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Abstract
Model compensation techniques for noise-robust speech recognition approx-

imate the corrupted speech distribution. �is work introduces a sampling method
that, given speech and noise distributions and a mismatch function, in the limit
calculates the corrupted speech likelihood exactly. For this, it transforms the in-
tegral in the likelihood expression, and then applies sequential importance re-
sampling. �ough it is too slow to compensate a speech recognition system, it
enables a more �ne-grained assessment of compensation techniques, based on the
kl divergences to the ideal compensation for individual components. �e kl di-
vergence appears to predict the word error rate well.

�is technique alsomakes it possible to evaluate the impact of approximations
that compensation schemes make. For example, this work examines the in�uence
of the assumption that the corrupted speech distribution is Gaussian and diago-
nalising that Gaussian’s covariance. It also assesses the impact of a common ap-
proximation to the mismatch function for vts compensation, namely setting the
phase factor to a �xed value.
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1. introduction

1 Introduction

Changes in backgroundnoise conditions can severely impact the performance of speech
recognition systems. �is is caused by the mismatch between training and testing con-
ditions. �ere are two categories of approaches for dealing with this mismatch. Feature
enhancement reconstructs the clean speech before decoding. Model compensation, on
the other hand, replaces a speech recogniser’s distributions over clean speech by ones
over noise-corrupted speech. However, given standard speech and noise distributions,
the corrupted speech distribution has no closed form. Model compensation normally
approximates it with a parametric distribution, such as a Gaussian. In contrast, this
work will endeavour to approximate the real corrupted speech distribution as exactly
as possible. �e interest in this can be motivated from a theoretical and a practical
perspective.

Conceptually, a speech recogniser is a classi�er that takes an observation sequence
as input and classi�es it as belonging to one of a set of word sequences. �e Bayes
decision rule for classi�cation says that the best choice for labelling observations is the
one with the highest probability. �e probability is factorised into the prior probability
of the label, and the likelihood, the probability of the observations given the label. If
the prior and the likelihood are the true ones, then the Bayes decision rule produces
the optimal classi�cation. Speech recognisers essentially implement this rule.

Assuming that the speech and noise distributions are the true ones, decoding with
the exact distributions for the corrupted speech would therefore yield the best recog-
niser performance. �e objective of feature enhancement, reconstructing the clean
speech, may be useful where the clean speech is required, for example, as a prepro-
cessing step before passing the signal to humans. However, as a preprocessing step for
speech recognition, it gives no guarantees about optimality.1 It therefore makes more
sense to �nd accurate model compensation than feature enhancement.

A practical perspective comes from considering methods for noise-robustness as
speech recogniser adaptation. Given a labelling, adaptation estimates a transforma-
tion to the function that assigns a likelihood to an observation. In e�ect, this retrains
the speech recogniser on the observations, but on so little data and with such great
uncertainty about the transcriptions that the parameter space needs to be constrained
for robustness. Generic adaptation methods such as cmllr [10] use linear transforma-
tions ofmodel parameters, making as few assumptions about themismatch as possible.
From the perspective of adaptation, the di�erence between linear adaptation andmeth-
ods for noise robustness is how the speech recogniser’s parameter space is constrained.
Methods for noise-robustness are parametrised through the distribution of the noise.
�e noise distribution usually has even fewer parameters than linear adaptation meth-
ods use. �erefore, adaptation for noise needs much less adaptation data (see e.g.[7]
for a comparison). �e reason for this is that the assumptions about the relationship of
the speech, the noise and the observations mirror the true mismatch closely enough.
In practice, therefore, it turns out that better modelling of the mismatch yields better
and faster adaptation to noise.

�eory and practice, then, suggest that exact modelling of the noise-corrupted

1 �is is not to say that transforming feature before they enter the recogniser based on a di�erent cri-
terion than reconstructing the clean speech could not yield the best performance. Indeed, a performance-
oriented implementation of this concept, transforming features to compensate speech recogniser models,
has shown good results [33].

3



1. introduction

speech yields the optimal noise-robustness. However, considering methods for noise-
robustness as adaptation also lends itself to the opposite argument. �e distribution of
the noise is estimated, e.g. with maximum likelihood estimation. �is means it does
not necessarily represent the actual noise, nor does it have to. Some of the di�erence
between the workings of the model and the real environment can be absorbed by the
parameters. Indeed, some work [23, 14] has found that tweaking the model arbitrar-
ily can yield improvements in performance if the noise distribution is estimated for
that model. �is may have been an implicit argument in work proposing speci�c ap-
proximations to the model of the environment [13, 2]. However, previous work has not
quanti�ed the loss in performance from these approximations. �is is only possible by
comparing with the exact corrupted speech distribution.

�is work will use a number of standard assumptions (speci�ed in more detail in
section 2). �e speech and noise will be assumed Gaussian distributed. �e mismatch
function, which describes how the features of the speech, noise, and corrupted speech
are related, will have a relatively standard form. Only additive noise will be considered,
because convolutional noise is usually modelled with an o�set to the feature vectors
in the log-spectral domain, which would only convolute notation. To ensure indepen-
dence from noise estimation schemes, background noise will be added to the speech
audio arti�cially, and the noise model trained directly trained on the noise audio.

A relatively obscure aspect of the mismatch function is the uncertainty that arises
from e�ects that speech recogniser features ignore but become important when the
signal results from two sources (speech and noise in this case) that are additive in the
frequency domain. �ere has recently been interest in how tomodel this in amismatch
function [4, 21], and this work will use a state-of-the-art model.

Because the relationship between speech, noise, and observations is non-linear,
there exists no closed form for the distribution of the noise-corrupted speech even
when speech andnoise distributions are given. Model compensationmethods o�en ap-
proximate the corrupted speech distribution parametrically, for example, with a Gaus-
sian (section 3). However, the corrupted speech density only needs to be evaluated at
points given by the observations. �is work will �nd a method that approximates the
real likelihood arbitrarily closely (section 5). It approximates the integral that the likeli-
hood expression contains with aMonte Carlo algorithm (section 4). In coming close to
the real likelihood it therefore becomes so slow that implementing a speech recogniser
with it is infeasible.

It is, however, possible to make a much more �ne-grained assessment of speech
recogniser compensation, with a metric based on the kl divergence (section 6). In
the limit, the new sampling methods will e�ectively give the point where the kl diver-
gence is zero, which is otherwise not known. �is calibration will make it possible to
determine how far well-known compensation methods are from the ideal.

�isworkwill examine howwell the kl divergence predicts speech recogniser word
error rate. It will compare di�erent compensation schemes, and examine the e�ect of
common approximations (section 7). �is includes assuming the corrupted speech
distribution Gaussian and diagonalising its covariance matrix, and approximations to
the mismatch function.
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2. the effect of the noise

2 �e e�ect of the noise

�is section lays down themodel of the environment that this work will use: the speech
and noise distributions, and how the speech and noise interact to form the corrupted
speech. �e assumptions here are standard for state-of-the-art speech recogniser ro-
bustness, though the model for the phase factor is more sophisticated.

2.1 Assumptions

Methods for noise robustness make assumptions about what the speech and the noise
are like. Background noise generally alters the way people speak, because people aim
to help the listener overcome the extra problems that the noise causes for decoding the
meaning of the speaker. �e change in people’s voice quality because of noise is known
as the “Lombard e�ect” and it will be ignored in this work. Acoustic distortion can
be divided into background noise, which is additive in the time domain, and channel
noise, which is convolutional in the time domain. �e convolutional noise will be le�
out in this work, because it would confuse notation, and assuming that it is known, it
is straightforwardly modelled.

Many speech recognisers use feature vectors in the cepstral domain. Cepstral fea-
tures are related to log-spectral features by the discrete cosine transform (dct), which
is a linear transformation. �e reason the cepstral domain is o�en preferred is that the
dct goes a long way to decorrelating the features within a feature vector. However,
correlations do not fully disappear, and especially under noisy conditions it becomes
important to model them correctly [12]. For the purpose of �nding the best possible
distribution for the observations, therefore, it does not matter whether the models are
in the log-spectral or in the cepstral domain: feature correlations need to be modelled
anyway.

For the purpose of modelling the interaction between speech, noise, and observa-
tions, however, the log-spectral domain has an advantage: the interaction is per dimen-
sion. �erefore, this work will use the log-spectral domain throughout for the theory,
and model feature correlations explicitly.

Speech recognisers also use dynamic coe�cients, which indicate how coe�cients
change over time. �ey are computed as linear combinations of the static coe�cients
in a window. Feature enhancement can transform features either before or a�er adding
dynamics. Formodel compensationmethods, there is no choice: they have to compen-
sate dynamic parameters. O�en, extra approximations are used, such as the continuous
time approximation for vts compensation. However, it appears that the best strategy
is to compensate the statics in the window separately [34, 35]. �is work will therefore
focus on static parameters.

For the recognition experiments, models will be in the cepstral domain. To gen-
eralise the compensation methods to dynamic parameters, they will be applied to ex-
tended feature vectors [34, 35]. �is avoids additional approximations, and yields the
best performance.

�e model for the clean speech is normally extracted from a trained speech recog-
niser. Speech recognisers have amixture of Gaussians associatedwith each state (which
usually represents a sub-phone unit). Model compensationmethods normally work on
one Gaussian at a time, or sometimes one state-conditional mixture of Gaussians. A
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2. the effect of the noise

model compensation technique called joint uncertainty decoding [25] represents a base
class of speech recogniser Gaussians by one Gaussian for computational e�ciency. It
performs compensation for each base class and then applies the same transformation
to all Gaussians in one base class. Model-based feature enhancement [6, 32] uses a
simpli�ed version of the speech recogniser, a mixture of Gaussians without sequence
structure. In all of these cases, the basic unit of the clean speech model is a Gaussian.
�is work will therefore focus on that level, and represent the distribution of the clean
speech x by

x ∼ N (µx,Σx) , (1)

where the parameter space is log-spectral and the covarianceΣx is full. �edependence
on the component identity will not be written.

�e noise model is o�en expressed in the same domain as the speech recogniser
parameters. It usually has a Gaussian for the additive noise. Whether one Gaussian
without time structure is a good model of the additive noise depends on the type of
noise. However, in practice the parameters of the noise model have to be estimated, so
that a simple model is an advantage. In this work, the noise model is therefore repre-
sented as

n ∼ N (µn,Σn) , (2)

with known log-spectral domain parameters, and Σn full.

2.2 �e mismatch function

�e relationship between the corrupted speech, the clean speech and the noise is cen-
tral to noise-robust speech recognition. �e term mismatch function is o�en used for
the function that takes the speech and noise signals and returns the corrupted speech
signal. Since this work uses log-spectral coe�cients, the mismatch will be expressed
in the log-spectral domain. �e background noise is added to the speech in the time
domain, but turn outmore complicated in the log-spectral domain. �e speech and the
additive noise signals are symmetric in their in�uence on the corrupted speech signal,
which the equations given here will bring out.

�e relationship between the speech vector x, the noise n, and the observation y
will be derived and discussed in great detail in section 2.2.1. In the log-spectral domain,
it will be modelled

exp (y) = exp (x) + exp (n) + 2α ◦ exp (12x+ 1
2n
)
, (3a)

where exp (·) and ◦denote element-wise exponentiation andmultiplication. To express
the observation as a function of the speech and noise, using log (·) for the element-wise
logarithm,

y = log
(
exp (x) + exp (n) + 2α ◦ exp (12x+ 1

2n
))

, f(x,n,α). (3b)

�ese forms will be used in this work because the symmetry between the clean speech
and the additive noisewill be an important consideration. However, (3b) is o�en rewrit-
ten to bring out the e�ect of the noise on the clean speech:

y = x+ log
(
1+ exp

(
n− x

)
+ 2α ◦ exp(12n− 1

2x
))
. (3c)
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2.2. the mismatch function

In all cases, α is the phase factor, which arises from the phase di�erence between the
two signals that are added (speech and noise). �e phase information is discarded in
the conversion to the log-spectral domain, so that with speech and noise models in
that domain, the phase factor α is a random vector, the distribution of which will be
discussed below.

Before going into the details of how thismismatch function comes about, it is worth
identifying a split in the literature on choosing the form of the mismatch function.
Traditionally [13, 28, 2], the phase factor term has been ignored. Some papers [4, 21]
have gone into mathematical depth to get as close as possible to the real mismatch. For
example, they show the elements of α to be between −1 and +1.

Other papers have been more pragmatic. A�er all, model compensation for noise
robustness is just a form of adaptation to the data. �e parameters that in theory make
up the noise model are usually estimated from the data, with the aim to maximise the
likelihood of the adaptedmodel. �e di�erence between traditional linear transforma-
tionmethods andmethods for model compensation is therefore the space to which the
adapted model are constrained. In both cases, it could be argued that the best choice
for this space is the one that yields the lowest word error rate, which is not necessarily
themathematically correct one. �emismatch function is one element that determines
this space.

In this vein, it is possible to show that the optimal value for the phase factor is the
mathematically impossible αi = 2.5 for the aurora 2 corpus [24]. What has really
happened is that the mismatch function has been tuned. �e possibility of tuning the
mismatch function to assume the features use a speci�c power of the spectrum (e.g. the
magnitude or power spectrum) had been noted before [13]. Setting the phase factor to
2.5 has a very similar e�ect to assuming the power of the spectrum used to be 0.75 [14].
�is parameter setting improves performance for aurora 2, but not for other corpora.
�is illustrates that tweaking arbitrary parameters in the mismatch function, in e�ect
adjusting the space in which the optimal adapted model is sought, can have an impact
on word error rate in some cases.

�e question that this work will try to answer, however, is how good the theoreti-
cally best noise compensation is, and it will therefore aim for mathematical correctness
in the �rst instance. �us, the following derivation of themismatch function in the log-
power-spectral domain will be as exact as possible.

2.2.1 Derivation of the mismatch function

Inmany practical cases, observations, clean speechmodels and a noisemodel are avail-
able in the cepstral or in the log-spectral domain. �e following derivation therefore
relates log-spectral vectors for the observation, the clean speech, and the additive noise.
�e power spectrum will be assumed here; appendix B generalises it to other factors.
It follows [4, 21, 22].

In the time domain, the relationship between the corrupted speech y[k], the clean
speech x[k], and the additive noise n[k] is simply [1]

y[k] = x[k] + n[k], (4)
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2. the effect of the noise

which in the frequency domain (a�er applying a Fourier transform) becomes a relation
between complex numbers:

Y[k] = X[k] +N[k]. (5)

To �nd the power spectrum, the absolute value of this complex value is squared:

|Y[k]|2 = |X[k] +N[k]|2

= |X[k]|2 + |N[k]|2 + 2X[k]N[k] cos θk, (6)

where θk is the angle in the complex plane between X[k] andN[k]. �is relates to the
phase di�erence at frequency k between the clean speech and the noise. Since there is
no process in speech production that synchronises the phase to background noise, this
angle is uniformly distributed, so that the expected value of the cosine of the angle is

E {cos θk} = 0. (7)

�is is o�en used as an argument to drop the cross-term of the speech and the noise
in (6). �ough not dropping this term complicates the derivation, the point here is to
get as close to the real mismatch as possible, so (6) will be used as is.

To extract coe�cients for speech recognition, the next step is to reduce the number
of coe�cients, by applying I �lter bins to the power-spectral coe�cients. �ere are
usually 24 triangular bins. Letwik specify the contribution of the kth frequency to the
ith bin. �e mel-�ltered power spectrum is then given by coe�cients Ȳi:

Ȳi =
∑
k

wik |Y[k]|2 =
∑
k

wik

(
|X[k]|2 + |N[k]|2 + 2 |X[k]| |N[k]| cos θk

)
. (8)

�is value of the mel-�ltered power spectrum for the corrupted speech can almost
be de�ned in terms of values of the clean speech and the additive noise in the same
domain:

X̄i =
∑
k

wik |X[k]|2 ; (9a)

N̄i =
∑
k

wik |N[k]|2 . (9b)

Using these to replace the terms in the right-hand side of (8),

Ȳi =
∑
k

wik |Y[k]|2 = X̄i + N̄i + 2αi
√
X̄iN̄i, (9c)

where αi has been de�ned as

αi ,

∑
kwik |X[k]| |N[k]| cos θk√

X̄iN̄i
. (9d)

�e de�nition of αi seems be de�ned speci�cally to hide the term with coe�cients in
the magnitude spectrum X[k]N[k]. However, the next subsections will �nd proper-
ties of αi that are independent of the spectra of X[k]: �rst, that αi is constrained to
[−1,+1], and then that its distribution is approximately Gaussian.
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2.2. the mismatch function

�e mel-power-spectral coe�cients are usually converted to their logarithms so
that yi = log

(
Ȳi
)
, xi = log

(
X̄i
)
, and ni = log

(
N̄i
)
. �e mismatch expression in

the log-spectral domain trivially becomes

exp
(
yi
)

= exp
(
xi
)

+ exp
(
ni
)

+ 2αi exp
(
1
2xi + 1

2ni
)
. (10)

�e vector version of this is in (3a). Appendix B generalises this to features that use a
di�erent power, for example, the magnitude spectrum.

2.2.1.1 �e properties of αi When αi was de�ned in (9d), it seemed arbitrary.
However, two important observations about αi can be made.

First, it is possible to determine the range of αi [4]. Since a cosine is constrained
to [−1, 1], the following inequality holds:

|αi| ≤
∑
kwik |X[k]| |N[k]|√

X̄iN̄i
. (11)

It is possible to write the fraction in (11) as a normalised inner product of two vectors.
�e vectors are X̃i and Ñi, with entries

X̃ik =
√
wik |X[k]| ; (12a)

Ñik =
√
wik |N[k]| . (12b)

�en,
√
X̄i in (11) can be written as the norm of X̃i, so that∑
kwik |X[k]| |N[k]|√

X̄iN̄i
=

∑
k

√
wik |X[k]|√wik |N[k]|∥∥X̃∥∥∥∥Ñ∥∥ =

X̃T
i Ñi∥∥X̃∥∥∥∥Ñ∥∥ , (13)

which is a normalised inner product of two vectors with non-negative entries, which
is always in [0, 1]. �e inequality in (11) then shows that αi is constrained to [−1, 1]:

|αi| ≤ X̃T
i Ñi∥∥X̃∥∥∥∥Ñ∥∥ ≤ 1. (14)

Second, an approximation can decouple the distribution of αi from the values of
|X[k]| and |N[k]| [21]. Removingmagnitude-spectral terms from the equation is useful
because they are not usually modelled explicitly in speech recognisers. �e assumption
is that for one frequency bin i, all |X[k]| have the same value, and similar for all |N[k]|.
Since the bins overlap, this is known to be exactly true only if |X[k]| is equal for all k.
However, since the bins are relatively narrow, it may be a reasonable approximation.
By dividing both sides of the fraction in (9d) by |X[k]| and |N[k]|, assuming that they
are the same for all k, αi is approximated as

αi =

∑
kwik |X[k]| |N[k]| cos θk√∑
kwik |X[k]|2∑kwik |N[k]|2

'
∑
kwik cos θk√(∑
kwik

)(∑
kwik

) =

∑
kwik cos θk∑

kwik
, (15)

αi can thus be approximated as a weighted average of cosines over independently dis-
tributed uniform variables θk. �e distribution that this model produces is very close
to the empirical distribution on various combinations of noises and signal-to-noise ra-
tios on the aurora 2 corpus [21].
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2. the effect of the noise

procedure Draw-αi-Sample(i)
for frequency k for whichwik 6= 0 do

sample θk ∼ Unif [−π,+π];
compute υk = cos θk.

Compute the sample αi =
∑

kwikυk∑
kwik

.

Algorithm 1 Drawing a sample from p (αi).

2.2.1.2 �e distribution of αi �e distribution of αi is most easily viewed by sam-
pling from it. Drawing a sample is straightforward if three assumptions are used. Since
there is no process in speech production that synchronises the speech phase with the
noise phase at a speci�c frequency, the phase θk is uniformly distributed. Also, the
phase is assumed independently distributed for di�erent frequencies k. �irdly, the
distribution ofαi is approximated as in (15), removing the in�uence of particular value
of the speech and noise signals.

Algorithm 1 shows how to sample from αi. Samples for θk are drawn indepen-
dently for all frequencies in one mel-bin. �is straightforwardly yield samples for
cos θk, which will be called υk. �e sample for p (αi) can be acquired by taking the
weighted average over these.

It is also possible to �nd a parametric distribution of υk = cos θk. It can be shown
to be [21, 22]

p (υk) =

{
1

π
√
1−υ2

k

,
∣∣υ2k∣∣ ≤ 1,

0, otherwise.
. (16)

�is distribution is pictured in �gure 1.

0

1

2

p
(υ

k
)

−1 0 1

υk = cos(θk)

Figure 1�e distribution of υk = cos θk for one frequency k.

�e distribution ofαi is a weighted average of distributions over υk’s. As the num-
ber of frequencies goes up, the central limit theorem says the distribution ofαi becomes

10



2.2. the mismatch function

0

1

2

p
(α

0
)

−1 0 1
α0

(a) Bin 0 is the narrowest, so that α0
has the least Gaussian-like distribu-
tion.

0

1

2

p
(α

2
3
)

−1 0 1
α23

(b) Bin 23 is the widest, so that α23
has the most Gaussian-like distribu-
tion.

Figure 2 �e distribution of αi for di�erent mel-�lter channels i (—), and their
Gaussian approximations (- - ).

closer to a Gaussian [4]. For lower-frequency bins, the number of frequencies that is
summed over is smaller, so the distribution of αi is expected to be further away from
a Gaussian. �is e�ect can be seen in �gure 2, which shows the distributions for two
values of i. �ese distributions were found by sampling many times from αi using
algorithm 1 on the preceding page. �e dashed lines show Gaussian approximations.
For α0, the Gaussian is least appropriate, but still a reasonable approximation. In this
work, the distribution of αi will therefore be assumed Gaussian for each bin i.

�e covariance of the Gaussian can be set to the second moment of the real distri-
bution. It can be shown that, again assuming that all spectral coe�cients in one �lter
bin are equal, that [21]

σ2α,i , E {α2i} =

∑
kw

2
ik

2
(∑

kwik
)2 . (17)

�is gives values very close to the actual variance ofαi on various subsets of aurora 2.
�is work will therefore approximate the distribution of αi as a Gaussian with

p (αi) ∝
{ N (αi; 0, σ2α,i) αi ∈ [−1,+1];
0 otherwise. (18)

Evaluating the density at any point requires the normalisation constant 1/
∫+1

−1
N (α; 0, σ2)dα,

which could be approximated with an approximation to the Gaussian’s cumulative dis-
tribution function. However, it is straightforward to draw samples from this distribu-
tion, by sampling from the Gaussian and rejecting any samples not in [−1,+1].

11



3. parametric representations for the corrupted speech distribution

2.3 Corrupted speech distribution

With the mismatch function f in (3b), the observation vector is known if the vectors
for the speech, noise, and the phase factor are known. If the distributions of the three
inputs, p (x), p (n), and p (α), are known, then the observation distribution can be
trivially described using a Dirac delta at the point given by the mismatch function f:

p (y) =

∫
p (y| x)p (x)dx (19a)

=

∫ ∫
p (y| x,n)p (n)dnp (x)dx (19b)

=

∫ ∫ ∫
p (y| x,n,α)p (α)dαp (n)dnp (x)dx (19c)

=

∫ ∫ ∫
δf(x,n,α) (y)p (α)dαp (n)dnp (x)dx. (19d)

�is expression is exact, but it does not have a closed form. (It is still valid if α is
�xed: then p (α) is a Direct delta at the �xed value.) Since the mismatch function f is
non-linear, there is no closed from for the distribution of y. �is work will introduce
transformation to the integral in (19d) that enable approximating it with aMonte Carlo
method. Standard model compensation methods, however, approximate this distribu-
tion with a parametrical representation, for example a Gaussian. Each clean speech
Gaussian can then be replaced by the corrupted speech Gaussian found using the pa-
rameters of the original Gaussian as statistics. When that is done, decoding can be as
fast as normal.

2.3.1 Sampling from the corrupted speech distribution

�ough expressing the corrupted speech distribution parametrically is impossible, it
is straightforward to draw samples y(s) from the distribution. �is works by applying
the mismatch function to samples from the distributions for x, n, and α:2

x(s) ∼ p (x) ; (20a)

n(s) ∼ p (n) ; (20b)

α(s) ∼ p (α) ; (20c)

y(s) = f(x(s),n(s),α(s)). (20d)

Sampling from the corrupted speech distribution will be used in this work to train
parametric distributions (dpmc and idpmc), and to examine how well approximated
distributions match the actual distribution.

3 Parametric representations for the corrupted speech distribution

�ere exist severalmethods for approximating the corrupted speech distribution. Find-
ing a parametric form naturally appears as a subtask in model compensation, which

2�is can be seen as a straightforward instantiation of Monte Carlo sampling, which section 4.1 will
discuss.
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3.1. data-driven parallel model combination

replaces state-conditional clean speech distributions by estimated corrupted speech
(“compensated”) distributions. �is section will discuss various compensation meth-
ods.

Two schemes map one clean speech Gaussian to one corrupted speech Gaussian.
vts compensation (section 3.2) is a standard method that applies a �rst-order vector
Taylor series approximation to the mismatch function, so that the corrupted speech
becomes Gaussian. dpmc compensation (section 3.1) is a sampling approach that only
makes the Gaussian approximation at the last instance, by training the Gaussian on
samples. Iterative dpmc also uses samples, but trains a mixture of Gaussians with
expectation–maximisation.

Two other schemes do not use a �xed parametric representation: they start the
computation only when the observation has been seen. �eAlgonquin algorithm (sec-
tion 3.3) extends the vts approximation by iteratively updating the expansion point. It
comes up with a di�erent Gaussian for each clean speech Gaussian for each observa-
tion. It is also possible to approximate the integral over the speech and noise using a
piecewise linear approximation (section 3.4).

3.1 Data-driven parallel model combination

Data-driven parallel model combination (dpmc) [13] �nds a Gaussian distribution for
the corrupted speech, with a Monte Carlo method. It approximates the distributions
with samples samples and applies the correct mismatch function. �e Gaussian as-
sumption is made only when training the parameters on the samples. In the limit, it
�nds the optimal Gaussian distribution for the corrupted speech.

�e original algorithm did not use phase factor α; however, the generalisation is
straightforward. dpmc can be derived by approximating the integral over x, n, and α
in (19d) by a sum over samples x(s) ∼ p (x) ,n(s) ∼ p (n) ,α(s) ∼ p (α):

p (y) =

∫ ∫ ∫
δf(x,n,α) (y)p (α)dαp (n)dnp (x)dx

' 1

S

S∑
s=1

δf(x(s),n(s),α(s)) (y) , p̃(y). (21)

p̃(y) is the empirical distribution, which has S delta spikes at positions y(s) obtained
as detailed in (20d). �e parametric distribution for the corrupted speech that dpmc
�nds is chosen to minimise the kl divergence with the empirical distribution p̃. �is
is equivalent to training the parametric distribution from the samples with maximum
likelihood. Standard dpmc �nds a Gaussian distribution for the corrupted speech. Its
mean and covariance parameters are themean and covariance ofy under the empirical
distribution:

µy = Ep̃ {y} =
1

S

S∑
s=1

y(s); (22a)

Σy = Ep̃
{
yyT
}

− µyµ
T
y =

1

S

S∑
s=1

y(s)y(s)T
− µyµ

T
y . (22b)

Given a mismatch function and distributions for the speech, noise, and phase factor,
this gives the optimal Gaussian parameters.
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3. parametric representations for the corrupted speech distribution

For the experiments, not only static, but also dynamic parameters need compen-
sation. �is work will use distributions over a window of consecutive static feature
vectors, extended feature vectors [34, 35]. �e mismatch function is applied to each
time instance in the vector separately. �is produces a corrupted-speech sample that
can be converted to a sample with static and dynamic coe�cients with the linear trans-
formation that speech recogniser front-ends normally use. Training of the distribution
works in the same way.

Iterative dpmc (idpmc) also �nds a parametric distribution that is close to the em-
pirical distribution, but the distribution is a mixture of Gaussians associated with a
speech recogniser state rather than a single Gaussian. �e word “iterative” in the name
of the scheme refers to the iterations of expectation–maximisation necessary to train
a mixture of Gaussians. To draw corrupted speech samples, the same procedure ap-
plies as in section 2.3.1 on page 12. �e clean speech model can be a state-conditional
gmm. �e corrupted speech gmm is then trained on the samples, without reference to
the clean models, and is not restricted to have the same number of components as the
clean speech gmm. At every iteration of expectation–maximisation, the parameters of
components 1, . . . ,M are re-estimated using themaximum-likelihood estimates given
the component–sample posteriors:

P
(
m
∣∣y(s)

) ∝ P (m)
(
y(s)

∣∣m); (23a)

µ(m)
y =

1∑
s P
(
m
∣∣y(s)

)∑
s

P
(
m
∣∣y(s)

)
y(s); (23b)

Σ(m)
y =

1∑
s P
(
m
∣∣y(s)

)∑
s

P
(
m
∣∣y(s)

)
y(s)y(s)T

− µyµ
T
y . (23c)

To increase the number of components,mixing up can be used: the heaviest component
is split into two components with an o�set, and a few iterations of expectation–maxi-
misation training are run.

In the limit as the number of componentsM and the number of samples S go to
in�nity, the modelled distribution of the corrupted speech becomes equal to the real
one. However, to train the mixture model well, the mean and covariance of each com-
ponent need to be trained on a large enough portion of the samples. �erefore, the S
must be kept roughly proportional toM, and the number of iterations of mixing up
and expectation–maximisation increases linearly withM as well. In practice, then, the
time complexity of idpmc isO (M3

)
.

3.2 Vector Taylor series approximation

vts compensation [28, 2, 4] is a standard method for model compensation. vts com-
pensation linearises the mismatch function f in (3b). �e most important result of
this is that, given Gaussians for the clean speech, the noise, and the phase factor, the
noise-corrupted speech also becomes Gaussian.

�e �rst-order vector Taylor series approximation to the mismatch function fwith
expansion point (x0,n0,α0) is

fvts(x,n,α) = f(x0,n0,α0) + Jx(x− x0) + Jn(n− n0) + Jα(α− α0), (24a)
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3.2. vector taylor series approximation

where the Jacobians for the clean speech, additive noise, and phase factor are

Jx =
∂y

∂x

∣∣∣∣
x0,n0,α0

; Jn =
∂y

∂n

∣∣∣∣
x0,n0,α0

; Jα =
∂y

∂α

∣∣∣∣
x0,n0,α0

. (24b)

Appendix B gives expressions for these.
α is approximatelyGaussian distributed but constrained to [−1,+1] (see section 2.2.1.2).

To simplify the distribution ofy, the constraint can be ignored, so thatα ∼ N (0,Σα).
fvts in (24a) then is a sum of linearly transformed independently Gaussian distributed
variables. �ese are also Gaussian. For example, for the clean speech:

x ∼ N (µx,Σx) ;

x− x0 ∼ N (µx − x0,Σx) ;

Jx(x− x0) ∼ N (Jx(µx − x0), JxΣxJ
T
x

)
, (25)

and similar for the noise and the phase factor.
�e linearised mismatch function fvts replaces f in the delta function in (19d). �e

approximation for y then is the sum of the mismatch function at the expansion point
and the three Gaussians:

p (y) =

∫ ∫ ∫
δf(x,n,α) (y)p (α)dαp (n)dnp (x)dx

'
∫ ∫ ∫

δfvts(x,n,α) (y)N (α; 0, Σα)dαN (n; µn, Σn)dnN (x; µx, Σx)dx

= N (y; f(x0,n0,α0) + Jx(µx − x0) + Jn(µn − n0) + Jα(0− α0),

JxΣxJ
T
x + JnΣnJ

T
n + JαΣαJ

T
α

)
. (26)

�e expansion points are usually set to the means of the distributions for the clean
speech, additive noise and phase factor, so that µx −x0 = µn −n0 = 0−α0 = 0. �e
parameters of the Gaussian approximation of the corrupted speech yvts ∼ N (µy,Σy)
then become

µy = f(µx,µn,µα); Σy = JxΣxJ
T
x + JnΣnJ

T
n + JαΣαJ

T
α. (27)

�e most obviously useful e�ect of linearising the mismatch function is that the
corrupted speech turns out Gaussian. �ere are also other advantages that arise from
�xing the expansion points, so that the relationship between speech, noise, and cor-
rupted speech becomes linear per component. �e means of the noise model can be
estimated with a �xed-point iteration [28] and the variance with a gradient-descent-
based scheme [27]. Alternatively, since the �rst-order approximation makes the noise,
speech, and corrupted speech jointly Gaussian, an em approach [16, 9, 18] can be used.
Also, it is possible to use adaptive training with it [26, 15]. �ese aspects make vts
compensation very useful in practice.

Previous work has assumed the phase factor 0 [2], or �xed to a di�erent value, like
1 [27] or 2.5 [23]. A phase factor distribution has previously only been used for feature
enhancement [4]. �is work will apply vts with a Gaussian phase factor, and use it for
model compensation.

Compared to using a distribution, assumingα constant has two e�ects. One is that
the term JαΣαJTα drops out from the covariance expression in (27). Since the entries
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3. parametric representations for the corrupted speech distribution

of the phase factor covariance are small, this changes the distributions only slightly.
SinceΣα is constant across components and Jα changes only slightly between adjacent
components, discrimination is hardly a�ected.

If α is equal to its expected value, 0, then the mean of the compensated Gaussian
does not change compared to whenα is assumedGaussian. Ifα is set to a higher value,
themean is overestimated. Also, Jacobians Jx and Jn move closer to 12I (see appendix B
for the expressions).

In practice, α is o�en assumed �xed but the noise model is estimated. �is should
subsumemany of the e�ects that using a phase factor distributionwould have had. �is
includes a wider compensated Gaussian and overestimation of the mode.

3.3 Algonquin

�e Algonquin algorithm [8, 19] is an extension to vts compensation. Its most im-
portant conceptual addition is that it takes into account the observation vector. In the
following discussion, when an actual observation is meant it will be indicated with yt.
Whereas vts linearises the mismatch function at the expansion point given by the
means of the prior distributions of the speech and the noise, the Algonquin algorithm
updates the expansion point iteratively, �nding the mode of the posterior of the speech
and the noise. It can therefore be seen as an iterative approach to �nding the Laplace
approximation to the posterior.

�e Algonquin algorithm uses a slightly simpli�ed environment model compared
to the one discussed in section 2.3, in (19d). �e in�uence of the phase factor on the
observation is captured by a Gaussian around the mode of the distribution for given x
and n. �us, that distribution is approximated as

p (y| x,n) =

∫
δf(x,n,α) (y)p (α)dα ' N (y; f(x,n, 0), Ψ) , (28)

whereΨ is the �xed covariance thatmodels the uncertainty around themismatch func-
tion.

Figure 3 on the next page shows a one-dimensional example. �eprior of the speech
and the noise is given in the le� panel. �eir posterior distribution a�er having seen
an observation yt is in the right panel. �is posterior will be approximated with a
Gaussian centred on its mode.

To deal with the non-linearity in the mismatch function, it is linearised (like in vts
compensation). �e Algonquin algorithm iteratively updates the linearisation point to
the mode of the posterior distribution. �e linearisation point in iteration k is denoted
by
(
x

(k)
0 ,n

(k)
0

)
. �e linearised mismatch function in iteration k is

f
(k)
vts (x,n) = f

(
x

(k)
0 ,n

(k)
0 , 0

)
+ J(k)

x

(
x− x

(k)
0

)
+ J(k)

n

(
n− n

(k)
0

)
, (29)

where the Jacobians are

J(k)
x =

df

dx

∣∣∣∣
x

(k)
0 ,n

(k)
0 ,0

; J(k)
n =

df

dn

∣∣∣∣
x

(k)
0 ,n

(k)
0 ,0

. (30)

For the �rst iteration k = 0, the linearisation point is set to (µx,µn), so that the mis-
match function is equivalent to the one used in vts compensation in (24a), leaving out
the phase factor.
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3.3. algonquin
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(a)�e prior distribution p (x,n).
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(b) �e posterior p (x,n|y = 9).

Figure 3�eAlgonquin-derived distribution of the clean speech and noise for x ∼

N (10, 1); n ∼ N (9, 2); ψ = 0.04; y = 9.

Using the linearised mismatch function in (29), the speech, the noise, and the ob-
servation become jointly Gaussian:

q(k)
yt

 xn
y

 = N


 xn
y

 ;

 µx

µn

µ
(k)
y

 ,
 Σx 0 Σ

(k)
xy

0 Σn Σ
(k)
ny

Σ
(k)
yx Σ

(k)
yn Σ

(k)
y


 . (31)

Note that the parameters of the marginal of x and n (µx, µn, Σx, and Σn) are given
by the prior and do not depend on the iteration k. On the other hand, the covari-
ance of the observation and the cross-covariances are found through the linearised
mismatch function, which changes with every iteration. �ose parameters are found
as follows. Using the linearised mismatch function and assuming the error N (0,Ψ)
of the mismatch function, the distribution of the corrupted speech is Gaussian y ∼

N (µ(k)
y ,Σ

(k)
y

)
with parameters similar to those for vts compensation in (27):

µ(k)
y , E{f(k)

vts (x,n)
}

= f
(
x

(k)
0 ,n

(k)
0 , 0

)
+ J(k)

x

(
µx − x

(k)
0

)
+ J(k)

n

(
µn − n

(k)
0

)
;

(32a)

Σ(k)
y , E

{(
f
(k)
vts (x,n) − µy

)(
f
(k)
vts (x,n) − µy

)T}
+Ψ

= E
{
J(k)
x

(
x− µx

)(
J(k)
x

(
x− µx

))T
+ J(k)

n

(
n− µn

)(
J(k)
n

(
n− µn

))T}
+Ψ

= J(k)
x E
{(
x− µx

)(
x− µx

)T}
J
(k)
x

T
+ J(k)

n E
{(
n− µn

)(
n− µn

)T}
J
(k)
n

T
+Ψ

= J(k)
x ΣxJ

(k)
x

T
+ J(k)

n ΣnJ
(k)
n

T
+Ψ. (32b)

�e cross-covariance between the speech and the observation and between the noise
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3. parametric representations for the corrupted speech distribution

and the observation can be derived similarly:

Σ(k)
yx , E

{(
f
(k)
vts (x,n) − µy

)(
x− µx

)T}
= E
{(
J(k)
x

(
x− µx

))(
x− µx

)T}
= J(k)

x E
{(
x− µx

)(
x− µx

)T}
= J(k)

x Σx; (33a)

Σ(k)
yn , J(k)

n Σn. (33b)

Assuming the joint distribution of the speech, noise, and observations in (31), the
posterior distribution of the speech and the noise conditioned on an observation yt
follows from a standard result (derived in appendix A.3, (125c)). �is approximation to
the posterior distribution will be written q(k)

yt :

q(k)
yt

([
x

n

])
= N

([
x

n

]
;

[
µx

µn

]
+

[
Σ

(k)
xy

Σ
(k)
ny

]
Σ

(k)
y

−1
(yt − µ(k)

y ),

[
Σx 0

0 Σn

]
−

[
Σ

(k)
xy

Σ
(k)
ny

]
Σ

(k)
y

−1 [
Σ

(k)
yx Σ

(k)
yn

] )
. (34)

Note that the speech and noise priors are not correlated, but the posteriors are.
Algonquin sets the expansion point for the next iteration to the mean of this ap-

proximation to the posterior:

x
(k+1)
0 = µx + Σ(k)

xy Σ
(k)
y

−1
(y− µ(k)

y );

n
(k+1)
0 = µn + Σ(k)

ny Σ
(k)
y

−1
(y− µ(k)

y ), (35)

so that the expansion point is updated at every iteration, and the Gaussian approxi-
mation to the posterior is moved. �ere is no guarantee that the mode of the approx-
imation converges to the mode of the real posterior: the algorithm may overshoot. A
damping factor could be introduced for this, but this appears to slowdown convergence
without bene�t [20].

A�er K iterations, the Gaussian approximation q to the distribution of y is found
from (32):

q(K)
yt

(y) = N (y; µ(K)
y , Σ(K)

y

)
= N

(
y; f

(
x

(K)
0 ,n

(K)
0 , 0

)
+ J(K)

x

(
µx − x

(K)
0

)
+ J(K)

n

(
µn − n

(K)
0

)
,

J(K)
x ΣxJ

(K)
x

T
+ J(K)

n ΣnJ
(K)
n

T
+Ψ

)
. (36)

Figure 4 on the facing page shows a one-dimensional simulation of the Algonquin
algorithm in (x, n)-space. �e le� panel shows the prior of the clean speech and the
additive noise, and the right panel the Algonquin approximation to the posterior. Note
that the priors of the clean speech and noise are not correlated, but the posterior is.

�e problem with using this Gaussian approximation is that the e�ective distribu-
tion is not normalised. Even thoughqyt in (36) is a normalisedGaussian if estimated it-
eratively for oneyt, in practice it would be estimated and then applied to the same qyt .
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(a) Initialisation: clean speech and
noise prior.
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(b) Two iterations of Algonquin:
Gaussian approximation of the poste-
rior.

Figure 4 Iterations of Algonquin.

�us, in general, ∫
qyt(yt)dyt 6= 1. (37)

�ere are twoways of working around the problem thatqyt(yt) is not a normalised
distribution.

�e original Algonquin algorithm [8] applies feature enhancement, which �nds
the minimum mean square error estimate of the clean speech. It uses an extension
of model-based feature enhancement, which normally models the clean speech with
a mixture of Gaussians. Algonquin extends this idea by at the same time as updating
the observation distributions, �nding an approximation to the component posteriors
of the mixture of Gaussians. It is then possible to perform variational inference on the
joint distribution of the clean speech component and the Gaussian approximation to
the distribution of the observations [8]. �e minimum mean square error estimate of
the clean speech follows from the posterior responsibilities of the gmm components
and their linearisation of the observation distribution.

Another approach uses a form of model compensation: it replaces the likelihood
calculation for each component by a computation of the component’s “so� information
score” [19, 20]. �e original presentation derives this form from the feature enhance-
ment version. �e end result can be derived more directly, which the following will
do before showing the equivalence to the original presentation. As in the original, this
will assume that there is only one component per state (though the generalisation is
straightforward).

Consider a speech recogniser, which aims to �nd the most likely state sequenceΘ
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3. parametric representations for the corrupted speech distribution

from an observation sequence Y with

P (Θ|Y) =
p (Y |Θ)P (Θ)

p (Y)

∝ p (Y |Θ)P (Θ) = P (θ0)
∏
t

P (yt| θt)P (θt| θt−1) . (38)

�e normalisation constant p (Y) is normally ignored, because it does not change de-
pending on the state sequenceΘ. An obvious way of approximating the component
likelihood p (yt| θt) would be to replace it by the Algonquin approximation for that
componentm and observation yt,

p (yt| θt = m) ' q(m)
yt

(yt). (39)

�at this approximation to p (yt|m) is not necessarily normalised is not a problem
for the Viterbi algorithm, though it does raise the question whether the likelihood ap-
proximations for di�erent components can be compared.

�e original presentation of Algonquin for model compensation [20, 19] derives
this form (up to a constant factor) through a number of manipulations. �is relates the
form of models compensation to the one for feature enhancement. �e normalisation
constant in (38) is not ignored, but approximated with a mixture of Gaussians:

p (Y) '
∏
t

p (yt) . (40)

�is decouples the distribution of y from the state sequence. �is is substituted in in
the expression that speech recognisers aim to maximise, P (Θ|Y). It is then rewritten
by applying Bayes’ rule, the approximation in (40), and again Bayes’ rule:

P (Θ|Y) =
p (Y |Θ)

p (Y)
P (Θ) ' P (θ0)

∏
t

p (yt| θt)

p (yt)
P (θt| θt−1)

= P (θ0)
∏
t

P (θt|yt)p (yt)

p (yt)P (θt)
P (θt| θt−1)

= P (θ0)
∏
t

P (θt|yt)

P (θt)
P (θt| θt−1) . (41)

�e expression that now replaces the likelihood computation for component θt = m

in the speech recogniser, P (m|yt) /P (m), is then called the “so� information score”.
Its numerator, P (m|yt), is approximated by its variational approximation3

P (m|yt) ' qyt(m) =
q

(m)
yt (yt)P (m)∑

m ′ q
(m ′)
yt (yt)P (m ′)

. (42)

�e so� information score therefore is approximated

P (m|yt)

P (m)
' qyt(m)

P (m)
=

q
(m)
yt (yt)∑

m ′ q
(m ′)
yt (yt)P (m ′)

. (43)

3See [20], equations (10.10), (10.15), and (8.18) for more details.
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3.4. piecewise linear approximation

�e normalisation term for one frame is the same across all components. �erefore,
it does not have an e�ect on decoding, so that the likelihood is in essence replaced by
unnormalised distribution qyt(yt), as in (39). �e question thus remains whether the
unnormalised Algonquin approximations to the likelihood are comparable between
di�erence components.

3.4 Piecewise linear approximation

�e compensation methods in the previous sections have used a single Gaussian to
represent the observation distribution. However, the actual observations are not Gaus-
sian distributed even when the speech and noise are. It is possible to approximate the
integral that gives the likelihood of the observation. [29] present a method for feature
enhancement, but as a step in estimating the noise model the corrupted speech distri-
bution is formulated in such a way that it can be approximated using a piecewise linear
approximation. �emodel for the interaction of the speech, noise, and observation the
original work uses is somewhat simpler than the one in section 2.3. �e following will
adhere to the original presentation, because it provides good insight in both the main
idea and the main limitation.

�e main idea is to transform the integral over the speech and the noise into an-
other space. It then becomes easier to apply a piecewise linear approximation. �e
main limitation is that the method works on a single dimension, and uses log-spectral
domain coe�cients. In the log-spectral domain, coe�cients are highly correlated. Ap-
pendix C.2 shows that it is theoretically possible to perform the transformation of the
integral in more dimensions. However, if the piecewise linear approximation in the
one-dimensional case requires 8 line segments, the d-dimensional case requires 8d.
�is makes the scheme infeasible for correlated feature vectors.

�e scheme works as follows in one dimension. Speech x, noise n, and observa-
tion y are assumed deterministically related, with

exp (y) = exp (x) + exp (n) , (44a)

as a one-dimensional version of (3a) where the phase factor is assumed 0. If y is ob-
served to be yt, and x is changed, n automatically changes too. A substitute variable u
is therefore introduced to replace both x and n in the integration in the likelihood
expression. It is de�ned

u = 1− exp (x− yt) , (44b)

so that (see section C.1 for details)

n = yt + log (u) ; (44c)
x = yt + log (1− u) . (44d)

Given a speech coe�cient, the distribution of the observation can be written in terms
of the distribution of the noise. As this is a transformation of the feature space, it is a
standard result (see section A.1) that a Jacobian is introduced:

p (yt| x) =

∣∣∣∣dn(x, yt)

dyt

∣∣∣∣p (n(x, yt)) , (45)
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4. multi-dimensional integration with importance sampling

where p (n(x, yt)) is the prior of n evaluated at the point implied by the setting of x
and yt.

When the likelihood of yt is expressed as an integral over x, it can be transformed
into an integral over u as follows:

p (yt) =

∫yt

−∞ p (yt| x)p (x)dx

=

∫yt

−∞
∣∣∣∣∣ dn(x, y)

dy

∣∣∣∣
yt

∣∣∣∣∣p (n(x, yt))p (x)dx

=

∫1
0

∣∣∣∣∣ dn(x, y)

dy

∣∣∣∣
yt

∣∣∣∣∣p (n(u, yt))

∣∣∣∣dx(u, yt)du

∣∣∣∣p (x(u, yt))du, (46)

where p (n(u, yt)) is the prior of n evaluated at the point implied by the setting of u
and yt, and similar for p (x(u, yt)).

Appendix C gives the complete derivation. �e likelihood can be rewritten

p (yt) = exp
(
1

2
σ2n +

1

2
σ2x − µn − µx + 2yt

)
∫1
0

N (log(u); µn − σ2n − yt, σ
2
n

)N (log(1− u); µx − σ2x − yt, σ
2
x

)
du.

(47)

It is log (u) and log (1− u) that can be approximated with piecewise linear functions.
[29] use 8 line segments. For any observation yt, the expression then becomes a sum
of integrals of a �xed factor times an integral over a Gaussian, for which well-known
approximations exist.

�is derivation crucially depends on the assumption that coe�cients can be consid-
ered separately. Tomodel the likelihood well, the priors p (x) and p (n) need to model
correlations between coe�cients. In the cepstral domain where correlations are not
usually modelled, they become more important as the signal-to-noise ratio drops [12].
But any generalisation of the derivation to vectors of cepstral coe�cients will need to
convert to log-spectral vectors anyway, and turn diagonal-covariance priors into full-
covariance ones. Note that though the derivation in [29] is for log-spectral coe�cients,
the method is applied to cepstral coe�cients.

Appendix C.2 gives the generalisation of the algorithm in [29] to d-dimensional
log-spectral vectors. It turns out that the integral in (47) becomes an integral over
〈0, 1〉d. �is means that the 8 line segments for the single-dimensional case become
8d hyperplanes. It is infeasible to apply this to a standard 24-dimensional log-spectral
feature space. Section 5.2 will therefore use a similar idea but a di�erent transforma-
tion and a di�erent approximation to the integral. It will use a Monte Carlo method,
sequential importance re-sampling, to approximate the integral.

4 Multi-dimensional integration with importance sampling

�e corrupted speech likelihood can be expressed analytically only as an integral (as
in (19)). �is integration can be approximated with sampling. Monte Carlo meth-
ods approximate a target density with a �nite number of samples. Many Monte Carlo
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4.1. monte carlo

methods can work with unnormalised densities, which for many applications is a use-
ful feature. Markov chain Monte Carlo, for example, divides the value of the density at
two points by each other, so that any normalisation constant cancels out, and can be
disregarded. However, the value required here, the integral of a target density over the
whole of a space, is the normalisation constant of the density. �e samples themselves
are merely a by-product.

�is requirement rules out many Monte Carlo methods. One technique, called
importance sampling, does return an approximation to the normalisation constant. It
requires a (normalised) proposal distribution that samples can be drawn from and is
close in shape to the target density. Sequential importance sampling is importance sam-
pling over a multi-dimensional space. In itself, it is just importance sampling that deals
explicitly with one dimension at a time. It becomes advantageous once re-sampling
is introduced between dimensions. �is removes low-weight samples and duplicates
high-weight ones, so that the samples focus on the most interesting, high-probability
regions of space.

Sequential sampling techniques are o�en presented as traversing through time.
�ere is no reason, however, why the dimensions should represent time. In this work,
dimensions will relate to log-powers in consecutive mel-bins and will be called just
“dimensions”. �is section follows the presentation of [5]. It will discuss implicitly
multi-dimensional Monte Carlo and importance sampling. �en, re-sampling is intro-
duced. Finally, section 4.4 on page 29 discusses the case where for some dimensions it
is possible to draw from the target distribution, and for some it is not.

4.1 Monte Carlo

Monte Carlo methods approximate a target distribution with a �nite number of sam-
ples. Denote the target probability distributionwithπ. If it is possible to drawS samples
u(s) ∼ π, the Monte Carlo approximation of π is the empirical distribution

π̃ =
1

S

∑
s

δu(s) , (48)

where δ· denotes the Dirac delta. Using the empirical measure in the place of the tar-
get distribution, the expectation of any test function φ under distribution π can be
approximated as

E {φ(u)} =

∫
π(u)φ(u)du ≈

∫
π̃(u)φ(u)du =

1

S

∑
s

φ
(
u(s)

)
. (49)

�is equation will be used in this work to estimate empirical means (with φ(u) = u)
and covariances (with φ(u) = uuT).

�is straightforward Monte Carlo method requires, however, that it is possible to
sample directly from the target distribution. When this is not the case, it is o�en possi-
ble to use importance sampling, which draws samples from a proposal distribution that
is close to the target distribution, and then makes up for the di�erence.

4.1.1 Importance sampling

If it is impossible to sample from the target distribution, it can still be possible to ap-
proximate it by sampling from a proposal distribution ρ similar to the target distribu-
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4. multi-dimensional integration with importance sampling

tion, and makes up for the di�erence by weighting the samples. �is is called impor-
tance sampling. �e weights also give an approximation to the normalisation constant.
�e process is analogous to the evaluation of a function under a distribution in (49).
However, S samples u(s) ∼ ρ are drawn from the proposal distribution, so that the
empirical proposal distribution of it is, analogously to (48):

ρ̃ =
1

S

∑
s

δu(s) . (50)

�at samples are drawn from a proposal distribution and not directly from the tar-
get distributionmakes it possible to use an unnormalised target density, γ. �is is o�en
useful if the normalisation constant of the target density is unknown. It does need to
be possible to evaluate γ at any point. Importance sampling �nds samples from the
distribution at the same time as an approximation to the normalisation constant. γ is
a scaled version of π:

π(u) =
γ(u)

Z
, (51a)

where the normalising constant is

Z =

∫
γ(u)du. (51b)

�e proposal density needs to cover at least the area that the target distribution
covers:

π(u) > 0⇒ ρ(u) > 0, (52)

otherwise no samples will be drawn in some regions where π is non-zero.
�e key to making up for the di�erence between proposal and target is the weight

functionw(u). It gives the ratio between the target density and the proposal distribu-
tion:

w(u) =
γ(u)

ρ(u)
. (53)

Substitutingw(u)ρ(u) for γ(u) in (51a) and (51b),

π(u) =
w(u)ρ(u)

Z
; (54a)

Z =

∫
w(u)ρ(u)du. (54b)

Now that the target distribution has been expressed in terms of the proposal distri-
bution ρ, the proposal distribution can be replaced by its empirical version ρ̃ in (50).
�is yields the empirical distribution toπ, π̃, with the samples from ρweighted by their
importance weight:

π̃ =
1

S

∑
s

w
(
u(s)

)
Z̃

δu(s) =
∑
s

w(s)δu(s) , (55a)
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4.2. sequential importance sampling

where approximation to the normalisation constant is

Z̃ =

∫
w(u)ρ̃(u)du =

1

S

∑
s

w
(
u(s)

)
, (55b)

and the normalised weightsw(s) are

w(s) =
w
(
u(s)

)∑
s ′ w

(
u(s ′)

) . (55c)

π̃ is the normalised importance sampling approximation to target distribution γ, and
Z̃ is the corresponding approximation to the normalisation constant.

�e expectation of a test function φ(u) under π can be estimated analogously
to (49), with π̃ given by (55a):

E {φ(u)} =

∫
π(u)φ(u)du ≈

∫
π̃(u)φ(u)du =

1

S

∑
s

w(s)φ
(
u(s)

)
. (56)

A degenerate case of importance sampling is when the proposal distribution is
equal to the normalised target distribution ρ = π. If it is possible to draw samples
from π, then using importance sampling is overkill. However, the next section will
introduce sequential importance sampling, which samples from one dimension at a
time. In that setting, it might be possible to draw from the target distribution for some
dimensions, but not for others. In the simple importance sampling case with ρ = π,
the weight function in (53) always yields the normalisation constant:

w(u) =
γ(u)

ρ(u)
= Z. (57)

Substituting this in (55a), the approximation π̃ of the normalised target distribution π
becomes

π̃ =
1

S

∑
s

w
(
u(s)

)
Z̃

δu(s) =
1

S

∑
s

δu(s) , (58)

which is exactly the standard Monte Carlo empirical distribution in (48).

4.2 Sequential importance sampling

Sequential importance sampling is an instantiation of importance sampling that ex-
plicitly handles a multi-dimensional sample space. It steps through the dimensions
one by one, keeping track of S samples, and extending them with a new dimension at
every step. Considering this explicitly is useful because then the set of samples can be
adjusted between dimensions. Section 4.3 will discuss re-sampling, which drops low-
probability samples and multiplies high-probability samples, so that computational ef-
fort is focussed on high-probability regions.

Sequential importance sampling is a slight generalisation of the well-known parti-
cle �ltering algorithm. It samples from amulti-dimensional distribution dimension by
dimension, applying principles similar to those of importance sampling at every step.
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4. multi-dimensional integration with importance sampling

�e distributionmust be factored into dimensions. In particle �ltering, the dimensions
are o�en time steps, and the factor for each dimension a distribution conditional on
previous dimensions. However, for sequential importance sampling the per-dimension
target distributions in sequential importance sampling need not be normalised or re-
late to valid probability distributions, as long as their product is equal to the target
distribution.

In section 4.1 on page 23, the sample space was implicitly multi-dimensional. In
this section, the the dimensions of the samples will be explicitly written. �e space has
d dimensions. �us, u , u1:d. �e distributions γ, π, and ρ will be factorised, as will
Z andw.

To apply sequential importance sampling, it must be possible to factorise the target
density γ into factors γi ( ·| ·) for each dimension. γi ( ·| ·) is therefore de�ned as

γi (ui|u1:i−1) =
γi(u1:i)

γi−1(u1:i−1)
. (59a)

If for every i, γi(u1:i) is a marginal distribution of u1:i, then (59a) is an instantiation
of Bayes’ rule and γi (ui|u1:i−1) is a conditional distribution. However, even though
the notation used is ( ·| ·), there is no requirement for the factors to be conditionals or
to be normalised. �is is a generalisation of particle �ltering, and indeed, a strength of
sequential importance sampling.

�e target density γ can be written as the product of factors γi. (59b) formulates
the factorisation of γ recursively; (59c) writes out the recursion:

γ(u) = γd(u1:d) = γd−1(u1:d−1)γd (ud|u1:d−1) (59b)

= γ1(u1)

d∏
i=2

γi (ui|u1:i−1) . (59c)

�e normalised variant of γi will be called πi and de�ned analogous to π in the
previous section:

πi(u1:i) =
γi(u1:i)

Zi
; (60a)

Zi =

∫
γi(u1:i)du1:i. (60b)

�e proposal distribution ρ is factorised similarly to the target distribution:

ρi (ui|u1:i−1) =
ρi(u1:i)

ρi−1(u1:i−1)
; (61a)

ρ(u) = ρd(u1:d) = ρd−1(u1:d−1)ρd (ud|u1:d−1)

= ρ1(u1)

d∏
i=2

ρi (ui|u1:i−1) . (61b)

�is makes it possible to draw samples u(s)
1:d dimension per dimension. For the �rst

dimension, u(s)
1 ∼ ρ1. �en, u(s)

i

∣∣u(s)
1:i−1 ∼ ρi for dimensions i = 2, . . . , d. Each

proposal factor ρi approximates target factor γi.
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4.2. sequential importance sampling

procedure Sequential-importance-sampling(γ, ρ)
for dimension i = 1 . . . d do

for sample index s = 1 . . . S do
Sample u(s)

i ∼ ρi
(
ui
∣∣u(s)
1:i−1

)
;

Compute weightwi
(
u

(s)
1:i

)
= wi−1

(
u

(s)
1:i−1

)γi(u
(s)
i |u

(s)
1:i−1)

ρi(u
(s)
i |u

(s)
1:i−1)

.

return weighted samples
{
wd
(
u

(s)
1:i

)
,u

(s)
1:d

}
.

Algorithm 2 Sequential importance sampling

Computing the importance weight of a sample can also be done dimension per
dimension. Decomposing the weight function in (53) recursively, in factors wi ( ·| ·)
related to γi ( ·| ·) and ρi ( ·| ·):

wi (ui|u1:i−1) =
wi(u1:i)

wi−1(u1:i−1)
=
γi(u1:i)ρi−1(u1:i−1)

ρi(u1:i)γi−1(u1:i−1)

=
γi (ui|u1:i−1)

ρi (ui|u1:i−1)
; (62a)

w(u) = wd(u1:d) = wd−1(u1:d−1)wd (ud|u1:d−1)

= w1(u1)

d∏
i=2

wi (ui|u1:i−1) . (62b)

�e empirical distribution of ρi then is found from S samples drawn from ρi, anal-
ogously to the approximation of ρ̃ in (50):

ρ̃i =
1

S

∑
s

δ
u

(s)
1:i

. (63)

Using this empirical distribution, the empirical normalisation constant and the nor-
malised weights are

Z̃i =

∫
wi(u1:i)ρ̃i(u1:i)du1:i =

1

S

∑
s

wi
(
u

(s)
1:i

)
; (64a)

w
(s)
i =

wi
(
u

(s)
1:i

)∑
s ′ wi

(
u

(s ′)
1:i

) . (64b)

�e empirical distribution derived from πi then is, analogously to (55a),

π̃i =
∑
s

w
(s)
i δ

u
(s)
1:i

. (65)

�e complete algorithm for sequential importance sampling is described in Algo-
rithm 2.

�e�nal normalisation constant could be approximated as the average of theweights
in the last step, using (55b). However, in section 4.3 re-sampling will be introduced.
�is at every step removes some samples and duplicates others, and overall weights
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4. multi-dimensional integration with importance sampling

will not be available. To overcome this problem, the normalising constant Z of γ, de-
�ned in (51b), can be factorised into terms Zi/Zi−1, which can be approximated at
every step:

Z , Zd = Zd−1
Zd

Zd−1
= Z1

d∏
i=2

Zi

Zi−1
. (66)

�e fraction Zi/Zi−1 can be written in terms of the normalised density for dimen-
sion i − 1 and the proposal distribution and the weight function for dimension i (ap-
plying (60a), (62a), and (61a)) as

Zi

Zi−1
=

∫
γi(u1:i)du1:i∫

γi−1(u1:i−1)du1:i−1
=

∫
γi−1(u1:i−1)γi (ui|u1:i−1)du1:i∫

γi−1(u1:i−1)du1:i−1

=

∫
πi−1(u1:i−1)wi (ui|u1:i−1) ρi (ui|u1:i−1)du1:i

=

∫
πi−1(u1:i−1)

ρi−1(u1:i−1)
wi (ui|u1:i−1) ρi(u1:i)du1:i. (67)

�is can then be approximated at every step iusing the empirical distribution ρ̃i from (63):

Z̃i

Zi−1
=
1

S

S∑
s=1

w
(s)
1:i−1wi

(
u

(s)
i

∣∣u(s)
1:i−1

)
. (68)

It is straightforward to see that this yields a consistent estimate of Zi/Zi−1. Note that
as long as the samples are not resampled, this computation yields the exact same Z̃d
as (55b).

4.3 Re-sampling

A problem with importance sampling is that some samples will be in low-probability
regions. As the number of dimensions grows, the number of high-probability samples
tends to shrink exponentially. As ameasure for this problem, the variance of the sample
weights is o�en used. Sequential importance sampling as presented so far does not do
anything to produce lower variances.

A technique that does help to focus on higher-probability regions, and therefore
does produce lower-variance weights is re-sampling. Re-sampling can be applied at
every step to �nd a new empirical measure with unweighted samples from a set of
weighted samples.

�eunweighted samples can bewritten as a set ofweights and samples:
{
w

(s)
i ,u

(s)
1:i

}
.

�e empirical distribution for dimensions 1 . . . i was given in (65):

π̃i =

S∑
s=1

w
(s)
i δ

u
(s)
1:i

. (69)

Re-sampling aims to �nd an approximation to this distribution with unweighted sam-
ples. �e conceptually simplest way of doing this is to draw S samples from π̃i and
construct a new empirical distribution

π̂i =

S∑
s=1

N
(s)
i

S
δ
u

(s)
1:i

, (70)
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4.4. sampling from the target distribution

procedure Sequential-importance-re-sampling(γ, ρ)
for dimension i = 1 . . . d do

for sample index s = 1 . . . S do
Sample u(s)

i ∼ ρi
(
ui
∣∣û(s)
1:i−1

)
;

Compute incremental weightwi
(
u

(s)
i

∣∣u(s)
1:i−1

)
=
γi(u

(s)
i |u

(s)
1:i−1)

ρi(u
(s)
i |u

(s)
1:i−1)

.

Compute Z̃i

Zi−1
= 1
S

∑
swi

(
u

(s)
i

∣∣u(s)
1:i−1

)
.{

û
(s)
1:i

} ← Resample(
{
wi
(
u

(s)
i

∣∣u(s)
1:i−1

)
,u

(s)
1:i

}
).

Compute Z̃ = Z̃1
∑d
i=2

Z̃i

Zi−1
.

return
({
û

(s)
1:d

}
, Z̃
)
.

Algorithm 3 Sequential importance re-sampling

whereN(s)
i is the number of times sampleu(s)

1:i was drawn from π̃i, the (integer) num-
ber of o�spring of sample u(s)

1:i . �is is called multinomial re-sampling. However, the
only requirement to a re-sampling method is that the expected value of the number of
o�spring of a sample is proportional to its weight: E{N(s)

i

}
= Sw

(s)
i .

Another way of generating N(s)
1:i uses systematic re-sampling [17]. �is uses uni-

formly distributed z ∼ Unif
[
0, 1S

]
. New sample s ′ then is set equal to original sample

s where
∑s−1
j=1 w

(j)
i ≤ z+ s ′ <

∑s
j=1w

(j)
i .

�enew empirical distribution can also be described as a list of unweighted samples{
1
S , û

(s)
1:i

}
that containsN(s)

i copies of original sample u(s)
1:i . �e distribution then is

π̂i =
1

S

S∑
s=1

δ
û

(s)
1:i

. (71)

�is makes it straightforward to introduce re-sampling at every step of the sequential
importance sampling algorithm as described in section 4.2. A�er drawing samples and
computing their weights, the set of samples is resampled to yield equally weighted sam-
ples
{
1
S , û

(s)
1:i

}
. �is set is then used when drawing samples for the next iteration. �e

complete algorithm for sequential importance re-sampling is described in Algorithm 3.

4.4 Sampling from the target distribution

An extension of sequential importance re-sampling was foreshadowed in (58). It con-
cerns the case where for some dimensions it is possible to sample from the normalised
target distribution πi (ui|u1:i−1). For such a dimension i, the proposal distribution
can be set to ρi (ui|u1:i−1) = πi (ui|u1:i−1). �e incremental weight function
from (62a) then returns the same value, the incremental normalisation constant, for
each point:

wi (ui|u1:i−1) =
γi (ui|u1:i−1)

ρi (ui|u1:i−1)
=

Zi

Zi−1
. (72)
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5. asymptotically exact likelihood evaluation

procedureHybrid-sequential-importance-re-sampling(γ, ρ)
for dimension i = 1 . . . d do

if ρi
(
ui
∣∣û(s)
1:i−1

) ∝ γi(ui∣∣û(s)
1:i−1

)
then

for sample index s = 1 . . . S do
Sample û(s)

i ∼ ρi
(
ui
∣∣û(s)
1:i−1

)
;

Set Z̃i

Zi−1
= wi

(
ui
∣∣u1:i−1) (for any u1:i−1).

else
for sample index s = 1 . . . S do

Sample u(s)
i ∼ ρi

(
ui
∣∣û(s)
1:i−1

)
;

Compute incremental weightwi
(
u

(s)
i

∣∣u(s)
1:i−1

)
=
γi(u

(s)
i |u

(s)
1:i−1)

ρi(u
(s)
i |u

(s)
1:i−1)

.

Compute Z̃i

Zi−1
= 1
S

∑
swi

(
u

(s)
i

∣∣u(s)
1:i−1

)
.{

û
(s)
1:i

} ← Resample(
{
wi
(
u

(s)
1:i

)}
).

Compute Z̃ = Z̃1
∑d
i=2

Z̃i

Zi−1
.

return
({
û

(s)
1:d

}
, Z̃
)
.

Algorithm 4Hybrid sequential importance re-sampling

�is is useful because it removes the need to compute the density of the distribution
at any point, or to re-sample the set of samples. In the case where γi = πi = ρi,
wi (ui|u1:i−1) = 1 by de�nition.

Algorithm 4 speci�es how sequential importance re-sampling, in algorithm 3 on
the preceding page, can be extended to deal with dimensions for which it is possible to
sample from the target distribution, but its density at a point cannot be computed.

5 Asymptotically exact likelihood evaluation

�is section uses a di�erent approach to approximating the corrupted speech distribu-
tion than standard model compensation. Model compensation methods, like the ones
discussed in section 3, �nd a parametric form for recognition. However, no expression
for the full density is needed: while recognising speech only the likelihood of vectors
that are observed is required. �erefore, in this section the likelihood is approximated
for a speci�c observation yt. Substituting yt for y in (19d),

p (yt) =

∫ ∫ ∫
δf(x,n,α) (yt)p (α)dαp (n)dnp (x)dx. (73)

To approximate this integral over x, n, and α, this work will apply importance
sampling, which was discussed in section 4. Importance sampling requires a proposal
distribution, the distribution that the algorithm draws from instead of the actual distri-
bution. It makes up for the di�erence by assigning each sample a weight. �e proposal
distributions needs to match the target density well, otherwise the weights will have a
high variance, and too many samples will be required to arrive at a good estimate. �e
number of samples required grows exponentially with the number of dimensions.
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5.1. importance sampling from a gaussian

�e following section will rewrite (73) as an integral over the speech x and the noise
n. To apply importance sampling, the proposal distribution will be either the prior,
or an Algonquin-derived approximation of the posterior. Both essentially use a joint
Gaussian distribution over the speech and the noise. �is will turn out a disadvantage
for representing the non-linear relationship between the speech and the noise given the
observation. Section 5.2 will then introduce a transformation that straightens the curve
in (x,n)-space by introducing a new variableu that represents positions on that curve.
�e integral over x, n, and α can then be expressed as an integral over u and α. �is
new expression is still exact, but more amenable to being approximated with impor-
tance sampling. A�er considering the one-dimensional case, the higher-dimensional
space will use the same techniques for each dimension, and apply sequential impor-
tance re-sampling.

5.1 Importance sampling from a Gaussian

�is section approximates the integration over x andn. Importance sampling requires
that the integrand can be evaluated at any point (x,n). For this, part of the observation
likelihood needs to be rewritten more explicitly. �e corrupted speech likelihood is
((19b) and (19d) with yt substituted for y):

p (yt) =

∫ ∫
p (yt| x,n)p (n)dnp (x)dx (74a)

=

∫ ∫ ∫
δf(x,n,α) (yt)p (α)dαp (n)dnp (x)dx. (74b)

�e observation yt is not deterministic given the speech and the noise, because the
phase factor α is random. However, α is deterministic given x, n, and yt, so that
p (yt| x,n) can be written in terms of the distribution of the phase factor. �e phase
factor that a speci�c setting of x, n, and yt implies will be written α(x,n,yt). It is a
standard result (in appendix A.1 and, e.g., [3], 11.1.1) that transforming the space of a
probability distribution requires multiplying by the determinant of the Jacobian:

p (yt| x,n) =

∣∣∣∣∣ ∂α(x,n,y)

∂y

∣∣∣∣
yt

∣∣∣∣∣ · p (α(x,n,yt)) , (75)

where p (α(x,n,y)) denotes the density of p (α) at the value of α implied by x, n,
and y.

�e value of the phase factor as a function of the other variables follows from (10).
�e relation is de�ned per coe�cient (i.e. frequency bin) i of the variables:

αi =
exp

(
yi
)

− exp
(
xi
)

− exp
(
ni
)

2 exp
(
1
2xi + 1

2ni
) , (76a)

and its derivative with respect to yi is

dα(xi, ni, yi)

dyi
=

exp
(
yi
)

2 exp
(
1
2xi + 1

2ni
) . (76b)

�ese make up the diagonal elements of the Jacobian ∂α(x,n,y)
∂y , whose entries are 0

elsewhere.
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(a)�e distribution p (yt| x, n).
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(b)�e distribution p (x, n, yt).

Figure 5 �e distribution of the clean speech and noise for x ∼ N (10, 1); n ∼

N (9, 2); α ∼ N (0, 0.04); yt = 9.

�e the distribution of the corrupted speech in (74a) can then be written as

p (yt) =

∫ ∫
p (yt| x,n)p (n)dnp (x)dx

=

∫ ∫ ∣∣∣∣∣ ∂α(x,n,y)

∂y

∣∣∣∣
yt

∣∣∣∣∣ · p (α(x,n,yt))p (n)dnp (x)dx

=

∫ ∫ (∏
i

exp
(
yt,i

)
2 exp

(
1
2xi + 1

2ni
)) · p (α(x,n,yt))p (n)p (x)dndx

,
∫ ∫
γ(x,n)dndx. (77)

�is expression is exact. �ough the integrand, denoted with γ, is now straightforward
to evaluate at any given point (x,n) ifp (α) can be evaluated, the integral has no closed
form. It can, however, be approximated using importance sampling withγ as the target
density. Importance sampling requires a proposal distribution that is close to the target.
Figure 5a illustrates a one-dimensional version of the density p (yt| x, n). �e density
lies around the curve that relates x and n for given α and yt, shown as a dashed line.
�is curve is given by exp (x) + exp (n) = exp (yt). �at the sum of the exponents
of x and n is �xed causes a bend in the curve. Figure 5b shows the density in �gure 5a
multiplied by the priors of x and n, which gives p (x, n, yt) = γ(x, n).

To approximate the integral under γ, this section considers two options for the
proposal distribution: the prior, and the Algonquin approximation to the posterior.
Both are Gaussian.

A priori, the speech and the noise are independent. Given Gaussian prior distribu-
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(b) Gaussian approximation to the
posterior p (x,n|yt).

Figure 6 �e distribution of the clean speech and noise for x ∼ N (10, 1); n ∼

N (9, 2); α ∼ N (0, 0.04); y = 9.

tions for p (x) and p (n) (in (1) and (2), respectively), their joint prior becomes[
x

n

]
∼ N

([
µx

µn

]
,

[
Σx 0

0 Σn

])
. (78)

�is Gaussian is shown in white lines on top of the actual posterior of x and n in �g-
ure 6a.

An alternative approach would be to use the Gaussian approximation to the poste-
rior that the Algonquin algorithm (presented section 3.3) �nds. Unlike the one in (78),
this distribution does not model the speech and the noise as independent. Figure 6b
shows it superimposed on the actual posterior.

Given either Gaussian proposal distribution ρ, importance sampling draws S sam-
ples (x(s),n(s)) from it and weights them to make up for the di�erence between pro-
posal and target densities. �is integral to be approximated is the normalisation con-
stant of γ. �e derivation is in section 4.1.1, and in particular (55b), but intuitively it
can be written as∫ ∫

γ(x,n)dxdn =

∫ ∫
γ(x,n)

ρ(x,n)
ρ(x,n)dxdn '

S∑
s=1

γ(x(s),n(s))

ρ(x(s),n(s))
, (79)

(x(s),n(s)) ∼ ρ.

�e fraction of the target and proposal densities, γ/ρ, gives the weight of the samples.
�is weight makes up for the di�erence between the two densities.

�emain problem areas for either Gaussian as proposal distribution are the regions
of space where proposal and target do not match well. Where the proposal distribution
has a higher value than the target distribution, more samples will be drawn that are
assigned lower weights: a waste of computational time. Conversely, where the proposal
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5. asymptotically exact likelihood evaluation

distribution is much lower than the target distribution, samples will seldom be drawn,
and when they do, they are assigned high weights. In this case, the number of samples
that needs to be drawn to get su�cient coverage becomes very high.

�ese two problems are exacerbated by high dimensionality: for every dimension,
either of these cases can occur. �e probability that neither problem arises for a sample
decreases exponentially, so that the number of samples required increases exponen-
tially. Both approximations shown in �gure 6 su�er from this problem, so that it is
not feasible to apply them to a 24-dimensional log-spectral problem. �e next section
will therefore transform the space so that the target distribution per dimension can be
approximated better.

5.2 Transformed-space sampling

�e problem with the scheme in the previous section is the hard-to-approximate bend
in the distribution of x andn given yt. �is section will overcome this by transforming
the space, and then approximating the integral. Conceptually, this is similar to [29],
which was discussed in section 3.4. However, there the approximation was constrained
to one dimension. Here, the transformation is di�erent, and the approximation uses
sequential importance sampling. Initially, a one-dimensional space will be considered.
Section 5.2.2 will discuss how to generalise this to the multi-dimensional case and how
to deal with the additional complications that arise.

5.2.1 Single-dimensional

In one dimension, the mismatch function is ((10) without indices and with yt substi-
tuted for y)

exp (yt) = exp (x) + exp (n) + 2α exp
(
1
2x+ 1

2n
)
. (80)

As discussed in section 2.2.1.1 on page 9, α is a weighted overage of cosines of the angle
between the signals of the frequencies in one bin, and as such constrained to be between
−1 and +1.

Since this equality relates four variables deterministically, if three are known, then
in many cases the fourth is known as well. �e objective of this section is to �nd an
approximation to p (yt) for a given observation yt. Since four variables are linked
deterministically and one is known (yt), the integration will be over two variables.
�is was also the case in section 5.1. �ere, the obvious choice of integrating over x
and n did not work out well because of the shape of the density in (x, n)-space. �is
section introduces a variableu that represents a pair (x, n) givenyt andα. Changingu
traverses the curve in (x, n)-space, so that the bend is not a problem any more. �e
integral will then be over α and the new variable u.

A property of (80) that complicates the derivation of the transformed integral is
that in some cases when three variables are known, the fourth can have two values.
(80) is quadratic in exp

(
1
2x
)
and exp

(
1
2n
)
, so it can have two solutions for x and n.

�is can be seen in �gure 7 on the facing page, which shows how x and n are related
for various values of α. For n = 10, α = 0.99, for example, x has two solutions.
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Figure 7�e relation between clean speech x and additive noisen for yt = 9 and
evenly-spaced values of α.
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Figure 8�e region of the (x, n) that the integral is explicitly derived for: x ≤ n.

However, for given yt and α, it is possible to de�ne one variable that unambigu-
ously identi�es a point on the curve. �e substitute variable will be called u with

u = n− x. (81)

�e value ofu is related to the signal-to-noise ratio. Ifu is a large negative number, x is
close to yt and n is also large and negative. �is represents a very low signal-to-noise
ratio. �e converse is true if u is a large positive number: then n is close to yt and x is
large and negative.

�e substitution will be used to de�ne an integral that yields p (yt). First, p (yt| ·)
will be re-expressed using p (n| ·) or p (x| ·). Since neither of these variables is known
deterministically for all values of the other variables, the integral will be partitioned in
two parts. n has one possible value given a setting for (x, yt, α) when x is constrained
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5. asymptotically exact likelihood evaluation

to be smaller thann, which is the shaded region in �gure 8 on the previous page. In the
complementary region, x has one possible value given �xed (n, y, α). �e likelihood
can be written as a sum of both these regions:

p (yt) = p (yt, x ≤ n) + p (yt, n < x) . (82)

Because of the symmetry between these two regions, only the derivation for the region
x ≤ n will be given explicitly. �e derivation for n < x is analogous.

�e additive noise that follows from setting the variables x, yt, α will be denoted
with n(x, yt, α). �is is deterministic in the region where x ≤ n. �e variable of
the probability distribution will be changed from yt to n. �is requires multiplication
by a Jacobian (see section A.1 on page 62 or, for example, [3], 11.1.1). �is Jacobian,
the partial derivative of n with respect to y and keeping x and α �xed, will be written
∂n(x,y,α)

∂y , and be evaluated at yt.

p (yt, x ≤ n| x, α) =

∣∣∣∣∣ ∂n(x, y, α)

∂y

∣∣∣∣
yt

∣∣∣∣∣ · 1 (x ≤ n) · p (n(x, yt, α)) . (83)

Here, 1 (·) denotes the indicator function, which evaluates to 1 if it argument is true,
and 0otherwise. p (n(x, yt, α)) is the probability distribution ofn evaluated atn(x, yt, α),
the value of n corresponding to the setting of (x, yt, α).

�e evaluation of the half of the likelihood for x ≤ n can then be rewritten with
(83) and by then replacing the variable of the integration by u. �e predicate x ≤ n is
equivalent to 0 ≤ u.

p (yt, x ≤ n) =

∫
p (α)

∫
p (x)p (yt, x ≤ n| x, α)dxdα

=

∫
p (α)

∫
p (x) ·

∣∣∣∣∣ ∂n(x, y, α)

∂y

∣∣∣∣
yt

∣∣∣∣∣ · 1 (x ≤ n) · p (n(x, yt, α))dxdα

=

∫
p (α)

∫∞
0

∣∣∣∣∂x(u, yt, α)

∂u

∣∣∣∣ ·
∣∣∣∣∣ ∂n(x, y, α)

∂y

∣∣∣∣
yt,x(u,yt,α)

∣∣∣∣∣
· p (x(u, yt, α)) · p (n(u, yt, α)) dudα. (84)

Here, p (x(n, yt, α)) is the probability distribution of x evaluated at x(n, yt, α), the
value of x corresponding to the setting of (n, yt, α). Appendix D.1 on page 69 gives
the derivations for the Jacobians in (84), and x(u, yt, α) andn(u, yt, α) for the region
x ≤ n. It appears (in (158c)) that the product of the Jacobians is −1. By substituting 1
for the absolute value of the product of the Jacobians in (158c) into (84), one half of the
likelihood in (82) becomes

p (yt, x ≤ n) =

∫
p (α)

∫∞
0

∣∣∣∣∂x(u, yt, α)

∂u

∣∣∣∣ ·
∣∣∣∣∣ ∂n(x, y, α)

∂y

∣∣∣∣
yt,x(u,yt,α)

∣∣∣∣∣
p (x(u, yt, α))p (n(u, yt, α)) dudα

=

∫
p (α)

∫∞
0

p (x(u, yt, α))p (n(u, yt, α))dudα. (85a)

�e integral of u is over the area where 0 ≤ u, i.e. where x ≤ n. �e equivalent
integration over the region where u < 0 could be derived by swapping x and n, and
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5.2. transformed-space sampling

replacingu by−u. Applying this to all derivations in sectionD.1 on page 69 and to (85a)
yields the other half of the likelihood in (82). Because of the symmetry of n and x and
because the Jacobians cancel out, the result is identical to (85a) save for the range of u:

p (yt, n < x) =

∫
p (α)

∫0
−∞p (x(u, yt, α))p (n(u, yt, α))dudα. (85b)

�e sum of (85a) and (85b) yields the total likelihood of yt. �e integrand will be
called γ.

p (yt) = p (yt, x ≤ n) + p (yt, n < x)

=

∫
p (α)

∫∞
−∞p (x(u, yt, α))p (n(u, yt, α))dudα

,
∫
p (α)

∫
γ (u|α)dudα (86)

,
∫ ∫
γ(u,α)dudα. (87)

�is derivation is exact and holds for any form of priors for the speech and noise p (x)
and p (n). Just like a�er rewriting p (yt) in (77), the integrand can be evaluated at any
given point (u,α), assuming that p (α) can be evaluated, but the integral has no closed
form. �e outer integral is straightforward to approximate with plainMonte Carlo (see
section 4.1 on page 23). �is works by drawing samples α(s) from p (α) and averaging
over approximations for the inner integral givenα(s). �eproblemwith approximating
the inner integral is that it is impossible to draw samples from γ (u|α). �erefore,
importance sampling is necessary. �is requires a proposal distribution ρ (u|α) that it
is possible to draw samples from, and is close to γ. Section 4.1.1 on page 23 has given a
detailed description of importance sampling. However, intuitively the double integral
can be replaced by a summation over S samples α(s) from p (α) and corresponding
samples for u(s) drawn from ρ(u|α(s)):∫

p (α)

∫
γ (u|α)dudα =

∫
p (α)

∫
γ (u|α)

ρ (u|α)
ρ (u|α)dudα

' 1

S

S∑
s=1

∫
γ
(
u
∣∣α(s)

)
ρ
(
u
∣∣α(s)

)ρ(u∣∣α(s)
)
du (88a)

' 1

S

S∑
s=1

γ
(
u(s)

∣∣α(s)
)

ρ
(
u(s)

∣∣α(s)
) , (88b)

α(s) ∼ p (α) , u(s) ∼ ρ
(
u
∣∣α(s)

)
.

�e next section will detail the shape of γ(u|α(s)) and �nd appropriate forms for
ρ(u|α(s)) for it.

5.2.1.1 �e shape of the integrand To apply importance sampling, a proposal dis-
tribution is required, which will be tailored to the parameters of the target distribu-
tion. Samples will be drawn from the proposal distribution which therefore by de�-
nition must be normalised. �e target density γ(u,α), however, does not need to be
normalised, nor can it be. �e importance sampling algorithm �nds samples, their
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Figure 9�e density of γ(u,α) = p (α)γ (u|α) for y = 9, x ∼ N (7, 1) , n ∼

N (4, 4) , σ2α = 0.13.

weights, and an approximation to γ’s normalisation constant. �e interest here is in
the integral, which is the normalisation constant. �e approximation of it is the aver-
age over the weights. Since the weights are the fraction of the target and the proposal
densities, the closer the densities’ shapes, the better the approximation. �is section
will �nd proposal distributions with well-matching shapes. �e scaling of the density
graphs in this section will be arbitrary.

So far, the derivation has not assumed any speci�c distributions for x or n, and has
been valid for any distribution. However, for di�erent distributions, di�erent proposal
functions are required. With Gaussian for the speech and noise, the integrand becomes

γ(u,α) = p (α)N (x(u,α, yt); µx, σ
2
x )N (n(u,α, yt); µn, σ

2
n). (89)

Figure 9 gives an example of the target distribution γ(u,α). As shown in (88b), sam-
ples for one dimension, α, can be drawn from the correct distribution. It is the other
dimension, u, that requires importance sampling, and therefore a proposal distribu-
tion ρ. �e following examples will assume the mode of p (α), α = 0, and consider
representative shapes for γ (u|α = 0).
γ (u|α) consists of a factorN (x(u,α, yt); µx, σ

2
x ) related to the clean speech and

a factorN (n(u,α, yt); µn, σ
2
n) related to the noise. Both terms are Gaussians, but the

variables of the Gaussians (x and n) are non-linear functions of u. Figure 10 on the
facing page depicts the relationship between x and n. Di�erent values of u represent
di�erent positions on the curve. When u is negative, n tends towards u and x tends
towardsy. Whenu is positive, x tends towards−u andn tends towardsy. Aroundu =
0 there is a so� cut-o�. �is graph provides an intuitive connection to noise masking
schemes that assume that either the speech, or the noise dominates. �is would yield
a curve with a sharp angle, so that always either the speech of the noise equals the
observation.

�e two factors of γ (u|α) are the Gaussians depicted on top and on the side of the
graph. �ey are evaluated at the appropriate values of x and n. When the Gaussians
are plotted with respect to u, the so� cut-o� leads to a Gaussian distribution that is
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Figure 10 Values of x, n for yt = 9, α = 0, and varying u. At the top of the
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Figure 11 �e factors of γ (u|α = 0) separately for yt = 9, x ∼ N (7, 1) , n ∼

N (4, 4).

in�nitely extended on one side. Figure 11 illustrates the shape of the two factors. As u
tends to −∞, x tends to y. In this example,N (x(u,α, yt); µx, σ

2
x ) therefore tends to

N (x(u,α, yt); µx, σ
2
x )→ N (y; µx, σ

2
x ) = N (9; 7, 1) = e−2/

√
2π ≈ 0.054.

(90)

N (x(u,α, yt); µx, σ
2
x ) in �gure 11 therefore is a Gaussian-like distribution with a

so� cut-o� on its le� tail, so that it converges to a non-zero constant. Analogously,
N (n(u,α, yt); µn, σ

2
n) is Gaussian-like but cut o� at its right tail, where it converges

to a non-zero constant.
Figure 12 on the following page shows examples for the three types of shape of

γ (u|α = 0). Each time, the le� graph contains the shape of the two factors, and the
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(a) γ for y = 9, x ∼ N (7, 1) , n ∼ N (4, 4).
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(b) γ for y = 9, x ∼ N (9.5, 1) , n ∼ N (4, 4).
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(c) γ for y = 9, x ∼ N (9.5, 1) , n ∼ N (10, 10).

Figure 12 γ (u|α = 0) for di�erent cases: le� the two factors, right their product.
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5.2. transformed-space sampling

right graph their product. Figure 12a uses the example from �gure 11. �e integral, the
product of two cut-o� Gaussians, is bimodal. When u tends to ±∞, one term of γ
tends to a non-zero constant, but the other one tends to 0. γ therefore tends to 0 as
well.4

In �gure 12b, µx > y, so that the graph ofN (x(u,α, yt); µx, σ
2
x ) is cut o� right of

its maximum. �e product is similar toN (n(u,α, yt); µn, σ
2
n), except that the right

tail goes to zero. �e result is almost Gaussian.
In the last example, �gure 12c, µx as well as µn are greater than y, so that both

Gaussians are cut o� before their maximum. �eir product has a lop-sided Gaussian-
like shape around the point of the so� cut-o�, by de�nition u = 0.

5.2.1.2 Importance sampling from γ (u|α) Since γ (u|α) cannot be integrated
directly, an approximation is necessary. Importance sampling can provide this. It re-
quires a proposal distribution that exists everywhere where γ (u|α) exists, but may
di�er in magnitude, or overestimate its cover.

A proposal distribution that it is simple to draw a sample from is aGaussianmixture
model. To �nd amixture of Gaussian densities that approximatesγ, the three types ofγ
from �gure 12 are considered. Because γ has these di�erent shapes, the approximation
will be di�erent for each of these cases. the proposal distributions must be de�ned
over u, so that it is useful to �nd the value of u corresponding to a speci�c setting of x,
α, and yt (and n, α, and yt). �is will be denoted u(x, α, yt) (and u(n,α, yt)). �e
expressions are derived in appendix D.4, (176) and (177f).

Figure 13 on the next page shows the proposal distributions. �eir magnitudes are
scaled to make the areas under the target and proposal densities equal. �e proposal
distribution is chosen di�erently depending on the mean of the terms of γ as follows:

1. µx < y and µn < y. �is produces a shape of γ as in �gure 12a. �e shape of γ
being close to the product of two Gaussians, a Gaussian mixture model with the
parameters of these two Gaussians would form a good proposal distribution.
As a proposal distribution, a mixture of two Gaussians is chosen with means
at the approximate modes, and covariances set to σ2x and σ2n , respectively. �ese
Gaussians are illustrated in �gure 13a. �ey approximate the termsN (n(u,α, yt); µn, σ

2
n)

andN (x(u,α, yt); µx, σ
2
x ) with

N (u; u(µn, α, y), σ
2
n

)
; (91a)

N (u; u(µx, α, y), σ
2
x

)
. (91b)

As was seen in �gure 11 on page 39, each Gaussian is essentially scaled by the
extended tail of the other one. �e weights of the Gaussians of the proposal
distribution can be set to the value that the tail of the other one converges to,
which can be computed as in (90):

cn ∝ N (y; µx, σ
2
x ); (92a)

cx ∝ N (y; µn, σ
2
n). (92b)

�ese weights are normalised so that they sum to 1. �e distribution becomes

ρ = cnN
(
u; u(µn, y), σ

2
n

)
+ cxN

(
u; u(µx, y), σ

2
x

)
. (93)

4�ismust be true also because
∫
γ (u|α = 0)du is equal top (yt) evaluated at a point, which cannot

be in�nite if either σ2
x or σ2

n is non-zero.
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(a) γ for y = 9, x ∼ N (7, 1) , n ∼ N (4, 4).
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(b) γ for y = 9, x ∼ N (9.5, 1) , n ∼ N (4, 4).

0

0.03

0.06

0.09

0.12

−15 −10 −5 0 5 10
u

0

0.01

0.02

−15 −10 −5 0 5 10
u

(c) γ for y = 9, x ∼ N (9.5, 1) , n ∼ N (10, 10).

Figure 13 �e proposal distribution for γ(u) for di�erent cases: le� the compo-
nents of the proposal distribution, rightγ (solid line) and the proposal distribution
(dashed line, scaled arbitrarily).
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5.2. transformed-space sampling

2. µx > y and µn < y (or its mirror image, µx < y and µn > y). Figure 12b
on page 40 has shown thatN (x(u,α, yt); µx, σ

2
x ) is cut o� before its peak, and

converges to its maximum in the limit as u → −∞. �is results in a Gaussian
distribution except for one tail. �e proposal distribution is therefore set to this
Gaussian:

ρ = N (u; u(µn, y), σ
2
n

)
. (94)

Figure 13b on the facing page shows the near-perfect match of this proposal dis-
tribution.

3. µn > y and µx > y. Both terms of γ are cut o� before their peaks, resulting in
a shape as in �gure 12c on page 40. �e product is a distribution around u = 0

with Gaussian-like tails, one derived fromN (n(u,α, yt); µn, σ
2
n) and another

one derived fromN (x(u,α, yt); µx, σ
2
x ). �e proposal distribution is therefore

set to a Gaussian with mean 0. Its variance is set to the largest of the variances of
the speech and the noise:

ρ = N (u; 0, max(σ2n , σ2x )
)
. (95)

As �gure 13c on the facing page shows, this provides good coverage but over-
estimation on part of the space. �is means that some samples will receive a
very low weight.

�us, by transforming the space of the integration from (x, n) to (u,α), much bet-
ter proposal distributions for importance sampling can be found. �e sample weights
will therefore vary less, so that good approximations to the integral will be found with a
much smaller number of samples. �e next section will extend the techniques applied
in this chapter to the multi-dimensional case.

5.2.2 Multi-dimensional

In this work, the log-spectral domain is used. �is has the advantage that the inter-
action between the speech and the noise can be modelled separately per dimension.
However, there are strong correlations between log-spectral coe�cients. �erefore, the
Gaussian priors for the speech and the noise have full covariancematrices. �is section
will build on the techniques used in the previous section. It will generalise the transfor-
mation of the integral to multi-dimensional (u,α). Rather than normal importance
sampling, it will then apply sequential importance re-sampling to approximate the in-
tegral.

�e relations between the single-dimensional variables in the previous section hold
per dimension for the multi-variate case. �e substitute variable u that is introduced
to represent a point (x,n) given observation yt and phase factor vector α is therefore
de�ned as

u = n− x. (96)

�e expressions for x(u,α,y) andn(u,α,y), the values for the speech and noise that
result from setting (u,α,y), are given in appendix D.2.

�ere was a complication in transforming the one-dimensional integral in sec-
tion 5.2.1 from (x, n) to (u,α): for some x, multiple values for n were possible, and
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5. asymptotically exact likelihood evaluation

vice versa. Because transforming the integral needed a deterministic link, the inte-
gral was split into two parts, for two regions of (x, n)-space. In the multi-dimensional
case it is necessary to do this for each of the dimensions. Appendix D.2 gives the full
derivation. �e integration is therefore �rst split up into conditional distributions per
dimension i, and then into regions. �e integrals for the two regions over (xi, ni) are
rewritten as an integral over (ui, αi). Collapsing the dimensions (see equation (167))
then yields an unsurprising generalisation of (87):

p (yt) =

∫
p (α)

∫
p (x(u,α,yt))p (n(u,α,yt))dudα (97a)

,
∫ ∫
γ(u,α)dudα, (97b)

and it is convenient to factorise the integrand γ(u,α) as

γ(u,α) = γ(α)γ (u|α) ; (97c)
γ(α) = p (α) ; (97d)

γ (u|α) = p (x(u,α,yt))p (n(u,α,yt)) . (97e)

�is derivation is valid whatever the form of the speech and noise priors, p (x) and
p (n). In this work, they are Gaussians with (repeated from (1) and (2))

x ∼ N (µx,Σx) ; n ∼ N (µn,Σn) , (98)

with full covariance matrices Σx and Σn. γ (u|α) then becomes

γ (u|α) = N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn) , (99a)

so that

γ(u,α) = p (α)N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn) . (99b)

To approximate this integral, conventional importance sampling, discussed in full
detail in section 4.1.1, could be used. Importance sampling �nds weighted samples that
approximate a target density, and, as a by-product, the density’s normalisation constant.
�e result of the integral in (97b) is the normalisation term of γ. Just like in section 5.1,
the integration over two variables can intuitively be approximated by drawing samples
(u(s),α(s)) from a proposal distribution ρ:∫ ∫

γ(u,α)dudα =

∫ ∫
γ(u,α)

ρ(u,α)
ρ(u,α)dudα

' 1

S

S∑
s=1

γ(u(s),α(s))

ρ(u(s),α(s))
, (u(s),α(s)) ∼ ρ. (100)

For this to workwell in practice, the proposal distribution needs to be close to the target
density, the integrand.

Figure 14 illustrates how the shape of the integrand γ (u|α = 0) generalises to
two dimensions of u. �e principles are the same as the one-dimensional case in �g-
ure 11 on page 39. Figure 14a contains the factor of γ deriving from the speech prior,
N (x(u,α,yt); µx, Σx), and �gure 14b the same for the noise prior. �ey are again
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−10

−5

0

5

10

−10 −5 0 5 10

(a)N (x(u,α,yt); µx, Σx).

−10

−5

0

5

10

−10 −5 0 5 10

(b)N (n(u,α,yt); µn, Σn).

−10

−5

0

5

10

−10 −5 0 5 10

(c)�e product: γ (u|α).

Figure 14 �e integrand γ (u|α) for α = 0: the two factors, and their product.
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5. asymptotically exact likelihood evaluation

Gaussians with a so� cut-o�, this time in two directions. By choosing the slightly con-
trived parameter setting

x ∼ N
([

7

6.3

]
,

[
1 −0.1

−0.1 0.5

])
; n ∼ N

([
5

3

]
,

[
2 0.3

0.3 2

])
; yt =

[
9

9

]
,

(101)

the product of the two factors, in �gure 14c, turns out to have four maxima. In general,
for d dimensions, the integrand can have 2d modes. Even though this is unlikely to
occur o�en in practice, it is hard to formulate a proposal distribution for importance
sampling. �e proposal distribution would need to be close to integrand, and it must
be possible to draw samples from it. Amixture of Gaussians, for example, could need as
many components as the integrand hasmaxima. However, rather than applying normal
importance sampling, the integrand could be factorised in dimensions for sequential
importance sampling.

5.2.2.1 Per-dimension sampling Section 4.2 on page 25 has discussed the theory of
sequential importance sampling. In itself, it is an instantiation of importance sampling
for multiple dimensions. First, it draws a set of samples from a distribution over the
�rst dimension, and assigns the samples a weight. �en, for each dimension it extends
every partial sample with a value drawn given the value for previous dimensions of
that sample. �e advantage of this formulation is that between dimensions it allows
for re-sampling: duplicating some samples from the set and removing other ones. �is
concentrates the samples on the higher-probability areas.

To be able to apply sequential importance sampling, the target density needs to be
factorised into dimensions. If the feature space isd-dimensional, the integration is over
2d dimensions: α1, . . . , αd, u1, . . . , ud. It is important to realise that there is no need
for the factors to represent conditional probability distributions, normalised or not.
It is true that the most informative weights a�er each dimension i would arise if fac-
tors 1 . . . i combined to form the (potentially unnormalised) marginal of partial sam-
ple u1:i. Re-sampling would then be most e�ective. By de�nition, the factors would
be (unnormalised) conditionals. However, this is not a requirement, and this work
will compare two di�erent factorisations, both of which should be close to the actual
conditionals.

Since the phase factor coe�cients are independent (see section 2.2.1.1 on page 9),
for γ(α) an obvious factorisation is

γ(α) = γ1(α1) · · ·γd(αd) =

d∏
i=1

γi(αi), γi(αi) = p (αi) . (102a)

Other factorisations are possible, but since the phase factor coe�cients are independent
and it is possible to sample directly from p (αi) (see section 2.2.1.1), this factorisation
makes most sense.

Since the ui are not independent, the factors of γ (u|α) must take the full partial
sample into account:

γ (u|α) = γ1 (u1|α1)γ2 (u2|u1,α1:2)γ3 (u3|u1:2,α1:3) · · ·γd (ud|u1:d−1,α1:d)

=

d∏
i=1

γi (ui|u1:i−1,α1:i) . (102b)
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5.2. transformed-space sampling

�e notation of these factors γi (ui|u1:i−1,α1:i) does not mean that they necessar-
ily have to be related to conditional distributions. �ey can be any function of the
variables before and a�er the bar, as long as their product γ (u|α) yields the correct
result. Indeed, the next subsections will present two choices for the factorisation. Both
apply the same factorisation to both terms of γ in parallel. �e �rst, which will be
called “postponed factorisation”, each factor only incorporates the dimensions that are
sampled from, and leave other terms for later in the process. �e second, which will
be called “quasi-conditional factorisation”, factorises the two Gaussians separately into
conditional distributions per dimension.

�e form of the speech and noise prior in this work are standard Gaussians, so that
the factorisation of γ (u|α) must satisfy (combining (99a) and (102b)):

d∏
i=1

γi (ui|u1:i−1,α1:i) = N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn) .

(103)

5.2.2.2 Postponed factorisation �eGaussian terms in (103) can bewritten as prod-
ucts with every element of the precision matrices. �e precision matrix is the inverse
covariance: Λx = Σ−1

x . Its elements are denoted λx,ij. It is possible to postpone the
terms until both dimensions to be related are known. �is requires some manipula-
tion, the details of which are in appendix D.3. �e integrand is rewritten in (171), and
the factors γi are de�ned as (from (172))

γ1 (u1|α1)

= |2πΣy|−
1
2 |2πΣx|−

1
2 exp

(
− 1
2λn,11 (n(u1, α1, yt,1) − µn,1)

2

− 1
2λx,11 (x(u1, α1, yt,1) − µx,1)

2
)
; (104a)

γi (ui|u1:i−1,α1:i)

= exp
(

− 1
2λx,ii (x(ui, αi, yt,i) − µx,i)

2
− (x(ui, αi, yt,i) − µx,i)νx,i

− 1
2λn,ii (n(ui, αi, yt,i) − µn,i)

2
− (n(ui, αi, yt,i) − µn,i)νn,i

)
, (104b)

where the terms containing coordinates of lower dimensions u1:i−1 are de�ned as
(in (170b))

νx,i =

i−1∑
j=1

λx,ij (x(uj, αj, yt,j) − µx,j) ; νn,i =

i−1∑
j=1

λn,ij (n(uj, αj, yt,j) − µn,j) .

(105)

Note again that γi (ui|u1:i−1,α1:i) is not a conditional distribution.

At every dimension, a proposal distributionρi is required for importance sampling.
�is distribution needs to have a shape similar to γi. �ere is, however, no need to
match the amplitude of γi. �is is convenient when rewriting γi to �nd the shape of
the distribution, as appendix D.3 does.
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5. asymptotically exact likelihood evaluation

�e factors in (104b) turn out to be proportional to two Gaussian distributions that
are functions of x(ui, αi, yt,i) and n(ui, αi, yt,i) (from (174)):

γi (ui|u1:i−1,α1:i−1) ∝ N
(
x(ui, αi, yt,i); µx,i −

νx,i

λx,ii
, λ−1

x,ii

)
· N

(
n(ui, αi, yt,i); µn,i −

νn,i

λn,ii
, λ−1

n,ii

)
. (106)

�is expression has the same shape as the one-dimensional integrand in (89) in sec-
tion 5.2.1, and the same proposal distribution as discussed in section 5.2.1.2 can be used.

5.2.2.3 Quasi-conditional factorisation Another factorisation decomposes both
Gaussians in (99b) into the conditionals thatwould be valid for aGaussian. AppendixA.3
decomposes a Gaussian distribution over two vectors into the marginal of the �rst vec-
tor times the distribution of the second conditional on the �rst. However, since the
density γ is the product of two Gaussians with two di�erent non-linear variables, the
factors here are not normalised or proportional to conditional probabilities.

Crucially, the derivation in (122) does not rely on the input variable or normalisa-
tion. It is therefore possible to �nd a factorisation of both speech and noise Gaussians
in parallel, even if the factors are not exactly conditionals. For this, every factor of γ1:i
is factorised recursively (only the le�-hand term is shown):

N (x1:i; µx,1:i, Σx,1:i,1:i) = N (x1:i−1; µx,1:i−1, Σx,1:i−1,1:i−1)

N (xi; µx,i|1:i−1(x1:i−1), σ
2
x,i|1:i−1

)
, (107a)

where the parameters for xi dependent on x1:i−1 are

µx,i|1:i−1(x1:i−1) = µx,i − Σx,i,1:i−1

[
Σx,1:i−1,1:i−1

]−1
(x1:i−1 − µx,1:i−1) ;

(107b)

σ2x,i|1:i−1 = σ2x,i,i − Σx,i,1:i−1

[
Σx,1:i−1,1:i−1

]−1
Σx,1:i−1,i. (107c)

Note that the variance σ2x,i|1:i−1 is not a function of x, so that it needs to be computed
only once for all samples. Also, in computing the inverses of Σx,1:i,1:i for i = 1 . . . d,
their structure can be exploited. A block-wise inversion can be used. Block-wise inver-
sion is a technique o�en applied to take advantage of known structure in blocks of the
matrix, for example, when a block is diagonal. �e trick here, however, is that the inter-
mediate results are useful. If the the inverse of amatrix with one column removed from
the right and one row removed from the bottom, Σx,1:i−1,1:i−1 is known, the inverse
of the matrix with the extra row and column, Σx,1:i,1:i, can be computed in O (i2)
time. An incremental implementation that yields [Σx,1:i,1:i]

−1 for i = 1 . . . d thus
has a time complexity of only O (d3), the same as inverting only the full covariance
matrix.

�e fully factorised formulation of the le�-hand term of γ is

N (x1:d; µx,1:d, Σx,1:d,1:d) = N (x1; µx,1, σ
2
x,1,1

)
d∏
i=2

N (xi; µx,i|1:i−1(x1:i−1), σ
2
x,i|1:i−1

)
. (108)
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5.2. transformed-space sampling

�e analogous factorisation can be applied to the right-hand term of γ(u). (99a)
can then be factorised

γ (u|α) = N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn)

= N (x(u1, α1, y1); µ1, σ21,1)N (n(u1, α1, y1); µ1, σ
2
1,1

)
d∏
i=2

N
(
x(ui, αi, yi); µx,i|1:i−1

(
x(u1:i−1,α1:i−1,y1:i−1)

)
, σ2x,i|1:i−1

)
N
(
n(ui, αi, yi); µn,i|1:i−1

(
n(u1:i−1,α1:i−1,y1:i−1)

)
, σ2n,i|1:i−1

)
.

(109)

�e factors of γ then become5

γi (ui|u1:i−1)

= N
(
x(ui, αi, yi); µx,i|1:i−1

(
x(u1:i−1,α1:i−1,y1:i−1)

)
, σ2x,i|1:i−1

)
N
(
n(ui, αi, yi); µn,i|1:i−1

(
n(u1:i−1,α1:i−1,y1:i−1)

)
, σ2n,i|1:i−1

)
, (110)

where µx,i|1:i−1(x1:i−1) and σ2x,i|1:i−1 are de�ned in (107a). Again, the factors have
the form of density as the one-dimensional γ in (89), so that the proposal distribution
proposed in section 5.2.1.2 can be used.

5.2.2.4 Applying sequential importance re-sampling Whichever factorisation of
γ (u|α) is chosen, the application of sequential importance re-sampling is the same.
�e integral

∫ ∫
γ(u,α)dαdu, the value of interest, is the normalisation constant

of γ(u,α), which in section 4.1.1 was called Z. To �nd Z by stepping through di-
mensions, in section 4.2 it was expressed as a sequence of incremental normalisation
constants Zi/Zi−1. Given a sample set

{(
u

(s)
1:i−1,α

(s)
1:i−1

)}
, the approximation of the

incremental normalisation constant is 6 (when re-sampling is used)

Z̃i

Zi−1
=
1

S

S∑
s=1

γi
(
α

(s)
i

)
ρi
(
α

(s)
i

) γi(u(s)
i

∣∣u(s)
1:i−1,α

(s)
1:i

)
ρi
(
u

(s)
i

∣∣u(s)
1:i−1,α

(s)
1:i

) , (111)

where samples α(s)
i are drawn from proposal distribution ρi

(
α

(s)
i

)
and samples u(s)

i

from the appropriate ρi
(
ui
∣∣u(s)
1:i−1,α

(s)
1:i

)
.

�e shape of the density γ
(
ui
∣∣u(s)
1:i−1,α

(s)
1:i

)
depends on the current partial sam-

ple
(
u

(s)
1:i−1,α

(s)
1:i

)
and the type of factorisation. �e factorisations in sections 5.2.2.2

and 5.2.2.3 both result in factors of the form

γi (ui|u1:i−1,α1:i) = N (x(ui, αi, yt,i); µ̂x,i, σ̂x,i

)
· N (n(ui, αi, yt,i); µ̂n,i, σ̂n,i

)
, (112)

where the parameters (µ̂x,i, σ̂x,i, µ̂n,i, σ̂n,i) depend on the type of factorisation and the
current partial sample

(
u

(s)
1:i−1,α

(s)
1:i

)
. Appropriate proposal distributions for this type

5 �is formulation assumes (in γ1) that multiplying a 1× 0matrix by a 0× 0matrix by a 0× 1matrix
yields a 1× 1matrix

ˆ
0

˜
.

6Since samples for one dimension ofα and one of u are drawn, this could be written Z2i/Z2i−2.
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6. distance to the actual distribution

of density have been discussed in section 5.2.1.2. �ese distributions over ui take the
form of one Gaussian or a mixture of two. �ey are therefore straightforward to draw
a sample from and slot into (111).

�e density γi
(
αi
)
is set to p (αi) de�ned in (18), which has a Gaussian shape, but

constrained to [−1, 1]. It is straightforward to draw a sample directly from this distribu-
tion, by sampling from the Gaussian until the sample is in [−1, 1] (see section 2.2.1.2).
�erefore, ρi

(
αi
)
can be set to γi

(
αi
)
. this means that γi

(
αi
)
/ρi
(
αi
)
in (111) be-

comes 1, and hybrid sequential importance re-sampling of algorithm 4 on page 30 can
be applied.

Re-sampling was discussed in section 4.3. In short, it duplicates higher-weight
samples from the sample set and removes lower-weight ones between every dimen-
sion. �is reduces the variance of the sample weights; conceptually, it focuses e�ort on
higher-probability regions.

When using re-sampling, the order in which the dimensions are traversed becomes
important. �e longer ago samples for one dimensionswere drawn, themore likely they
are to have duplicate entries for that dimension. �e sample set will therefore be less
varied for earlier dimensions. �is is not a big problemwhen, as here, the interest is not
in the samples, but in the normalisation constant. However, when drawing samples for
one dimension, it still makes sense to have last drawn the dimensions which the new
dimension depends on most.

For example, it might seem obvious to drawα(s)
1 . . . α

(s)
d �rst, and then go through

u
(s)
1 . . . u

(s)
d . However, in i− 1 rounds of re-sampling, the set of samples α(s)

1 . . . α
(s)
d

may become considerably less varied. u(s)
i s for higher is may be drawn with only a few

or one unique α(s)
i , which limits the accuracy of the approximation of the normalisa-

tion constant. In thiswork, the order of traversal is thereforeα1, u1, α2, u2, . . . αd, ud.
�is works best ifui anduj are less dependent when j−i is greater. �e order in which
samples for the dimensions are drawn could also be determined on the �y by consid-
ering the values of the entries of Σx and Σn, but this work does not investigate this.

�is section has discussed a transformation of the integral that gives the corrupted
speech likelihood p (yt), two di�erent factorisations of the integrand, and how to ap-
ply sequential importance sampling to approximate the integral. �e estimate from the
sampling scheme is consistent, but not unbiased. �is means that for a small sample
cloud, the approximated value for p (yt) may be generally overestimated of underes-
timated. However, as the sample cloud size increases, the resulting value converges to
the real likelihood.

6 Distance to the actual distribution

It is standard practice in speech recognition research to judge speech recognitionmeth-
ods by word error rates. However, this paper has the explicit aim of modelling the pre-
dicted corrupted speech distribution as accurately as possible. �ere is a more direct
way of testing performance on this criterion: the Kullback-Leibler divergence between
the predicted distribution and the approximation.

�e Kullback-Leibler (kl) divergence measures how far a distribution q is from
a distribution p. �e kl divergence is always non-negative; it is 0 if and only if the
distributions are the same. It has therefore been used to �nd howwell speech recogniser
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6. distance to the actual distribution

compensation matches the real distribution (e.g. [13]). Minimising a kl divergence
between distributions is a frequent subtask in inference algorithms.

�is paper will use the kl divergence to assess compensation for the corrupted
speech distribution resulting from combining one speech Gaussian with one noise
Gaussian. As in the theory section, the distributions will just be over statics, to remove
the dependence on any additional approximations for the dynamics, and for speed. �e
kl divergence to real distribution p from approximation q over y is de�ned as

KL (p‖q) =

∫
p(y) log

p(y)

q(y)
dy. (113)

In this paper, q is an approximation to the noise-corrupted speech distribution, found
for example with vts, dpmc, or transformed-space sampling. �e problem in comput-
ing this divergence is the one that motivates this whole paper: the real distribution p
has no closed form, and neither doesKL (p‖q). �is problem can be worked around
in two steps.

First, the kl divergence can be decomposed as

KL (p‖q) = H (p‖q) −H (p) , (114a)

where the cross-entropy of p and q is de�ned as

H (p‖q) = −

∫
p(y) logq(y)dy (114b)

and the entropy of p as

H (p) = −

∫
p(y) logp(y)dy. (114c)

�e entropy ofp is constantwhenonlyq changes. �e cross-entropy is then equal to the
kl divergence up to a constant. For comparing di�erent approximations q, therefore,
the cross-entropyH (p‖q) su�ces. It does not, however, give an absolute divergence.
When q becomes equal to p, the cross-entropy becomes equal to the entropy, but the
latter cannot be computed for the noise-corrupted speech distribution.7

�e second problem is that H (p‖q) cannot be computed either. However, it is
straightforward to draw samples from p: section 2.3.1 has shown the algorithm. �en,
plain Monte Carlo (see section 4.1) can approximate the integration over y by a sum
over S samples drawn from p. �e cross-entropy in (114b) can be seen as the expecta-
tion of logq(y) under p, and approximated (using (49))

H (p‖q) = −

∫
p(y) logq(y)dy ' −

1

S

∑
s

logq
(
y(s)

)
, y(s) ∼ p(y). (115)

Another way of looking at this expression is as the negative log-likelihood of q for
the set of samples

{
y(s)
}
. �is gives another motivation for using this as a metric

7 �e entropy could be rewritten to

H (p) =

∫
p(y) logp(y)dy =

∫ „∫ ∫
p(x,n,y)dndx

«
log

„∫ ∫
p(x,n,y)dndx

«
dy,

which has no obvious closed form.
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for comparing compensation methods. Note that when q is the transformed-space
samplingmethod from this work, for every sampley(s) another level of sampling takes
place inside the evaluation of q

(
y(s)

)
.

�e cross-entropy results in the next section will use this Monte Carlo approxima-
tion. It has one caveat: the distribution q is assumed to be normalised, and if not, then
the result is not valid. �is means that the Algonquin approximation, which does not
yield a normalised distribution over y, cannot be assessed in this way. As pointed out
in section 5.2.2, the likelihood approximation of transformed-space sampling is biased,
but consistent. �is means that as the size of its sample cloud increases, q converges to
being normalised.

7 Experiments

�is work has aimed to �nd an accurate approximation to the corrupted speech likeli-
hood. To assess the performance, this work will initially consider the cross-entropy to
the real distribution for individual components. �is allows a �ne-grained assessment
of the approximations that methods for noise-robustness make. �is chapter will con-
sider the e�ects of parameterisations of the noise-corrupted speech distributions, such
as assuming it Gaussian (section 7.2.1), and diagonalising the covariance matrix of this
Gaussian (section 7.2.2). It will also investigate the e�ects of a common approximation
to the mismatch function: assuming the phase factor α to be �xed (section 7.2.3).

7.1 Set-up

�is work uses a noise-corrupted version of the Resource Management task both for
evaluation the cross-entropy and the word error rate. �e Resource Management task
is a medium-vocabulary task, with a 1000-word vocabulary. Operations Room noise
from the noisex-92 databasewas added arti�cially with the noise scaled to yield snrs of
20 dB and 14 dB.�e clean training data contains 109 speakers reading 3990 sentences,
3.8 hours of data. State-clustered cross-word triphone models with 6 components per
mixture were built using the htk rm recipe. All results are averaged over three of the
four available test sets, Feb89, Oct89, and Feb91, a total of 30 test speakers and 900
utterances.

All experiments use a noise model trained directly on the noise as added to the
speech audio. �is eliminates the in�uence of the noise estimation algorithm. As dis-
cussed in the introduction, in practice methods for noise robustness can estimate a
noise model on little training data compared to generic adaptation techniques. �is
is because their model of the environment matches the actual environment to some
degree. �is work examines how close that model can be without considering how to
estimate the noise model.

�is work uses the mismatch function presented in section 2.2 as the real one.
�is assumes that there is no convolutional noise, which would be additive in the log-
spectral domain anyway. It also assumes that the phase factor is Gaussian but con-
strained to [−1, 1], and independent per time frame and per spectral coe�cient. �e
variances σ2α of the phase factor are found from the actual �lterbank weights for the
Resource Management system, as discussed in section 2.2.1.2. �e schemes that sam-
ple from the phase factor distribution, dpmc and transformed-space sampling, use the
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7.1. set-up

exact same distribution. vts requires the distribution to be Gaussian and ignores the
constraint on the coe�cients.

For the cross-entropy experiments, the full-covariance noise and speech Gaussians
are both over 24 log-spectral coe�cients. �e one for the noise is trained directly on the
noise audio. �e speech distribution is taken froma trainedResourceManagement sys-
tem, single-pass retrained to �nd Gaussian in the log-spectral domain. A low-energy
speech component8 is chosen, to represent the part of the utterance where the low snr
causes recognition errors. �e distance between the speech and the noise means, aver-
aged over the log-spectral coe�cients, corresponds to a 10 dB snr. 5000 samples y(s)

are drawn from the corrupted speech distribution. dpmc trains Gaussians on 50 000
samples. For idpmc, the average number of samples per Gaussian component is also
50 000, so that the 8-component mixture, for example, is trained on 400 000 samples.
Except where mentioned, the relative ordering of the approximation methods is the
same for all combinations of speech and noise examined.

�e speech recogniser experiments compare various model compensation meth-
ods. Previous work had not applied model compensation with a phase factor distribu-
tion. Here, the experiments for both vts and dpmc use a distribution over the phase
factor α of the mismatch function (section 7.2.3 examines the in�uence of the phase
factor).

For vts, the standard approach [28, 2] �xes α to 0. Previous work has modelled
it with a distribution only for feature enhancement: to �nd a minimum mean square
error estimate [4], or with aKalman �lter [21]. Formodel compensation, previouswork
has �xed α to 1 [27], mathematically highly improbable, or 2.5 [23], mathematically
impossible. �iswork, on the other hand, applies vts compensationwith a distribution
over α.

dpmc, similarly, was originally presented with α �xed to 0 [13]. However, since
it trains a distribution on samples drawn from the corrupted speech distribution, it is
straightforward to extend it so it uses a distribution forα. �e phase factor distribution
to draw samples from was given in section 2.2.1.2.

For the recognition experiments, the number of samples per component for ex-
tended dpmc was set to 100 000. For iterative dpmc, the average number of samples
was 100 000: for example, a 6-component mixture was trained on 600 000 samples.

It is standard practice in speech recognition to append delta and delta-delta coe�-
cients to static observation vectors. �ese indicate the direction of change in the static
coe�cients and are computed from the static feature vectors in a window with a linear
transformation. To �nd the distributions over dynamic features, model compensation
methods o�en use additional approximations, such as the continuous time approxi-
mation for vts. However, it is more accurate to explicitly model the distribution over
a window of static feature vectors, “extended” feature vectors. It is then possible then
apply the linear transformation to �nd the distribution over statics, deltas and delta-
deltas [34, 35]. Apart from yielding better accuracy, this also keeps compensation for
dynamics most closely related to that for the statics. For robustness, the speech statis-
tics have striped covariance matrices as discussed in [34, 35]. �e distributions of the
corrupted speech have full covariance matrices.

For dpmc and iterative dpmc, compensation with extended feature vectors works
as follows [34, 35]. From the extended distributions over a window of statics, samples

8Tied state “st uh 4 3”, component 2.
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are drawn for the speech, the noise, and the phase factor. �ese are combined, frame
by frame, through the mismatch function, to produce a sample of a window of noise-
corrupted speech. �e linear transformation converts this sample into a sample with
static and dynamic coe�cients. �e Gaussian (for dpmc) or the mixture of Gaussians
(for idpmc) is then trained on these samples as usual.

For vts, the equations to compute the means and covariance for one frame of
static parameters can be generalised to a window of static parameters. Importantly, o�-
diagonal covariance entries need to be compensated as well. �is process, the details of
which are in [34, 35], yields a Gaussian distribution over the statics of noise-corrupted
speech in a window. �e linear transformation can be applied to this Gaussian to yield
a Gaussian over statics and dynamics.

7.2 Results

If the speech and noise models represented the real distributions perfectly, then com-
puting the corrupted speech distribution exactly would yield the best recognition per-
formance. In practice, however, the models are imperfect and improving the kl diver-
gence to the real distribution does not necessarily mean that the speech recognition
accuracy will also improve. In this respect, assessing the quality of speech recogni-
tion compensation with the kl divergence is conceptually similar to assessing language
models by their perplexities. �e following sections will also relate cross-entropy re-
sults to word error rates.

However, not all methods discussed in this work can be assessed with both of these
metrics. �e Algonquin algorithm, discussed in section 3.3, yields a Gaussian approxi-
mation of the corrupted speech distribution speci�c to an observation. Used as ameth-
ods to approximate the likelihood of observations, it therefore is not normalised. �is
makes it impossible to compute the cross-entropy for it. As discussed in section 5.2, the
likelihood for transformed-space sampling is not normalised for small sample clouds,
but converges to normalisation as the number of samples increases.

�is work will not present word error rates for the transformed-space sampling
method introduced in this work, because decoding with it is prohibitively slow. �is
is caused by a big conceptual di�erence between model compensation methods (e.g.,
vts, dpmc, and idpmc) on the one hand and transformed-space sampling on the other.
Model compensation computes a parametric distribution, and once that is done, run-
ning a recogniser or computing a cross-entropy is no slower than without compen-
sation. Transformed-space sampling, on the other hand, approximates the likelihood
given an observation, and cannot pre-compute anything. For the recognition experi-
ments in this work, just for the statics and with a decent-sized sample cloud of 512, it
would run at roughly 20million times real-time. �is �gure is based on an implementa-
tion that was not optimised for speed at all, but evenwith an optimised implementation
running a speech recogniser with it would not be feasible.

However, the approximated likelihood of transformed-space sampling tends to the
exact likelihood. In the following section it will become clear that it indicates the mini-
mum value of the cross-entropy to the real distribution. �is minimum is by de�nition
where the kl divergence is 0. �e distance to this point in a cross-entropy graph there-
fore shows how far compensation methods are from the ideal compensation.
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Figure 15 Cross-entropy to the corrupted speech distribution for transformed-
space sampling and model compensation methods.

7.2.1 Compensation methods

�e graph in �gure 15 contains the cross-entropy for di�erent compensation meth-
ods. �e curved line indicates the cross-entropy between the real distribution and the
transformed-space sampling method described in section 5.2, for increasing sample
cloud size. �e factorisation is the quasi-conditional factorisation from section 5.2.2.3.
For distributions other than a three-dimensional toy example, the postponed factori-
sation discussed in section 5.2.2.2 showed a much slower convergence: in an earlier
version of the experiment in �gure 15 (without the phase factor), even with 16 384 sam-
ples it did not perform as well as the vts-estimated Gaussian.

As the size of the sample cloud increases, the approximation of p(y(s)) found with
transformed-space sampling converges to the correct value. �is means that the cross-
entropy H (p‖q) converges to the entropy H (p). �e bottom of the graph is set to
the point the curve in �gure 15 converges to, which indicates the entropy of p. Since
the kl divergence is de�ned (in (114a)) as KL (p‖q) = H (p‖q) − H (p), this is
the point where the kl divergence is 0. Since the kl divergence cannot be negative,
this point gives the optimum cross-entropy. It gives a lower-bound on how well the
real corrupted speech distribution can be matched. �e value of the cross-entropy for
transformed-space sampling with 16 384 samples, 30.14, will also be the bottom for the
other graphs in this section.

�e line labelled “dpmc” in �gure 15 indicates the best match to the real distribu-
tion possible with one Gaussian. �eMonte Carlo approximation to the cross-entropy,
section 6 has shown, is equivalent to the negative average log-likelihood on the sam-
ples. dpmc �nds the Gaussian that maximises its log-likelihood on the samples it is
trained on. If the sample sets for training and testing were the same, then dpmc would
yield themathematically optimalGaussian. �oughdi�erent sample sets are used (with
50 000 samples for training dpmc and 5000 samples for testing) the cross-entropy has
converged. Any other Gaussian approximation will perform worse.

�e state-of-the-art vts compensation �nds such a Gaussian analytically, and it is
much faster. However, its cross-entropy to the real distribution is far from dpmc’s ideal
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Figure 16 Cross-entropy to the corrupted speech distribution for iterative dpmc.

Compensation Shape 20 dB 14 dB
— diag 38.1 83.8
vts, α = 1 8.6 17.3
evts

full

11.1 16.5
edpmc 7.4 13.3
eidpmc 6.9 12.0
eidpmc+ 6 6.2 11.1
eidpmc+ 12 6.5 11.3

Table 1Word error rates for various compensation schemes.

one.

Just like dpmc, idpmc �nds a distribution from samples, but it uses a mixture
of Gaussians rather than one Gaussian. �e mixture in the graph has 8 components
trained on 400 000 samples, and comes close to the correct distribution. As the num-
ber of components increases from 1 to 8, keeping the average number of samples for
components at 50 000, the cross-entropy decreases, as �gure 16 illustrates. With an in-
�nite number of components, it would yield the exact distribution. To correctly model
the non-Gaussianity in 24 dimensions, however, a large number of components are
necessary, which quickly becomes impractical.

To examine the link between the cross-entropy and the word error rate, recognition
experiments are run. Improved modelling of the corrupted speech does not guarantee
better discrimination, since speech and noise models are not necessarily the real ones.
Since transformed-space sampling needs to be run separately for every observation
vector for every speech component, it is too slow to use in a speech recogniser.

Table 1 contains word error rates at two signal-to-noise ratios for comparison with
the cross-entropy results in �gure 15. Results with the uncompensated system, trained
on clean data, are in the top row. Below it, as a reference, is standard vts. It sets the
phase factor α to 1, and �nds diagonal-covariance compensation. Standard vts uses
the continuous time approximation to compensate delta- and delta-delta parameters.
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�is yields inaccurate compensation for o�-diagonals. �is is discussed in great depth
in [34, 35]. Using block-diagonal statistics and compensation, word error rates for stan-
dard vts are worse; 19.5 % and 38.5 %.

�e bottom part of the table contains results on extended vts (evts) and extended
dpmc (edpmc). As discussed in section 7.1, they use distributions over extended feature
vectors [34, 35], which consist of the statics in a window that dynamic parameters are
computed from. �ey also use a distribution over the phase factor α. �e covariances
of the resulting distributions are not diagonalised.

evts performs less well than standard vts at 20 dB.�is is caused by the interaction
of the phase factor with the vector Taylor series approximation, which section 7.2.3 will
explore inmore detail. At 14 dB, themore precise modelling does pay o�. Compared to
the uncompensated system extended vts’s performance improves much more (38.1 %
to 11.1 %) than expected from its improvement in terms of the cross-entropy in �gure 15.
vts compensation uses a vector Taylor series approximation around the speech and
noise means. It therefore models the mode of the corrupted speech distribution better
than the tails. �is causes the majority of the improvement in discrimination.

However, extended dpmc, which �nds the optimal Gaussian given the speech and
noise models, does yield better accuracy (7.4%). Extended dpmc �nds one corrupted
speech Gaussian for one clean speech Gaussian. �e cross-entropy experiment only
used one clean speech Gaussian. Extended idpmc (eidpmc), however, trains a mixture
of Gaussians from samples, which can be drawn from any distribution. For the recog-
nition experiments, therefore, eidpmc compensates one state-conditional mixture at
a time. Replacing the 6-component speech distribution by a 6-component corrupted
speech distribution, eidpmc increases performance from edpmc’s 7.4 % to 6.9%. By
modelling the the distribution better, with 12 components (“eidpmc+ 6”), performance
increases further to 6.2 %. �e corrupted speech distribution should bemore precise as
the number of components increases to 18 (“eidpmc+ 12”). However, even by increas-
ing the number of samples by a factor of 2, to 3600 000, performance does not increase.
�is is felt to be caused by lack of robustness of the speech statistics, even though they
have striped covariance matrices. Since in �gure 16 the line for idpmc tends towards
the best possible cross-entropy, this is thought to be the best possible word error rate
for these clean speech distributions and this noise model.

Going from aGaussian trainedwith extended vts to the optimalGaussian to amix-
ture ofGaussians in general improves the precision of the corrupted speechmodel. �is
shows in the cross-entropy to the real distribution, and the same e�ects are observed
in the word error rate. Better modelling of the corrupted speech distribution leads to
better performance. �e next sections will evaluate speci�c common approximations:
diagonalising Gaussians’ covariance matrices, and setting α to a �xed value.

7.2.2 Diagonal-covariance compensation

�ecepstral-domainGaussians of speech recognisers are o�endiagonalised. �is yields
more robust estimates than full covariancematrices, and keeps decoding fast. Tomodel
some feature correlationswhilemaintaining decoding speed, approaches that use struc-
tured precision matrices [11, 31] are possible.

For noisy conditions speci�cally, it has previously been observed that feature corre-
lations change and it is advantageous to compensate for this. However, it turns out that
modelling correlations for the wrong noise conditions is counter-productive [12]. Also,
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Figure 17�e e�ect of diagonalisation on the cross-entropy.

Compensation Shape 20 dB 14 dB
— diagonal 38.1 83.8
evts diag 8.3 15.7
evts full 11.1 16.5
edpmc diag 7.5 14.9
edpmc full 7.4 13.3

Table 2�e e�ect of diagonalisation on the word error rate.

estimates for o�-diagonal elements are much less robust to approximations [34, 35].
�is section will relate these e�ects using the cross-entropy and speech recogniser ac-
curacy.

Diagonalisation usually takes place in the cepstral domain. �e theory and the
cross-entropy experiments have used log-spectral-domain feature vectors. To emulate
diagonalisation in the cepstral domain for log-spectral-domain features, therefore, the
Gaussian is �rst converted to the cepstral domainwith a dctmatrix. Normally, cepstral
feature vectors are truncated to 13 elements. However, to be able to convert back to
the log-spectral domain, here all 24 dimensions are retained. �e Gaussian is then
diagonalised. To be able to compare the log-likelihoods, the diagonalised Gaussians
are converted back to the log-spectral domain with the inverse dct.

Figure 17 compares the cross-entropy to the real distribution of diagonalised and
non-diagonalised Gaussians found with dpmc and vts. As explained in the previous
section, dpmc by de�nition yields the optimal Gaussian, so it must result in the lowest
cross-entropy, and diagonalising it makes it perform less well. �at full-covariance vts
performs less well than its diagonalisation may come as a surprise. On this test case,
apparently, the o�-diagonals in the cepstral domain are not estimated well enough, so
that diagonalising lends the distribution robustness.

Table 2 investigates speech recognition performance when diagonalising Gaussian
compensation. As in the previous section, the compensation methods use a phase fac-
tor distribution and extended feature vectors, to model the distributions as precisely

58



7.2. results

as possible. Here, as for the cross-entropy, diagonalising extended vts compensation
improves performance (e.g., 11.1 % to 8.3 %). �e o�-diagonal covariance entries are
not estimated well, so that diagonalisation increases robustness. (�e next section will
relate this to the model for the phase factor α.) However, edpmc, which �nds the op-
timal Gaussian compensation, does perform better when it is allowed to model cor-
relations (7.5 % to 7.4% at 20 dB). As expected from earlier work [34, 35], at a lower
signal-to-noise ratio the correlations change more, so that modelling them becomes
more important (14.9% to 13.3 % at 20 dB).

7.2.3 In�uence of the phase factor

Model compensation o�en assumes a mismatch function that is an approximation to
the real one as presented in section 2.2. Traditionally the phase factor α, which arises
from the interaction between the speech and the noise in the complex plane, is assumed
�xed. �is section will look into the e�ect of the approximation, comparing Gaussian
compensation with dpmc and vts.

�e phase factor distribution is a Gaussian around 0 (constrained to [−1,+1] in
the case of dpmc). �is corresponds to the model used to draw corrupted speech sam-
ples from for the cross-entropy. Previous work has not used dpmc with a phase fac-
tor distribution. vts for feature enhancement has previously used such a distribution
[4, 21]. For model compensation, α has been set to �xed values [23, 27], but not to a
distribution. Two settings for α are of interest. �e way it is traditionally presented
[28, 2] is with α = 0, which is the mode of the actual distribution. �e second setting
is α = 1. �is seems an arbitrary number, and is mathematically improbable. How-
ever, as appendix B shows, if the term with α in the mismatch function is ignored and
magnitude-spectrum feature vectors are used, this is equivalent to setting α = 1 for
the power spectrum. �is has been applied in previous work (e.g. [27]).
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Figure 18�e e�ect of the phase factor on Gaussian compensation.

Figure 18 shows the cross-entropy for dpmc and vts with di�erent models for the
phase factor. Note that the vertical axis uses a larger scale than �gure 15. �e bottom
of the graph is still set to the optimal cross-entropy acquired with transformed-space
sampling. Both methods generate full covariance matrices. �e diagonalised versions
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show the same trends, with smaller distances between cross-entropies. dpmc with the
model for αmatching the actual distribution (“dpmc α ∼ N ”) yields the lowest cross-
entropy by de�nition. vts with a Gaussian model (“vts α ∼ N ”) is at some distance.

�eobvious choice for �xingαwould be themode of its actual distribution, 0. With
that assumption, both dpmc and vts end up further away from the ideal distribution.
Note that though the cross-entropy lines for “dpmc α = 0” and “vts α = 0” are close,
the distributions are not necessarily similar. As expected, when α is �xed to 1, the
modelled distributions become even further away from the actual ones.

Scheme α 20 dB 14 dB

edpmc
0 7.6 13.2
1 8.0 14.7
N 7.4 13.3

evts
0 11.4 16.5
1 8.7 14.9
N 11.1 16.5

Table 3�e e�ect of the phase factor on Gaussian compensation.

Table 3 contains word error rates for the same contrasts. Again, it shows only full-
covariance compensation. With diagonal covariances the trends are again the same but
less pronounced. For edpmc, the e�ect of di�erent phase factor models is as expected.
Whether α is distributed around 0 or �xed to 0mostly a�ects the covariances. �ough
this does have an e�ect on the cross-entropy, since the change to the covariance matri-
ces is fairly uniform across components, this makes little di�erence for discrimination.
However, setting α to the unlikely value 1 a�ects performance negatively.

�e results for vts are more surprising. Again, there is little di�erence between
setting α to 0 and letting it be distributed around 0. For vts, this by de�nition does
not a�ect components’ means, but only their covariances. However, setting it to 1
does improve performance. �is may be because overestimation of the mode (see sec-
tion 3.2) improves modelling for some components. Preliminary results suggest that
which value of α yields the best cross-entropy varies with di�erent distances between
the speech and noise means. A possible hypothesis is that for di�erent tasks, di�erent
settings forα optimise compensation for components at a speech-noise distance where
miscompensation is most likely to cause recognition errors. �is would explain why
the optimal α is di�erent for di�erent corpora [14]. However, this is material for future
research.

What the results here do show is that while modellingαwith a distribution reduces
the distance to the actual distribution, as evidenced by the improving cross-entropy,
discrimination is not helped. Section 3.2 has pointed out that the only e�ect of using a
distribution for the phase factor over a �xed value at the distribution’s mode is a fairly
equal bias on the covariance, which is unlikely to in�uence discrimination much. It
has also discussed how in practice the noise estimation can subsume this bias. Using
a distribution over the phase factor rather than a �xed value as is currently done, is
therefore unlikely to cause gains in a practical speech recogniser.
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8 Conclusion

�is work has introduced a new technique for computing the likelihood of a corrupted
speech observation vector. It does not use a parametric density, but rather a sampling
method, which approximates the integral over speech, noise and phase factor that the
likelihood consists of. Because the probability density has an awkward shape, the inte-
gral is �rst transformed. �en, sequential importance re-sampling deals with the high
dimensionality. As the number of samples goes to in�nity, this approximation comes
arbitrarily close to the real likelihood.

Because the method cannot precompute distributions, it is too slow to embed in a
speech recogniser. However, it is possible to �nd the kl divergence from approxima-
tions to the corrupted speech distribution to the real one up to a constant. �e new
method essentially gives the point where the kl divergence is 0, so it can be assessed
how close compensationmethods are to the ideal. For the recognition experiments, the
compensation schemes work on extended feature vectors to provide the best compen-
sation and to avoid further approximations. �e kl divergence for di�erent compensa-
tionmethods appears to predict their word error rates well. One of these compensation
methods is iterative data-driven parallel model combination (idpmc), which takes im-
practically long to train but then is fast to run a speech recogniser with. An extension
of iterative data-driven parallel model combination comes close to transformed-space
sampling in terms of cross-entropy, and improves the word error rate substantially.
Given the link between the cross-entropy and the word error rate, this should indicate
the best possible performance with these speech and noise models.

Using the kl divergence technique, it also becomes possible to examine approxima-
tions to the mismatch function. �ese include assuming the corrupted speech distri-
bution Gaussian, and diagonalising that Gaussian’s covariance. One common approx-
imation, assuming the phase factor �xed, has seen particular interest in recent years.
�is work introduces model compensation using a phase factor distribution for vts,
dpmc, and idpmc. �is turns out to have more e�ect on the cross-entropy than on
discrimination. In particular, for vts compensation setting the phase factor to a �xed
value other than its mode appears to counter some e�ects of the vector Taylor series
approximation at di�erent signal-to-noise ratios.
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A Well-known equalities

�e following useful equalities are well-known.

A.1 Transforming variables of probability distributions

If variables x andy are deterministically linked, a probability distribution over x, p (x),
can be converted into one over y with (see, for example, [3], 11.1.1)

p (y) = p (x)

∣∣∣∣ ∂x∂y
∣∣∣∣ . (116)

A.2 Matrix identities

�eWoodbury identity relates three matricesA,B,C (see e.g. [30], 3.2.2):(
A+CBCT

)−1
= A−1 −A−1C

(
B−1 +CTA−1C

)−1
CTA−1. (117)

�e inverse of a block symmetric matrix is given by (see e.g. [30], 9.1.3)[
A CT

C B

]−1

=

[
D−1 −D−1CTB−1

−B−1CD−1 E−1

]
(118a)

=

[
D−1 −A−1CTE−1

−E−1CA−1 E−1

]
, (118b)

whereD = A −CTB−1C is the Schur complement of the matrix with respect to B,
and E = B−CA−1CT is the Schur complement of the matrix with respect toA.

�e determinant of the matrix is∣∣∣∣[A CT

C B

]∣∣∣∣ = |A| · |E| = |B| · |D| . (119)

A.3 Multi-variate Gaussian factorisation

It can be useful to decompose the evaluation of a multi-variate Gaussian into factors.
An obvious choice of factors would be the actual distribution of one coe�cient condi-
tional on all previous ones. Straightforward derivations of this usually (e.g. [3]) assume
that the Gaussian is normalised (so that constant factors can be dropped) and assume
the input for the Gaussian is linear in the variable of interest (so that the integral over
coe�cients is constant). �ese assumptions, however, can not be made in this work.
Below derivation therefore explicitly considers all constants.

Let q an unnormalised Gaussian density with parameters a and b,

q

([
a

b

])
= exp

(
−
1

2

([
a

b

]
−

[
µa
µb

])T [
Λaa Λab
Λba Λbb

]([
a

b

]
−

[
µa
µb

]))
,

(120)
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whereΛ is the precision matrix, the inverse of the covariance matrix Σ:

Λ =

[
Λaa Λab
Λba Λbb

]
=

[
Σaa Σab
Σba Σbb

]−1

= Σ−1. (121)

From the expression for the inverse of a symmetric block matrix, given in (118), it fol-
lows that Σ−1

aa = Λaa −ΛabΛ
−1
bbΛba, which will be useful in the derivation below.

�edensity can be decomposed into a factor dependent ona and one dependent on
both a and b. �e steps the derivation follows are (122a) expanding the terms; (122b)
gathering terms containingb; (122c) completing the square and compensating for that;
and �nally (122d) simplifying.

q

([
a

b

])
= exp

(
−
1

2

([
a

b

]
−

[
µa
µb

])T [
Λaa Λab
Λba Λbb

]([
a

b

]
−

[
µa
µb

]))
= exp

(
− 1
2 (a− µa)

T
Λaa (a− µa) − (b− µb)

T
Λba (a− µa)

− 1
2 (b− µb)

T
Λbb (b− µb)

)
= exp

(
− 1
2 (a− µa)

T
Λaa (a− µa) − bTΛba(a− µa) + µT

bΛba(a− µa)

− 1
2b

TΛbbb+ bTΛbbµb − 1
2µ

T
bΛbbµb

)
(122a)

= exp
(

− 1
2 (a− µa)

T
Λaa (a− µa) + µT

bΛba(a− µa) − 1
2µ

T
bΛbbµb

− 1
2b

TΛbbb+ bTΛbb
(
µb −Λ−1

bbΛba(a− µa)
) )

(122b)

= exp
(

− 1
2 (a− µa)

T
Λaa (a− µa) + µT

bΛba(a− µa) − 1
2µ

T
bΛbbµb

− 1
2

(
b−

(
µb −Λ−1

bbΛba(a− µa)
))T
Λbb

(
b−

(
µb −Λ−1

bbΛba(a− µa)
))

+ 1
2

(
µb −Λ−1

bbΛba(a− µa)
)T
Λbb

(
µb −Λ−1

bbΛba(a− µa)
) )

(122c)

= exp
(

− 1
2 (a− µa)

T (
Λaa −ΛabΛ

−1
bbΛba

)
(a− µa)

− 1
2

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
))T
Λbb

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
)) )

= exp
(

− 1
2 (a− µa)

T
Σ−1
aa(a− µa)

)
exp

(
− 1
2

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
))T
Λbb

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
)) )

.

(122d)

A normalised Gaussian can be factorised analogously. Using (119), the determinant of
the block matrix Σ can be decomposed into the determinants of the covariance matri-
ces of the two terms in (122): |Σ| = |Σaa| ·

∣∣Λ−1
bb

∣∣. A normalised Gaussian then can
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be decomposed into two normalised Gaussians:

N
([
a

b

]
;

[
µa
µb

]
,

[
Σaa Σab
Σba Σbb

])
= |2πΣ|−1/2 q

([
a

b

])
= |2πΣaa|−1/2 ·

∣∣2πΛ−1
bb

∣∣−1/2 exp(−
1

2
(a− µa)

T
Σ−1
aa(a− µa)

)
exp

(
−
1

2

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
))T
Λbb

(
bT −

(
µb −Λ−1

bbΛba(a− µa)
)) )

= N (a; µa, Σa)N
(
b; µb −Λ−1

bbΛba(a− µa), Λ
−1
bb

)
= N (a; µa, Σa)N

(
b; µb − ΣbaΣ

−1
aa(a− µa), Σbb − ΣbaΣ

−1
aaΣab

)
. (123)

If the density q is a probability distribution and a and b are distributed according
to it: [

a

b

]
∼ N

([
µa
µb

]
,

[
Σaa Σab
Σba Σbb

])
, (124)

then the two factors in (123) are the marginal probability distributions of a and the
distribution of b conditional on a, so that

a ∼ N (µa,Σa) ; (125a)
b|a ∼ N (µb −Λ−1

bbΛba(a− µa),Λ
−1
bb

)
(125b)

∼ N (µb − ΣbaΣ
−1
aa(a− µa),Σbb − ΣbaΣ

−1
aaΣab

)
. (125c)

�is is a standard result. Note that the distribution of a is more easily expressed in
terms of the joint’s covariance matrix, and the distribution of b|a in terms of the pre-
cision matrix.

B Domain-speci�c mismatch function

�emismatch in the log-spectral domain was given in (3a). It assumed that the features
yi, xi, ni used the power spectrum. �is section will write the power β applied to the
spectral coe�cients explicitly as y(β)

i , x
(β)
i , n

(β)
i , so that (3a) becomes:

exp
(
y

(2)
i

)
= exp

(
x

(2)
i

)
+ exp

(
n

(2)
i

)
+ 2αi exp

(
1
2x

(2)
i + 1

2n
(2)
i

)
. (126)

�e expression for the mismatch relating vectors in domains with di�erent powers
than 2 derives from this using an assumption about the mel-�ltered spectrum. A mel-
�ltered spectral coe�cient is a weighted sum of spectral coe�cients to the power of β
(see (9c)), which can be assumed equal to the power of the sum:

Ȳ
(β)
i =

∑
k

wik |Y[k]|β '
(∑

k

wik |Y[k]|
)β
. (127)

�e log-spectral coe�cients are found by taking the logarithm of this, so that

y
(β)
i = log

(
Ȳ

(β)
i

) ' β log
(∑

k

wik |Y[k]|
)
. (128)
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It is easy to see that coe�cients acquired from theβth-power domain are then assumed
related to those using a power of 2 by

y
(β)
i = β

2 y
(2)
i ; x

(β)
i = β

2 x
(2)
i ; n

(β)
i = β

2n
(2)
i . (129)

For the log-magnitude-spectrum (β = 1), for example, coe�cients yi, xi, ni, are
smaller by a factor of 2. �erefore, (126) can be generalised to any power β by making
up for the power:

exp
(
2
βy

(β)
i

)
= exp

(
2
βx

(β)
i

)
+ exp

(
2
βn

(β)
i

)
+ 2αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

)
, (130a)

or

y
(β)
i = β

2 log
(
exp

(
2
βx

(β)
i

)
+ exp

(
2
βn

(β)
i

)
+ 2αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

))
(130b)

or

y
(β)
i = β

2 log
(
exp

(
2
βx

(β)
i

)
·
(
1+ exp

(
2
βn

(β)
i − 2

βx
(β)
i

)
+ 2αi exp

(
1
βn

(β)
i − 1

βx
(β)
i

)))
= x

(β)
i + β

2 log
(
1+ exp

(
2
βn

(β)
i − 2

βx
(β)
i

)
+ 2αi exp

(
1
βn

(β)
i − 1

βx
(β)
i

))
.

(130c)

Derivatives of this are

dy
(β)
i

dx
(β)
i

=
exp

(
2
βx

(β)
i

)
+ αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

)
exp

(
2
βx

(β)
i

)
+ exp

(
2
βn

(β)
i

)
+ 2αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

) ; (131a)

dy
(β)
i

dn
(β)
i

=
exp

(
2
βn

(β)
i

)
+ αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

)
exp

(
2
βx

(β)
i

)
+ exp

(
2
βn

(β)
i

)
+ 2αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

) = 1−
dy

(β)
i

dx
(β)
i

;

(131b)

dy
(β)
i

dα
(β)
i

=
β exp

(
1
βx

(β)
i + 1

βn
(β)
i

)
exp

(
2
βx

(β)
i

)
+ exp

(
2
βn

(β)
i

)
+ 2αi exp

(
1
βx

(β)
i + 1

βn
(β)
i

) . (131c)

Some implementations of vts compensation (e.g. [27]) have usedmagnitude-spectrum
features (β = 1), but assumed the mismatch function was simply

exp
(
y

(1)
i

)
= exp

(
x

(1)
i

)
+ exp

(
n

(1)
i

)
. (132)

It is interesting to see the e�ect of these assumptions. By converting this back to power-
spectral features,

exp
(
1
2y

(2)
i

)
= exp

(
1
2x

(2)
i

)
+ exp

(
1
2n

(2)
i

)
; (133a)

exp
(
y

(2)
i

)
=
(
exp

(
1
2x

(2)
i

)
+ exp

(
1
2n

(2)
i

))2
= exp

(
x

(2)
i

)
+ exp

(
n

(2)
i

)
+ 2 exp

(
1
2x

(2)
i

)
exp

(
1
2n

(2)
i

)
. (133b)

�is is exactly equivalent to the real mismatch function, in (126), with α = 1. �is
means that when [27] perform vts compensation with vectors in the magnitude do-
main and ignore the phase term, as in (132), this is equivalent to assuming α = 1

on log-power-spectral features. Also, when the noise model is ml-estimated, with the
samemismatch function used for decoding, then the noise model parameters will sub-
sume much of the di�erence between model and reality.
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C Transforming the likelihood for piecewise linear approximation

�is section follows the transformation of the expression for the likelihood presented
in [29]. �e explanation of the idea behind it is in section 3.4. Section C.1 discusses
the single-dimensional case as in the original paper. Section C.2 generalises it to more
dimensions.

C.1 Single-dimensional

�e interaction between the log-spectral coe�cients of the speech x, the noise n, and
the observation y is assumed to be

exp (y) = exp (x) + exp (n) . (134)

y is set to its observed value, yt.
�e substitute variable introduced to replace the integration over x andn is de�ned

u = 1− exp (x− yt) , (135a)

so that

n = log (exp (yt) − exp (x)) = yt + log (1− exp (x− yt))

= yt + log (u) ; (135b)
x = yt + log (1− u) . (135c)

Two useful derivatives for transforming the integral are the following. �e derivative
of n with respect to y while keeping x �xed is

dn(x, y)

dy
=

exp (y)

exp (y) − exp (x)
=

1

1− exp (x− y)
=
1

u
. (136a)

�e notation n(x, y) is used to indicate the value of n that the setting of the other two
variables (x, y) implies. Similarly, the derivative of xwith respect touwhile keepingyt
�xed is

dx(u, yt)

du
=

−1

1− u
. (136b)

As explained in section 3.4 (and see also section A.1), the transformation of the
integral in the likelihood expression uses the absolute values of the two derivatives.

p (yt) =

∫yt

−∞ p (yt| x)p (x)dx

=

∫yt

−∞
∣∣∣∣∣ dn(x, y)

dy

∣∣∣∣
yt

∣∣∣∣∣p (n(x, yt))p (x)dx

=

∫1
0

∣∣∣∣∣ dn(x, y)

dy

∣∣∣∣
yt

∣∣∣∣∣p (n(u, yt))

∣∣∣∣dx(u, yt)du

∣∣∣∣p (x(u, yt))du

=

∫1
0

1

u
N (yt + log (u) ; µn, σ

2
n

) 1

1− u
N (yt + log (1− u) ; µx, σ

2
x

)
du.

(137)
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Rewriting only the le�-hand term of the integrand, noting that 1u = exp (− log (u)),

1

u
N (log(u) + yt; µn, σ

2
n

)
=

1√
2πσ2n

exp
(

−
(log(u) + yt − µn)

2

2σ2n
− log(u)

)
=

1√
2πσ2n

exp
(

−
(log(u) + yt − µn + σ2n)2

2σ2n
+
1

2
σ2n + yt − µn

)
= exp

(
1

2
σ2n + yt − µn

)
N (log(u); µn − σ2n − yt, σ

2
n

)
. (138)

�e right-hand side of the integrand can be rewritten in a similar way, so that the like-
lihood expression becomes

p (yt) = exp
(
1

2
σ2n +

1

2
σ2x − µn − µx + 2yt

)
∫1
0

N (log(u); µn − σ2n − yt, σ
2
n

)N (log(1− u); µx − σ2x − yt, σ
2
x

)
du.

(139)

By approximating log(u) and log(1 − u) with a piecewise linear function [29], the
integral can be written as a sum of integrals over part of a Gaussian and a constant
factor.

C.2 Multi-dimensional

�at the derivation above can use scalars crucially relies on two assumptions. �e as-
sumption that the ith coordinate of the clean speech only in�uences the ith coordinate
of the corrupted speech is only valid in the log-spectral domain. �e assumption that
the coordinates of both the clean speech and the corrupted speech are uncorrelated is
marginally valid in the cepstral domain, and invalid in the log-spectral domain. �e
following generalises the derivation above to a vector of mfccs. mfccs are related to
log-spectral coe�cients by a linear transformation. As long as the distributions in the
log-spectral domain are not assumed uncorrelated, therefore, a derivation in the log-
spectral domain can be used.

�e relation of the clean speech, noise, and corrupted speech for every dimension
is the same as the single-dimensional case in (134), so that for vectors:

exp (y) = exp (x) + exp (n) . (140)

Again, y is set to its observed value, yt.
�e coe�cients of the substitute variable u are de�ned as in (135), so that in vector

notation,

u = 1− exp (x− yt) , (141)

so that

n = yt + log (u) ; (142)
x = yt + log (1− u) , (143)
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where 1 is a vector with all entries set to 1.
�e absolutes of the derivatives that the transformation of the feature space results

in in one-dimensional space generalise to determinants of partial derivatives. Since the
relationships between speech, noise, substitute variable, and observation are element-
by-element in log-spectral space, the partial derivatives are diagonal. �e generalisa-
tions of the derivatives in (136) therefore is (note that u ∈ 〈0, 1〉)∣∣∣∣∂n(x,y)

∂y

∣∣∣∣ =
∣∣∣∣∣∏
i

dn(xi, yi)

dyi

∣∣∣∣∣ =
∣∣∣∣∣∏
i

1

1− exp(xi − yi)

∣∣∣∣∣ =∏
i

1

ui
; (144)

∣∣∣∣∂x(u,yt)∂u

∣∣∣∣ =
∣∣∣∣∣∏
i

dx(ui, yt,i)

dui

∣∣∣∣∣ =∏
i

1

1− ui
. (145)

�e additive noise and the clean speech are distributed as

n ∼ N (µn,Σn) ; x ∼ N (µx,Σx) . (146)

�e likelihood of yt generalises (137):

p (yt) =

∫
p (yt| x)p (x)dx

=

∫ ∣∣∣∣∣ ∂n(x,y)

∂y

∣∣∣∣
yt

∣∣∣∣∣p (n(x,y))p (x)dx

=

∫
〈0,1〉d

∣∣∣∣∣ ∂n(x,y)

∂y

∣∣∣∣
yt

∣∣∣∣∣p (n(u,y))

∣∣∣∣∂x(u,yt)∂u

∣∣∣∣p (x(u,y))du

=

∫
〈0,1〉d

(∏
i

1

ui

)
N (yt + log (u) ; µn, Σn)(∏

i

1

1− ui

)
N (yt + log (1− u) ; µx, Σx) du. (147)

Noting that ∏
i

1

ui
= exp

(
−
∑
i

log(ui)
)

= exp
(

− log(u)
T
1
)
; (148)

N (log (u) + yt; µn, Σn) =

|2πΣn|−
1
2 exp

(
− 1
2 (log (u) + yt − µn)

T
Σ−1

n (log (u) + yt − µn)
)
,

(149)

the le� term in (147) becomes (generalising (138))(∏
i

1

ui

)
N (log (u) + yt; µn, Σn)

= |2πΣn|−
1
2 exp

(
− 1
2 (log (u) + yt − µn)

T
Σ−1

n (log (u) + yt − µn) − log(u)
T
1
)

= |2πΣn|−
1
2 exp

(
− 1
2 (log (u) + yt − µn + Σn1)

T
Σ−1

n (log (u) + yt − µn + Σn1)

+ 1
21

TΣn1+ 1Tyt − 1Tµn

)
= N (log (u) ; µn − yt − Σn1, Σn) exp

(
1
21

TΣn1+ 1Tyt − 1Tµn

)
. (150)
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Applying the same process to the right term, the likelihood of yt becomes

p (yt) = exp
(
1
21

TΣn1+ 1
21

TΣx1− 1Tµn − 1Tµx + 2 · 1Tyt
)∫

〈0,1〉d
N (log (u) ; µn − Σn1− yt, Σn)N (log (1− u) ; µx − Σx1− yt, Σx)du.

(151)

In the single-dimensional case, the integral is approximated with 8 line segments. In
this case, the approximation would use 8d hyperplanes. Since u has as many dimen-
sions as there are �lterbank coe�cients, a piecewise linear approximation is infeasible.

D Transforming the likelihood for transformed-space sampling

To approximate the integral in the expression for the likelihood of the observation, this
work uses sequential importance re-sampling. A number of transformations of the
integral are required, some of the details of which are in this appendix.

�e detailed derivation of the transformation of the single-dimensional version of
the integral is in section D.1. �e generalisation of this transformation to the multi-
dimensional case is in sectionD.2. One of the two factorisations of themulti-dimensional
integrand that this work presents is detailed in section D.3. �e form of the proposal
distribution that approximates the single-dimensional integrand and the factors of the
multi-dimensional integrand is in section D.4.

D.1 Terms of the integrand for transformed-space sampling

In section 5.2 on page 34, one half of a one-dimensional version of the corrupted speech
likelihood is rewritten to (repeated from (84)):

p (yt, x ≤ n) =

∫
p (α)

∫∞
0

∣∣∣∣∂x(u, yt, α)

∂u

∣∣∣∣ ·
∣∣∣∣∣ ∂n(x, y, α)

∂y

∣∣∣∣
yt,x(u,yt,α)

∣∣∣∣∣
· p (x(u, yt, α)) · p (n(u, yt, α)) dudα, (152a)

where (repeated from (81))

u = n− x. (152b)

Because the derivations of the Jacobians and of x(u, yt, α) and n(u, yt, α) are long,
they are given here.

�e mismatch function is (repeated from (80))

exp (yt) = exp (x) + exp (n) + 2α exp
(
1
2x+ 1

2n
)
. (153)

To express n as a function of x, yt, α, (153) can be rewritten to

exp (n) + 2α exp
(
1
2x
)
exp

(
1
2n
)

= exp (yt) − exp (x) ; (154a)(
exp

(
1
2n
)

+ α exp
(
1
2x
))2

= exp (yt) − exp (x) +
(
α exp

(
1
2x
))2

. (154b)
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�is is where it becomes useful that the computation is restricted to the region where
x ≤ n so that n has only one solution. Since −1 ≤ α (as shown in section 2.2.1.1),
the squared expression on the le�-hand side, exp

(
1
2n
)

+ α exp
(
1
2x
)
, is always non-

negative. �erefore,

exp
(
1
2n
)

= −α exp
(
1
2x
)

+

√
exp (yt) − exp (x) + α2 exp (x); (154c)

n = 2 log
(

−α exp
(
1
2x
)

+

√
exp (yt) + exp (x) (α2 − 1)

)
. (154d)

To express n as a function of u, yt, α, (153) can be rewritten with x = n − u

from (152b):

exp (yt) = exp (n− u) + exp (n) + 2α exp
(
1
2n− 1

2u+ 1
2n
)

= exp (n)
(
1+ exp (−u) + 2α exp

(
−12u

))
; (155a)

exp (n) =
exp (yt)

1+ exp (−u) + 2α exp
(
−12u

) ; (155b)

n = yt − log
(
1+ exp (−u) + 2α exp

(
−12u

))
. (155c)

Similarly, x can be expressed as a function of u, yt, α by rewriting (153) with n =
u+ x from (152b):

exp (yt) = exp (x) + exp (u+ x) + 2α exp
(
1
2x+ 1

2u+ 1
2x
)

= exp (x)
(
1+ exp (u) + 2α exp

(
1
2u
))

; (156a)
exp (yt − x) = 1+ exp (u) + 2α exp

(
1
2u
)
; (156b)

x = yt − log
(
1+ exp (u) + 2α exp

(
1
2u
))
. (156c)

Because u was chosen to relate x and n symmetrically, (155c) and (156c) are the same
except that u is replaced by −u.

An equality that will come in useful derives from (156b):

√
exp (yt) + exp (x) (α2 − 1) = exp

(
1
2x
)√

exp (yt − x) + (α2 − 1)

= exp
(
1
2x
)√

exp (u) + 2α exp
(
1
2u
)

+ α2

= exp
(
1
2x
) (

exp
(
1
2u
)

+ α
)
. (157)

�e Jacobians in (84) are derivatives of (156c) and (154d):

∂x(u, yt, α)

∂u
= −

exp (u) + α exp
(
1
2u
)

1+ exp (u) + 2α exp
(
1
2u
) = −

exp
(
1
2u
) (

exp
(
1
2u
)

+ α
)

1+ exp (u) + 2α exp
(
1
2u
) ;

(158a)
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∂n(x, y, α)

∂y

=
2√

exp (y) + exp (x) (α2 − 1) − α exp
(
1
2x
) · exp (y)

2
√
exp (y) + exp (x) (α2 − 1)

=
exp (y)(

exp
(
1
2x
) (

exp
(
1
2u
)

+ α
)

− α exp
(
1
2x
))

exp
(
1
2x
) (

exp
(
1
2u
)

+ α
)

=
exp (y− x)

exp
(
1
2u
) (

exp
(
1
2u
)

+ α
) =

1+ exp (u) + 2α exp
(
1
2u
)

exp
(
1
2u
) (

exp
(
1
2u
)

+ α
) . (158b)

When these are multiplied, as in the integral in (152a), they drop out against each other,
except for the negation:

∂x(u, yt, α)

∂u

∂n(x, y, α)

∂y

∣∣∣∣
yt

= −1. (158c)

�is does not seem to be an intrinsic property of the process.

D.2 Transforming the space of the multi-dimensional integral

�e transformation of the integral that returns the likelihood of the corrupted-speech
observation ismore laborious formultiple dimensions than for a single dimension. �e
derivation uses three steps. First, the integral is split into separate dimensions. �en,
each of the integrals for one dimension is rewritten similarly to appendix D.1. Finally,
the dimensions are collated.

�e full expression for the likelihood of observation yt is (repeated from (19c))

p (yt) =

∫ ∫ ∫
p (yt| x,n,α)p (x)p (n)p (α)dxdndα. (159)

Just like in the single-dimensional case, the integration over the clean speech and
the additive noise will be rewritten as an integral over a substitute variable. For each
dimension, this substitution is the same as the one in (81). In multiple dimensions, the
substitute variable u also relates the speech x and the noise n symmetrically:

u = x− n. (160)

However, the transformation of the integral will work one dimension at a time. Per
dimension, the derivation will be split in two regions which use symmetric derivations,
like in section 5.2.1. Again, the derivation will be explicitly given only for xi ≤ ni, with
ni < xi completely analogous. By formulating (159) recursively, it can be transformed
one scalar at a time. �e following marginalises out one variable at a time, starting
with αi:

p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i−1)
=

∫
p (αi|α1:i−1)p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i)dαi, (161a)
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where, marginalising out xi,

p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i)
=

∫
p (xi| x1:i−1)p (yt,i:d, xi ≤ ni| x1:i,n1:i−1,α1:i)dxi, (161b)

where, with the restriction xi ≤ ni subsumed in the range of the integration over ni,

p (yt,i:d, xi ≤ ni| x1:i,n1:i−1,α1:i)

=

∫∞
xi

p (ni|n1:i−1)p (yt,i:d| x1:i,n1:i,α1:i)dni. (161c)

�e integrals in (161c) and in (161b) can then be re-expressed as one integral over the
substitute variable.

First, the integral over ni in (161c) can be written without the integral. �is is be-
cause given the clean speech, additive noise, and phase factor for one dimension, the
corrupted speech for that dimension is deterministic:

p (yt,i| xi, ni, αi) = δf(xi,ni,αi) (yt,i) . (162)

�e variable of the Dirac delta in (162) can be transformed using the Jacobian (see (116)
in appendix A.1):

p (yt,i:d, xi ≤ ni| x1:i,n1:i−1,α1:i)

=

∫∞
xi

p (ni|n1:i−1)p (yt,i| xi, ni, αi)p (yt,i+1:d| x1:i,n1:i,α1:i)dni

=

∫∞
xi

p (ni|n1:i−1) δf(xi,ni,αi) (yt,i)p (yt,i+1:d| x1:i,n1:i,α1:i)dni

=

∫∞
xi

p (ni|n1:i−1) ·
∣∣∣∣∣ dn(xi, αi, yi)

dyi

∣∣∣∣
yt,i

∣∣∣∣∣ · δn(xi,αi,yt,i) (ni)

p (yt,i+1:d| x1:i,n1:i,α1:i)dni

=

∣∣∣∣∣ dn(xi, αi, yi)

dyi

∣∣∣∣
yt,i

∣∣∣∣∣ · 1 (xi ≤ ni)p (n(xi, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i,n1:i−1,α1:i, ni = n(xi, αi, yt,i)
)
. (163)

�e next step is to substitute this result into (161b), and then replace the variable
of the integral from xi to ui. �e Jacobians that result from this are exactly the same
as the ones in section 5.2.1 on page 34, in (84). Since the product of their absolutes is
therefore again 1, they drop out.

p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i)

=

∫
p (xi| x1:i−1)

∣∣∣∣∣ dn(xi, αi, yi)

dyi

∣∣∣∣
yt,i

∣∣∣∣∣ 1 (xi ≤ ni)p (n(xi, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i,n1:i−1,α1:i, ni = n(xi, αi, yt,i)
)
dxi
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=

∫∞
0

∣∣∣∣dx(ui, αi, yi)dui

∣∣∣∣ ·
∣∣∣∣∣ dn(xi, αi, yi)

dyi

∣∣∣∣
yt,i

∣∣∣∣∣
p (x(ui, αi, yt,i)| x1:i−1)p (n(ui, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i−1,n1:i−1,α1:i, xi = x(ui, αi, yt,i), ni = n(ui, αi, yt,i)
)

dui

=

∫∞
0

p (x(ui, αi, yt,i)| x1:i−1)p (n(ui, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i−1,n1:i−1,α1:i, xi = x(ui, αi, yt,i), ni = n(ui, αi, yt,i)
)

dui, (164)

Substituting this into (161a) gives one half of the likelihood:

p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i−1)

=

∫
p (αi|α1:i−1)

∫∞
0

p (x(ui, αi, yt,i)| x1:i−1)p (n(ui, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i−1,n1:i−1,α1:i, xi = x(ui, αi, yt,i), ni = n(ui, αi, yt,i)
)

dui dαi. (165)

�is gives half the likelihood, because it is constrained to xi ≤ ni. �e other part,
for ni < xi, has the exact same derivation with xi and ni swapped, and ui replaced
by −ui. �is is exactly the same as the single-dimensional case in appendix D.1. �e
full likelihood, expressed recursively, then combines integrals over ui ∈ [0,∞〉 and
ui ∈ 〈−∞, 0〉:
p (yt,i:d| x1:i−1,n1:i−1,α1:i−1)

= p (yt,i:d, xi ≤ ni| x1:i−1,n1:i−1,α1:i−1)
+ p (yt,i:d, ni < xi| x1:i−1,n1:i−1,α1:i−1)

=

∫
p (αi|α1:i−1)

∫
p (xi(ui, αi, yt,i)| x1:i−1)p (n(ui, αi, yt,i)|n1:i−1)

p
(
yt,i+1:d

∣∣x1:i−1,n1:i−1,α1:i, xi = x(ui, αi, yt,i), ni = n(ui, αi, yt,i)
)

dui dαi. (166)

�is recursive formulation is straightforward to unroll to

p (yt) = p (yt,1:d)

=

∫ [ d∏
i=1

p (αi|α1:i−1)

] ∫ [ d∏
i=1

p (x(ui, αi, yt,i)| x1:i−1)

]
[ d∏
i=1

p (n(ui, αi, yt,i)|n1:i−1)

]
dudα

=

∫
p (α)

∫
p (x(u,α,yt))p (n(u,α,yt))dudα, (167)

where, analogously to the one-dimensional case, p (x(u,α,yt)) denotes the value of
the prior of x evaluated at the value of x implied by the values of (u,α,yt), and similar
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for p (n(u,α,yt)). To �nd these values for x and n, the relations in (156c) and (155c)
apply per dimension:

x = yt − log
(
1+ exp (u) + 2α ◦ exp (12u)) ; (168a)

n = yt − log
(
1+ exp (−u) + 2α ◦ exp (−12u)) . (168b)

In section 5.2.2, the full integrand is called γ(u,α), and the integral is approximated
with sequential importance sampling. Note that this derivation holds for any form of
priors for the speech and noise p (x) and p (n).

D.3 Postponed factorisation of the integrand

�is section presents a factorisation of the integrandγ (u|α). It should result in factors
γi so that (repeated from (103))

γ (u|α) = N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn) . (169)

�e two Gaussians on the right-hand side have the same structure. �e factorisation
here will only explicitly consider the term deriving from the speech prior; the one de-
riving from the noise prior factorises analogously. A multi-variate Gaussian relates all
elements in its input vector through the inverse covariance matrix, the precision ma-
trixΛx. �e derivation writes these explicitly. �e elements ofΛx = Σ−1

x are denoted
with λx,ij.

N (x(u,α,yt); µx, Σx)

= |2πΣx|−
1
2 exp

(
−12 (x(u,α,yt) − µx)

T
Λx (x(u,α,yt) − µx)

)
= |2πΣx|−

1
2 exp

(
− 1
2

d∑
i=1

d∑
j=1

(x(ui, αi, yt,i) − µx,i) λx,ij (x(uj, αj, yt,j) − µx,j)

)

= |2πΣx|−
1
2 exp

(
d∑
i=1

[
− 1
2λx,ii (x(ui, αi, yt,i) − µx,i)

2

− (x(ui, αi, yt,i) − µx,i)

i−1∑
j=1

λx,ij (x(uj, αj, yt,j) − µx,j)

])

= |2πΣx|−
1
2

d∏
i=1

exp
(

− 1
2λx,ii (x(ui, αi, yt,i) − µx,i)

2
− (x(ui, αi, yt,i) − µx,i)νx,i

)
,

(170a)

where the term containing coordinates of lower dimensions u1:i−1 is

νx,i =

i−1∑
j=1

λx,ij (x(uj, αj, yt,j) − µx,j) . (170b)

When drawing ui for dimension i, the coordinates of lower dimensions u1:i−1 are
known.
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A�er applying the same factorisation to the noise term, the complete integrand
in (169) can be written

γ (u|α) = N (x(u,α,yt); µx, Σx)N (n(u,α,yt); µn, Σn)

= |2πΣx|−
1
2 |2πΣn|−

1
2

d∏
i=1

exp
(

− 1
2λx,ii (x(ui, αi, yt,i) − µx,i)

2
− (x(ui, αi, yt,i) − µx,i)νx,i

− 1
2λn,ii (n(ui, αi, yt,i) − µn,i)

2
− (n(ui, αi, yt,i) − µn,i)νn,i

)
,

(171)

where νn,i is de�ned analogously to (170b). �e factors are then de�ned as (it is arbi-
trary which factor takes the constant determiners)

γ1 (u1|α1)

= |2πΣy|−
1
2 |2πΣx|−

1
2 exp

(
− 1
2λn,11 (n(u1, α1, yt,1) − µn,1)

2

− 1
2λx,11 (x(u1, α1, yt,1) − µx,1)

2
)
; (172a)

γi (ui|u1:i−1,α1:i)

= exp
(

− 1
2λx,ii (x(ui, αi, yt,i) − µx,i)

2
− (x(ui, αi, yt,i) − µx,i)νx,i

− 1
2λn,ii (n(ui, αi, yt,i) − µn,i)

2
− (n(ui, αi, yt,i) − µn,i)νn,i

)
, (172b)

To �nd a proposal distribution for the resulting density, it can be rewritten so that
it is easily related to the one-dimensional γ in section 5.2.1, for which good proposal
distributionswere discussed in section 5.2.1.2. Again, the following rewrites only part of
the term related to the speech prior; the noise termworks completely analogously. Since
for importance sampling it is the shape rather than the height of the density that the
proposal distribution needs to match, the following disregards constant factors (note
the use of ∝), which are additive within the exp (·). A technique sometimes called
“completing the square” helps �nd the shape of the term related to the clean speech
in (172). �is derivation is similar to the derivation of the parameters of a conditional
Gaussian distribution (see e.g. [3]). Taking one factor from (170a),

exp
(
−12λx,ii (x(ui, αi, yt,i) − µx,i)

2
− (x(ui, αi, yt,i) − µx,i)νx,i

)
∝ exp

(
−12λx,ii (x(ui, αi, yt,i))

2
+ λx,iiµx,ix(ui, αi, yt,i) − νx,ix(ui, αi, yt,i)

)
= exp

(
−12λx,ii (x(ui, αi, yt,i))

2
+ λx,ii

(
µx,i −

νx,i

λx,ii

)
x(ui, αi, yt,i)

)
∝ exp

(
−12λx,ii

[
x(ui, αi, yt,i) −

(
µx,i −

νx,i

λx,ii

)]2)

∝ N
(
x(ui, αi, yt,i); µx,i −

νx,i

λx,ii
, λ−1

x,ii

)
. (173)

By rewriting the additive noise term in the same manner, the factors in (172) turn
out to be proportional to twoGaussian distributions that are functions ofx(ui, αi, yt,i)
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and n(ui, αi, yt,i):

γi (ui|u1:i−1,α1:i−1) ∝ N
(
x(ui, αi, yt,i); µx,i −

νx,i

λx,ii
, λ−1

x,ii

)
· N

(
n(ui, αi, yt,i); µn,i −

νn,i

λn,ii
, λ−1

n,ii

)
. (174)

�is expression has the same shape as the one-dimensional integrand in (89) in sec-
tion 5.2.1.

D.4 Terms of the proposal distribution

Finding the proposal distribution uses u(x, y, α), the value for u that follows from
�xing the other variables. Where this is necessary, u > 0. �is is equivalent to x ≤ n,
which is the area that this expression for n is valid for (repeated in (154d)):

n = 2 log
(

−α exp
(
1
2x
)

+

√
exp (yt) + exp (x) (α2 − 1)

)
, (175)

so that u can be found with

u = n− x = 2 log
(

−α+

√
exp (yt − x) + α2 − 1

)
. (176)

�e mirror image of this expression is u(n, y, α), which �xes n rather than x, and
is required only for u < 0. �is expression can be found by rewriting (155b):

exp (n) =
exp (yt)

1+ exp (−u) + 2α exp
(
−12u

) ; (177a)

exp (−u) + 2α exp
(
−12u

)
+ 1 = exp (yt − n) ; (177b)(

exp
(
−12u

)
+ α

)2
− α2 + 1 = exp (yt − n) ; (177c)(

exp
(
−12u

)
+ α

)2
= exp (yt − n) + α2 − 1. (177d)

From u < 0, it follows that exp
(
−12u

) ≥ 1 and exp
(
−12u

)
+ α ≥ 0, so that

exp
(
−12u

)
+ α =

√
exp (yt − n) + α2 − 1; (177e)

u = −2 log
(

−α+

√
exp (yt − n) + α2 − 1

)
.

(177f)
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