob) = [[(Aa ◦ U) ◦ (Ab ◦ U)−1]]

= [[Aa ◦ U ◦ U−1 ◦ Ab]] (5)

Inversion of the second operand transposes the input and output
symbols. The outputs of the first operand therefore join with the
inputs of the second, matching feature-space dimensions.

Unfortunately the unigram kernel is not invariant to sequence
lengths: longer sequences have more observations and therefore
higher counts associated with each dimension. Sequence-length
normalisation is therefore preferable; the length-normalised uni-
gram kernel is given by,

K(Oa, Ob) =
1

TaTb
[[Aa ◦ U ◦ U−1◦ Ab]] (6)

In addition to basic sequences of observations, rational kernels can
operate on lattices (represented by weighted acceptors). When la-
belling of observations is uncertain, the use of lattices allows all2

possible sequences of labels to be represented. Each path in the
lattice represents a single hypothesised label sequence and is as-
signed a weight according to its likelihood. When the kernel is
calculated, all information in the lattice is utilised, potentially im-
proving classification performance. The rational kernel for lattices
is identical to that for linear sequences and so can be calculated
using only standard transducer operations.

2To reduce memory and CPU requirements, lattices are often pruned to
remove highly unlikely paths.



3. CONTINUOUS RATIONAL KERNELS

As discussed in the previous section, finite-state automata offer
a desirable framework for defining kernels on variable-length se-
quences of discrete data. Unfortunately, many tasks require clas-
sification of sequences of continuous observations. A method of
mapping variable-length sequences to a fixed-dimensional feature-
space is required. For example, in speech recognition generative
models are used to map observation sequences, O = {o1, . . . , oT },
into a one-dimensional likelihood score-space; HMMs are com-
monly used. Unfortunately, this one-dimensional representation
of the observations severely limits the information available to the
classifier. In [4], Jaakkola and Haussler introduced a score-space
that captures differences in the generative process between exam-
ples instead of differences in likelihood. This score-space is based
upon the derivative-space of the generative model and is known as
the Fisher score-space.

The Fisher score-space was subsequently generalised to class-
conditional generative models [3]. Here examples belonging to
classes ω1 and ω2, are mapped into a score-space consisting of the
log-likelihood ratio and the first- and higher-order derivatives of
the generative models with respect to their parameters, λ(1) and
λ(2). These generative score-spaces can be used to train param-
eters of augmented models (equation 2) for binary classification
tasks [2]. Bayes’ rule for this binary case may be expressed as,

h

1, α(1)T , α(2)T
iT

φ
gen(O; λ) + b

ω1
>
<
ω2

0 (7)

where the ρ-order generative score-space is given by,

φ
gen(O; λ) =

2

4

φllr(O; λ)

φd(O; λ(1))

−φd(O; λ(2))

3

5 =

2

6

4

ln p̂(O; λ(1)) − ln p̂(O; λ(2))

∇
(ρ)

λ(1) ln p̂(O; λ(1))

−∇
(ρ)

λ(2) ln p̂(O; λ(2))

3

7

5

and λ = [λ(1)T

λ(2)T

]T . The bias, b, subsumes the class priors
and normalisation terms. A linear decision boundary in the gener-
ative score-space yields the augmented model parameters α. Since
a distance-based learner (an SVM) will be used, a kernel must be
defined. The generative kernel is defined as the inner-product in
the generative score-space3,

Kgen(Oa, Ob; λ) = φ
gen(Oa; λ)T

G
−1(λ)φgen(Ob; λ) (8)

where G(λ) = E [φgen(O; λ)φgen(O; λ)T ]. The normalisation
term, G, ensures that the kernel is independent of the parametri-
sation of the generative models. However, for computational sim-
plicity, it is traditional to approximate it by the identity matrix. The
generative kernel can thus be written as,

Kgen(Oa, Ob; λ) = Kllr(Oa, Ob; λ) + Kd(Oa, Ob; λ
(1))

+ Kd(Oa, Ob; λ
(2)) (9)

where Kllr(·) and Kd(·) are dot-products in the feature-spaces
φllr and φd respectively. Unfortunately, although derivatives of
the acoustic model (in φd) can be calculated using dynamic pro-
gramming algorithms, the complexity of these algorithms increases
significantly for higher-order derivatives.

3The generative kernel satisfies Mercer’s condition since inner-product
kernels are always positive semi-definite.

In this section, continuous rational kernels are proposed as a
powerful method of calculating both the first- and higher-order
derivatives of acoustic models. First, class-conditional generative
models are trained using maximum likelihood estimation (MLE)
on the data. These model spatial and (for HMMs) temporal depen-
dencies within observation sequences. Observation sequences are
passed through these acoustic models and the sequences of latent-
states and likelihoods recorded; these are compactly represented
by a weighted acceptor, L. Each transition in the acceptor is la-
belled with a latent-state (components for GMMs; state/component
pairs for HMMs) and a weight. The total weight of all paths
through the acceptor, [[L]], is one. Since the weighted accep-
tors have discrete labels, rational kernels can be trained. We call
them continuous rational kernels. The feature-space is defined
by a transducer operating on the latent-state acceptor, L. In this
paper, n-gram and gappy-n-gram transducers will be described.
These allow many different state-posterior probabilities to be cal-
culated and, with appropriate weighting, allow first and higher-
order derivatives of the acoustic models with respect to their pa-
rameters to be calculated within the continuous rational kernel
framework. Unlike direct calculation of generative kernels, cus-
tom dynamic programming algorithms are not required.

To simplify the process, subsets of the acoustic model deriva-
tives are considered. As shown in equation (9), these subsets can
be combined to calculate the final generative kernel.

3.1. Component and transition probability kernels

First consider the derivatives of the log-likelihood of an M -comp-
onent GMM base acoustic model (with parameters λ) with respect
to its component priors, cm,

φ
c(O; λ) = ∇cm ln p̂(O; λ) =

T
X

t=1

»

P (m|ot; λ)

cm
− 1

–

(10)

It is interesting to compare this component-prior score-space with
the unigram feature-space described in section 2. This feature-
space is obtained by composing the lattice of latent-states, L, with
the unigram transducer, U . Each feature in the resulting space is
given by the posterior probability of obtaining a particular state.
The unigram feature-space is thus given by,

φ
uni(O; λ) = L ◦ U =

T
X

t=1

2

6

4

P (mt = 1|O; λ)
P (mt = 2|O; λ)

· · ·
P (mt = M |O; λ)

3

7

5
(11)

From (10) and (11), it is clear that the derivative score-space is
simply a scaled version of the unigram feature-space (the addi-
tional constant in equation (10) can be ignored since it does not
affect classification). A scaled unigram transducer, U/c, that gen-
erates this component-prior derivative-space for an N -state, M -
component HMM is,

U/c =

∆:ε ∆:ε

2

{1,1}:{1,1}/(1/c )11

{N,M}:{N,M}/(1/c  )NM

1

The corresponding component-prior continuous rational kernel (af-
ter length-normalisation) is given by,

Kc(Oa, Ob; λ) =
1

TaTb
[[La◦ U/c◦ U/c−1

◦Lb]] (12)



In equation (12), the component-prior kernel is expressed entirely
in terms of transducer operations. Since standard algorithms are
available for these, the problem is reduced to the task of selecting
appropriate transducers. In addition, using this framework, more
complex derivatives can be calculated, for example, the derivatives
of an HMM with respect to its component priors,

φ
c(O; λ) = ∇cjm

ln p̂(O; λ) (13)

=
1

cjm

T
X

t=1

P (θt ={j, m}|O; λ) −
T

X

t=1

P (θt =sj |O; λ)

The first term of this expression is identical to that of the GMM
derivative. Therefore the scaled unigram transducer, U/c, defined
above (using an alphabet of state/component pairs) can be reused.
Expanding the second term, P (θt = sj |O; λ) =

PM
m=1 P (θt =

{j, m}|O; λ), yields a summation of the component posteriors
over the components in each state. Given the unigram feature-
space, a transducer, S, can be defined to perform this summa-
tion. An example of S for a three-state HMM with two mixture-
components is,

S =

{3,1}: ε

ε{3,2}:

1 3

2

4

5

:{2,2}

:{2,1}

ε

ε

:{3,1}

:{3,2}

ε

ε

:{1,2}

:{1,1}

ε

ε

{1,2}:

{1,1}:

ε

ε

{2,1}:

{2,2}:

ε

ε

The state posterior, P (θt = sj |O; λ), is therefore the composi-
tion of the two transducers: U ◦ S. The resulting component-prior
kernel for an HMM is given by,

Kc(Oa, Ob; λ) =
1

TaTb

“

[[La◦U/c◦U/c−1

◦Lb]] (14)

− 2[[La◦U/c◦S−1◦U−1◦Lb]]

+ [[La◦U ◦S ◦ S−1◦U−1◦Lb]]
”

This kernel uses exactly the same framework and calculations as
the component-prior kernel for GMMs. The only change required
is the addition of a new transducer, S. In addition to the component-
prior derivatives, derivatives with respect to the HMM transition
probabilities can also be calculated. These are given by,

∇aij
ln p̂(O; λ) =

1

aij

T
X

t=1

P (θt = si, θt+1 = sj |O; λ) (15)

−
T

X

t=1

P (θt = sj |O; λ)

The first term can be calculated using a modified form of the bi-
gram feature-space, calculated using the transducer, B/a. An ex-
ample of B/a for a two-state HMM is,

B/a =

s1:ε

s2:ε

x:s1

x:s2

x:s1

x:2

11

12

22

21

11

/(1/a )

/(1/a )

/(1/a )

/(1/a )

12

21

22s

∆ ε:

1

ε∆:

3

a

a

11

12

where input labels si represent the set of all transitions with a state

i. Dimensions in the feature-space are indexed by pairs of con-
secutive states, {i, j}, and labelled xij . The continuous rational
kernel for the transition probability score-space can therefore be
calculated using an expression similar to (14).

In this section, continuous rational kernels have been proposed
as an attractive method for calculating derivatives of latent-variable
generative models for use in generative kernels. However, these
derivatives also provide a principled method of defining marginalised
kernels [12]. In particular, GMM derivatives with respect to mixture-
component priors correspond to the first-order marginalised count
kernel; derivatives with respect to HMM transition probabilities
correspond to second-order marginalised count kernels.

3.2. Fisher and generative score-spaces

In the previous section, the use of modified unigram and bigram
transducers for the calculation of derivatives of the base acoustic
model with respect to the component priors and transition proba-
bilities was discussed. However, score-spaces can also be defined
using the derivatives with respect to the component means, µjm,
and covariances4 , Σjm. Consider the score-space of derivatives
with respect to the means [3],

∇µjm
ln p̂(O; λ) =

T
X

t=1

P (θt = {j, m}|O; λ)

Σ
−1
jm(ot − µjm)

(16)

Although, given an acceptor of state-sequences, unigram transduc-
ers generate state/component posteriors, they cannot weight them
by the observations. This is because observations are vector quan-
tities whereas transducer weights are scalar. To overcome this a
new semiring, the vector semiring, is introduced that allows weight
vectors to be associated with transducer transitions. It is defined as
(Rd+

, +,⊗vec, [0]
d, [1]d) where [x]d represents a vector of length

d with elements equal to x. Both addition and multiplication are

Semi-ring K ⊕ ⊗ 0̄ 1̄

Vector R
d+

+ ⊗vec {0}d {1}d

Table 1. The Vector semiring

performed on a per-dimension basis; multiplication is defined as,
x ⊗vec y = {x1y1, x2y2, . . . , xdyd}.

The second problem with weighting posteriors by observa-
tions is that observations are time-dependent, whereas unigram
transducer weights are constant. The solution is to expand the
self-transitions in the unigram transducer to yield time-dependent
transducer paths. These can then be weighted by a function of the
t-th observation, Σ

−1
jm(ot − µjm). The expanded unigram trans-

ducer with vector weights is given by,

F =
:∆ ε

:∆ ε

:∆ ε

:∆ ε:∆ ε

∆∆: -1(o3
-/Σ µ∆)∆

:∆ ε

∆∆: -1(o1
-/Σ µ∆)∆

∆∆: -1(o2
-/Σ µ∆)∆1

2

3

4

f

4Covariance derivatives have a similar functional form to derivatives
with respect to the mean and so, for brevity, are not presented.



This is known as the Fisher transducer. The Fisher kernel with
acoustic model derivatives with respect to the means is given by,

K(Oa, Ob; λ) =
1

TaTb
[[La◦F ◦F−1◦Lb]] (17)

Covariance derivatives are obtained simply by setting the path weights
of the Fisher transducer to − 1

2
[Σ−1

jm + Σ
−1
jm(ot − µjm)(ot −

µjm)T
Σ

−1
jm].

3.3. Second and higher-order derivatives

Previous sections have concentrated on the use of continuous ra-
tional kernels for the calculation of the first-derivatives of GMM
and HMM acoustic models with respect to their parameters. How-
ever additional information, that may be useful for classification, is
contained within the higher-order derivatives of the acoustic mod-
els. When these higher-order derivatives are considered, rational
kernels offer significant benefits over their dynamic programming
counterparts. Consider, for example, the second derivatives of an
HMM with respect to its component priors,

∇ckn
∇T

cjm
ln p̂(O; λ) =

1

cjmckn

T
X

t=1



− 2P (θjm
t |O; λ)δjkδmn

+
T

X

τ=1

„

D(θjm
t , θkn

τ ) − cjmD(θj
t , θ

kn
τ )

− cknD(θjm
t , θk

τ ) + cjmcknD(θj
t , θ

k
τ )

«ff

(18)

where

D(θjm
t , θkn

τ ) = P (θjm
t , θkn

τ |O; λ)− (19)

P (θjm
t |O; λ)P (θkn

τ |O; λ)

and θjm
t and θj

t denote θt = {j, m} and st = j respectively. Dy-
namic programming algorithms for calculating the joint posterior
of being in state {j, m} at time t and state {k, n} at time τ are
highly complex. This makes direct calculation of second deriva-
tives difficult. However, when calculated within the continuous
rational kernel framework, standard algorithms are reused with
new transducers. In particular, the transducer for calculating the
joint probability, P (θjm

t , θkn
τ |O; λ), is given by the gappy bigram

transducer, G. This generates the feature-space, φgbi
jm,kn(O; λ),

G = ∆ ∆:

∆ ε:

∆ ∆:

∆ ε:∆ ε:

1 32

φgbi
jm,kn(O; λ) =

T
X

t=1

T
X

τ=1

P (θt = {j, m},

θτ = {k, n}|O; λ)

(20)

Scaling this transducer by 1/cjmckn (similarly to the unigram and
bigram transducers) yields a transducer that calculates the first
term in equation (19). All other terms can be generated using
combinations of the unigram (U ), gappy-bigram (G), and sum-
mation (S) transducers. For example, the term, P (θjm

t |O; λ) ×
P (θkn

τ |O; λ), is given by the product of two unigram feature-
spaces, (La ◦ U) ⊗ (Lb ◦ U), where ⊗ denotes transducer con-
catenation. The second-order component-prior kernel can thus be
written as a sum of the kernels of the parts; for brevity it is omit-
ted. In addition to second derivatives with respect to the compo-
nent priors, second derivatives with respect to other parameters

can be calculated. These derivatives take a similar form to equa-
tion (18) and may be calculated using the transducers introduced
in this section. Higher-order derivatives are calculated using other
n-gram transducers, for example, the gappy-trigram transducer for
third-derivatives.

4. LVCSR RESULTS

Generative kernels (calculated using either the continuous ratio-
nal kernel framework or dynamic programming) are a powerful
form of acoustic model. Unfortunately, the distance-learning algo-
rithms, in particular SVMs, used to train these models are binary
classifiers whereas large vocabulary continuous speech recogni-
tion (LVCSR) has a vast number of possible classes. In order to
apply continuous rational kernels to LVCSR, it is necessary to map
this highly complex problem into a small set of binary classifica-
tion problems; an approach related to that described in [13] is used.
Given an utterance, the standard LVCSR Viterbi decoder is used to
generate a word lattice. This represents the most likely word se-
quences for that utterance. The arcs are labelled with words and
the language and acoustic model likelihood; nodes are labelled
with time-stamps. Next, word lattices are converted to confusion
networks [14]. These consist of a series of nodes with a linear
graph. Each arc is labelled with a word, start and end times and
a log-posterior, F(ωi). Finally the confusion networks are pruned
so that at each time instance, only two words remain. Acoustic
models and continuous rational kernels are then trained on these
word pairs.

The database used for the LVCSR experiments was a 400 hour
subset of the Fisher LDC data. This is the fsh2004sub data
set used for initial system development of the system described
in [15]. The model set used in experiments was based upon the
standard models and front-end described in [15]. Confusion net-
works were generated, using a bigram language model (LM), on
the same 400 hours of training data.

Word Pair
Training

CN # Components
(examples) post. 1 2 4

CAN/CAN’T

ML

78.5

81.7 86.0 88.0

(7,522)

SVM φw – 86.4 88.9
SVM φmc 83.9 87.6 89.4
SVM φwmc – 87.7 89.6
SVM φpmc 88.6 90.1 91.3
SVM φpwmc – 90.1 91.5

KNOW/NO

ML

83.1

68.4 69.4 70.8

(8,950)

SVM φw – 69.3 71.9
SVM φmc 69.3 71.8 73.6
SVM φwmc – 71.7 73.9
SVM φpmc 84.9 85.3 86.3
SVM φpwmc – 85.3 86.3

Table 2. 8-Fold cross validation results (% correct) using a vari-
able number of mixture components

Classifier performance was evaluated using 8-fold cross-vali-
dation on the training data. All experiments used diagonal covari-
ance matrix GMMs, trained on the acoustic data using the longest
time-stamps from the confusion networks5 for the two confusable

5The earliest time of the two words and the latest time of the two words



words. The number of positive and negative examples within each
word pair were equalised by sampling – random selection will
yield an accuracy of 50%. A number of pairwise classifiers were
trained; two examples are shown in table 2. The baseline perfor-
mance of the LVCSR system for each confusable pair is given by
the confusion network (CN) posteriors – the baseline accuracy is
approximately 80%.

Standard MLE GMMs with one, two and four Gaussian mixture-
components were used as baseline pairwise classifiers. Next, a
number of SVMs were trained using generative score-spaces of
the log-likelihood ratio plus derivatives. Different combinations
of derivatives with respect to the component priors (w), means (m)
and covariances (c) were considered. In most cases, SVMs gave
performance gains over the MLE acoustic models. As the number
of derivatives increased, performance increased. Best performance
was achieved when all derivatives (φwmc) were included. Similar
trends were observed by Smith et al. [3, 1] for the Deterding and
Isolet datasets. For the “CAN/CAN’T” pair, the GMM and SVM
systems obtained better results than the baseline confusion net-
work score. However in general, this was not the case. Classifier
accuracy was improved when the posterior ratio, F(ω1)−F(ω2),
was included in the score-space; this added context information
from the LVCSR language model. Performance gains were seen
in all cases – significant gains were observed for word pairs where
the GMM and SVM performance was poor.

No experiments were performed using second- and higher-
order score-spaces. This is because in this speech recognition task,
observations are sampled from a high-dimensional (39-dimension)
observation-space. State/component posteriors are therefore po-
larised to be either one or zero. However since, as shown in equa-
tions (18) and (19), second derivatives are expressed in terms of
the joint posterior of two states minus the product of the posteri-
ors of the two states, they are always zero6. In general, this is not
the case. For low-dimensional spaces, state/component posteriors
assume a range of values and so have non-zero second derivatives.

5. CONCLUSION

In this paper continuous rational kernels, an extension to rational
kernels, are proposed. These can be used to efficiently calculate
elements of generative kernels which may in turn be used to esti-
mate parameters of augmented models. These augmented models
are a powerful extension to many latent-variable acoustic models
such as HMMs. They make use of derivatives of the log-likelihood
of the base acoustic model to allow additional dependencies to
be modelled. Within the continuous rational kernel framework,
it is shown that n-gram and gappy-n-gram transducers map obser-
vation sequences into feature-spaces of state posteriors. Weight-
ing and combining these posterior-spaces allows derivatives of the
base acoustic model with respect to the component priors and tran-
sition probabilities to be calculated using only standard transducer
operations. The vector semiring allows derivatives with respect to
the means and covariances to be calculated. Continuous rational
kernels on these derivative-spaces can be combined to yield pow-
erful generative kernels and thus can be used to train augmented

are used for the start and end time respectively. This ensures that the full
acoustic data for both words is included.

6If either of the posteriors, P (θt = {j,m}|O; λ) or P (θτ =
{k, n}|O;λ) are zero, then the joint posterior, P (θt = {j,m}, θτ =
{k, n}|O;λ) will also be zero. However, if both posteriors are one, the
joint posterior will also be one and so the difference will be zero.

statistical models. The continuous rational kernel framework has
a significant advantage over direct calculation of score-space el-
ements since it generalises well to higher dimensions – the same
algorithms are used with different transducers. Initial experiments
using SVM training on a large vocabulary speech recognition task
indicate that the score-space and kernels detailed in this paper may
be useful for speech recognition.
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