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Abstract

Model compensation techniques for noise-robust speech recognition approx-
imate the corrupted speech distribution. This work introduces a sampling method
that, given speech and noise distributions and a mismatch function, in the limit
calculates the corrupted speech likelihood exactly. For this, it transforms the in-
tegral in the likelihood expression, and then applies sequential importance re-
sampling. Though it is too slow to compensate a speech recognition system, it
enables a more fine-grained assessment of compensation techniques, based on the
KL divergences to the ideal compensation for individual components. The kL di-
vergence appears to predict the word error rate well.

This technique also makes it possible to evaluate the impact of approximations
that compensation schemes make. For example, this work examines the influence
of the assumption that the corrupted speech distribution is Gaussian and diago-
nalising that Gaussian’s covariance. It also assesses the impact of a common ap-
proximation to the mismatch function for vrs compensation, namely setting the
phase factor to a fixed value.
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1. INTRODUCTION

1 Introduction

Changes in background noise conditions can severely impact the performance of speech
recognition systems. This is caused by the mismatch between training and testing con-
ditions. There are two categories of approaches for dealing with this mismatch. Feature
enhancement reconstructs the clean speech before decoding. Model compensation, on
the other hand, replaces a speech recogniser’s distributions over clean speech by ones
over noise-corrupted speech. However, given standard speech and noise distributions,
the corrupted speech distribution has no closed form. Model compensation normally
approximates it with a parametric distribution, such as a Gaussian. In contrast, this
work will endeavour to approximate the real corrupted speech distribution as exactly
as possible. The interest in this can be motivated from a theoretical and a practical
perspective.

Conceptually, a speech recogniser is a classifier that takes an observation sequence
as input and classifies it as belonging to one of a set of word sequences. The Bayes
decision rule for classification says that the best choice for labelling observations is the
one with the highest probability. The probability is factorised into the prior probability
of the label, and the likelihood, the probability of the observations given the label. If
the prior and the likelihood are the true ones, then the Bayes decision rule produces
the optimal classification. Speech recognisers essentially implement this rule.

Assuming that the speech and noise distributions are the true ones, decoding with
the exact distributions for the corrupted speech would therefore yield the best recog-
niser performance. The objective of feature enhancement, reconstructing the clean
speech, may be useful where the clean speech is required, for example, as a prepro-
cessing step before passing the signal to humans. However, as a preprocessing step for
speech recognition, it gives no guarantees about optimality." It therefore makes more
sense to find accurate model compensation than feature enhancement.

A practical perspective comes from considering methods for noise-robustness as
speech recogniser adaptation. Given a labelling, adaptation estimates a transforma-
tion to the function that assigns a likelihood to an observation. In effect, this retrains
the speech recogniser on the observations, but on so little data and with such great
uncertainty about the transcriptions that the parameter space needs to be constrained
for robustness. Generic adaptation methods such as CMLLR [10] use linear transforma-
tions of model parameters, making as few assumptions about the mismatch as possible.
From the perspective of adaptation, the difference between linear adaptation and meth-
ods for noise robustness is how the speech recogniser’s parameter space is constrained.
Methods for noise-robustness are parametrised through the distribution of the noise.
The noise distribution usually has even fewer parameters than linear adaptation meth-
ods use. Therefore, adaptation for noise needs much less adaptation data (see e.g.[7]
for a comparison). The reason for this is that the assumptions about the relationship of
the speech, the noise and the observations mirror the true mismatch closely enough.
In practice, therefore, it turns out that better modelling of the mismatch yields better
and faster adaptation to noise.

Theory and practice, then, suggest that exact modelling of the noise-corrupted

! This is not to say that transforming feature before they enter the recogniser based on a different cri-
terion than reconstructing the clean speech could not yield the best performance. Indeed, a performance-
oriented implementation of this concept, transforming features to compensate speech recogniser models,
has shown good results [33].
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speech yields the optimal noise-robustness. However, considering methods for noise-
robustness as adaptation also lends itself to the opposite argument. The distribution of
the noise is estimated, e.g. with maximum likelihood estimation. This means it does
not necessarily represent the actual noise, nor does it have to. Some of the difference
between the workings of the model and the real environment can be absorbed by the
parameters. Indeed, some work [23, 14] has found that tweaking the model arbitrar-
ily can yield improvements in performance if the noise distribution is estimated for
that model. This may have been an implicit argument in work proposing specific ap-
proximations to the model of the environment [13, 2]. However, previous work has not
quantified the loss in performance from these approximations. This is only possible by
comparing with the exact corrupted speech distribution.

This work will use a number of standard assumptions (specified in more detail in
section 2). The speech and noise will be assumed Gaussian distributed. The mismatch
function, which describes how the features of the speech, noise, and corrupted speech
are related, will have a relatively standard form. Only additive noise will be considered,
because convolutional noise is usually modelled with an offset to the feature vectors
in the log-spectral domain, which would only convolute notation. To ensure indepen-
dence from noise estimation schemes, background noise will be added to the speech
audio artificially, and the noise model trained directly trained on the noise audio.

A relatively obscure aspect of the mismatch function is the uncertainty that arises
from effects that speech recogniser features ignore but become important when the
signal results from two sources (speech and noise in this case) that are additive in the
frequency domain. There has recently been interest in how to model this in a mismatch
function [4, 21], and this work will use a state-of-the-art model.

Because the relationship between speech, noise, and observations is non-linear,
there exists no closed form for the distribution of the noise-corrupted speech even
when speech and noise distributions are given. Model compensation methods often ap-
proximate the corrupted speech distribution parametrically, for example, with a Gaus-
sian (section 3). However, the corrupted speech density only needs to be evaluated at
points given by the observations. This work will find a method that approximates the
real likelihood arbitrarily closely (section 5). It approximates the integral that the likeli-
hood expression contains with a Monte Carlo algorithm (section 4). In coming close to
the real likelihood it therefore becomes so slow that implementing a speech recogniser
with it is infeasible.

It is, however, possible to make a much more fine-grained assessment of speech
recogniser compensation, with a metric based on the kL divergence (section 6). In
the limit, the new sampling methods will effectively give the point where the xL diver-
gence is zero, which is otherwise not known. This calibration will make it possible to
determine how far well-known compensation methods are from the ideal.

This work will examine how well the XL divergence predicts speech recogniser word
error rate. It will compare different compensation schemes, and examine the effect of
common approximations (section 7). This includes assuming the corrupted speech
distribution Gaussian and diagonalising its covariance matrix, and approximations to
the mismatch function.
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2 The effect of the noise

This section lays down the model of the environment that this work will use: the speech
and noise distributions, and how the speech and noise interact to form the corrupted
speech. The assumptions here are standard for state-of-the-art speech recogniser ro-
bustness, though the model for the phase factor is more sophisticated.

2.1 Assumptions

Methods for noise robustness make assumptions about what the speech and the noise
are like. Background noise generally alters the way people speak, because people aim
to help the listener overcome the extra problems that the noise causes for decoding the
meaning of the speaker. The change in people’s voice quality because of noise is known
as the “Lombard effect” and it will be ignored in this work. Acoustic distortion can
be divided into background noise, which is additive in the time domain, and channel
noise, which is convolutional in the time domain. The convolutional noise will be left
out in this work, because it would confuse notation, and assuming that it is known, it
is straightforwardly modelled.

Many speech recognisers use feature vectors in the cepstral domain. Cepstral fea-
tures are related to log-spectral features by the discrete cosine transform (pcT), which
is a linear transformation. The reason the cepstral domain is often preferred is that the
DCT goes a long way to decorrelating the features within a feature vector. However,
correlations do not fully disappear, and especially under noisy conditions it becomes
important to model them correctly [12]. For the purpose of finding the best possible
distribution for the observations, therefore, it does not matter whether the models are
in the log-spectral or in the cepstral domain: feature correlations need to be modelled
anyway.

For the purpose of modelling the interaction between speech, noise, and observa-
tions, however, the log-spectral domain has an advantage: the interaction is per dimen-
sion. Therefore, this work will use the log-spectral domain throughout for the theory,
and model feature correlations explicitly.

Speech recognisers also use dynamic coeflicients, which indicate how coefficients
change over time. They are computed as linear combinations of the static coefficients
in a window. Feature enhancement can transform features either before or after adding
dynamics. For model compensation methods, there is no choice: they have to compen-
sate dynamic parameters. Often, extra approximations are used, such as the continuous
time approximation for vrs compensation. However, it appears that the best strategy
is to compensate the statics in the window separately [34, 35]. This work will therefore
focus on static parameters.

For the recognition experiments, models will be in the cepstral domain. To gen-
eralise the compensation methods to dynamic parameters, they will be applied to ex-
tended feature vectors 34, 35]. This avoids additional approximations, and yields the
best performance.

The model for the clean speech is normally extracted from a trained speech recog-
niser. Speech recognisers have a mixture of Gaussians associated with each state (which
usually represents a sub-phone unit). Model compensation methods normally work on
one Gaussian at a time, or sometimes one state-conditional mixture of Gaussians. A
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model compensation technique called joint uncertainty decoding [25] represents a base
class of speech recogniser Gaussians by one Gaussian for computational efficiency. It
performs compensation for each base class and then applies the same transformation
to all Gaussians in one base class. Model-based feature enhancement [6, 32] uses a
simplified version of the speech recogniser, a mixture of Gaussians without sequence
structure. In all of these cases, the basic unit of the clean speech model is a Gaussian.
This work will therefore focus on that level, and represent the distribution of the clean
speech x by

XNN(”Xsz)) (1)

where the parameter space is log-spectral and the covariance X, is full. The dependence
on the component identity will not be written.

The noise model is often expressed in the same domain as the speech recogniser
parameters. It usually has a Gaussian for the additive noise. Whether one Gaussian
without time structure is a good model of the additive noise depends on the type of
noise. However, in practice the parameters of the noise model have to be estimated, so
that a simple model is an advantage. In this work, the noise model is therefore repre-
sented as

n~N(tn, Zn), )

with known log-spectral domain parameters, and X, full.

2.2 The mismatch function

The relationship between the corrupted speech, the clean speech and the noise is cen-
tral to noise-robust speech recognition. The term mismatch function is often used for
the function that takes the speech and noise signals and returns the corrupted speech
signal. Since this work uses log-spectral coefficients, the mismatch will be expressed
in the log-spectral domain. The background noise is added to the speech in the time
domain, but turn out more complicated in the log-spectral domain. The speech and the
additive noise signals are symmetric in their influence on the corrupted speech signal,
which the equations given here will bring out.

The relationship between the speech vector x, the noise n, and the observation y
will be derived and discussed in great detail in section 2.2.1. In the log-spectral domain,
it will be modelled

exp (y) = exp (x) + exp (n) + 2o exp (Ix + In), (3a)

where exp () and o denote element-wise exponentiation and multiplication. To express
the observation as a function of the speech and noise, using log (-) for the element-wise
logarithm,

STE

y = log (exp (x) + exp (n) + 2o exp (1x + In))
£ f(x,n, ). (3b)

These forms will be used in this work because the symmetry between the clean speech
and the additive noise will be an important consideration. However, (3b) is often rewrit-
ten to bring out the effect of the noise on the clean speech:

Yy =x+log (1 —I—exp(n—x)—|—2cxoexp(%n—%x)). (3¢)
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In all cases, o is the phase factor, which arises from the phase difference between the
two signals that are added (speech and noise). The phase information is discarded in
the conversion to the log-spectral domain, so that with speech and noise models in
that domain, the phase factor « is a random vector, the distribution of which will be
discussed below.

Before going into the details of how this mismatch function comes about, it is worth
identifying a split in the literature on choosing the form of the mismatch function.
Traditionally [13, 28, 2], the phase factor term has been ignored. Some papers [4, 21]
have gone into mathematical depth to get as close as possible to the real mismatch. For
example, they show the elements of o to be between —1 and +1.

Other papers have been more pragmatic. After all, model compensation for noise
robustness is just a form of adaptation to the data. The parameters that in theory make
up the noise model are usually estimated from the data, with the aim to maximise the
likelihood of the adapted model. The difference between traditional linear transforma-
tion methods and methods for model compensation is therefore the space to which the
adapted model are constrained. In both cases, it could be argued that the best choice
for this space is the one that yields the lowest word error rate, which is not necessarily
the mathematically correct one. The mismatch function is one element that determines
this space.

In this vein, it is possible to show that the optimal value for the phase factor is the
mathematically impossible o; = 2.5 for the AURORA 2 corpus [24]. What has really
happened is that the mismatch function has been tuned. The possibility of tuning the
mismatch function to assume the features use a specific power of the spectrum (e.g. the
magnitude or power spectrum) had been noted before [13]. Setting the phase factor to
2.5 has a very similar effect to assuming the power of the spectrum used to be 0.75 [14].
This parameter setting improves performance for AURORA 2, but not for other corpora.
This illustrates that tweaking arbitrary parameters in the mismatch function, in effect
adjusting the space in which the optimal adapted model is sought, can have an impact
on word error rate in some cases.

The question that this work will try to answer, however, is how good the theoreti-
cally best noise compensation is, and it will therefore aim for mathematical correctness
in the first instance. Thus, the following derivation of the mismatch function in the log-
power-spectral domain will be as exact as possible.

2.2.1 Derivation of the mismatch function

In many practical cases, observations, clean speech models and a noise model are avail-
able in the cepstral or in the log-spectral domain. The following derivation therefore
relates log-spectral vectors for the observation, the clean speech, and the additive noise.
The power spectrum will be assumed here; appendix B generalises it to other factors.
It follows (4, 21, 22].

In the time domain, the relationship between the corrupted speech y[k], the clean
speech x[k], and the additive noise n[k] is simply [1]

ylk] = x[k] + n[k], (4)
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which in the frequency domain (after applying a Fourier transform) becomes a relation
between complex numbers:

Y[k] = X[k] 4+ N[k]. (5)
To find the power spectrum, the absolute value of this complex value is squared:

IYIKI]® = |X[K] + N[K]|?
= [X[KI]* + [N[K]|* + 2X[KIN[K] cos Ok, (6)

where 0y is the angle in the complex plane between X[k] and N[k]. This relates to the
phase difference at frequency k between the clean speech and the noise. Since there is
no process in speech production that synchronises the phase to background noise, this
angle is uniformly distributed, so that the expected value of the cosine of the angle is

E{cos 0y} = 0. (7)

This is often used as an argument to drop the cross-term of the speech and the noise
in (6). Though not dropping this term complicates the derivation, the point here is to
get as close to the real mismatch as possible, so (6) will be used as is.

To extract coeflicients for speech recognition, the next step is to reduce the number
of coeflicients, by applying I filter bins to the power-spectral coefficients. There are
usually 24 triangular bins. Let wyy specify the contribution of the kth frequency to the
ith bin. The mel-filtered power spectrum is then given by coefficients Y;:

Vo= wi VK[ = ) wa (|xn<]|2 +|N[KJ|? + 2 |X[K]| [N[K]| cos ek) )
k k

This value of the mel-filtered power spectrum for the corrupted speech can almost
be defined in terms of values of the clean speech and the additive noise in the same
domain:

Xi =Y wu|XKI*; (92)
k

Ni=) wie [Nk (9b)
k

Using these to replace the terms in the right-hand side of (8),
Yi :Zwik|Y[k]|2 = Xi + Ni + 204V Xi Ny, (9¢)
k

where o; has been defined as

a 2 Wik [X[K]| IN[k]| cos By
V XNy

The definition of o; seems be defined specifically to hide the term with coefficients in

the magnitude spectrum X[kIN[k]. However, the next subsections will find proper-

ties of o that are independent of the spectra of X[k]: first, that «; is constrained to
[—1,+41], and then that its distribution is approximately Gaussian.

(9d)

Xi

8
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The mel-power-spectral coefficients are usually converted to their logarithms so
that y; = log (Yi), xi = log (Xi), and ny = log (N i). The mismatch expression in
the log-spectral domain trivially becomes

exp (i) = exp (xi) +exp (ni) + 2o exp (3x: + Iny). (10)

The vector version of this is in (3a). Appendix B generalises this to features that use a
different power, for example, the magnitude spectrum.

2.2.1.1 The properties of ; When &4 was defined in (9d), it seemed arbitrary.
However, two important observations about «; can be made.

First, it is possible to determine the range of «; [4]. Since a cosine is constrained
to [—1, 1], the following inequality holds:
21 Wik [X[K]| [N[K]|
VvV XiNy '
It is possible to write the fraction in (11) as a normalised inner product of two vectors.
The vectors are X; and N, with entries

Joi| < (11)

Xik = vwix XK (12a)
Nix = Wi IN[K]| . (12b)

Then, v/ X; in (11) can be written as the norm of Xi, so that

Ziwi XN 2y yWoc XKy NI XINs
VXN IX[HIN] IX[HIN]]
which is a normalised inner product of two vectors with non-negative entries, which
is always in [0, 1]. The inequality in (11) then shows that o is constrained to [—1, 1]:
ST
o] < L <,
IX[HIN]

(14)

Second, an approximation can decouple the distribution of «; from the values of
|X[k]| and [N [K]| [21]. Removing magnitude-spectral terms from the equation is useful
because they are not usually modelled explicitly in speech recognisers. The assumption
is that for one frequency bin 1, all | X[k]| have the same value, and similar for all |N[k]|.
Since the bins overlap, this is known to be exactly true only if | X[k]| is equal for all k.
However, since the bins are relatively narrow, it may be a reasonable approximation.
By dividing both sides of the fraction in (9d) by |X[k]| and |[N[k]|, assuming that they
are the same for all k, o; is approximated as

o — > 1 Wik [X[K]| IN[K]| cos 8y
VI owie XK wi NI
~ Zk Wix cos Oy o Zk Wik cos Oy
\/(Zk wik) (X4 Wik) Tiwi

a4 can thus be approximated as a weighted average of cosines over independently dis-
tributed uniform variables 0. The distribution that this model produces is very close
to the empirical distribution on various combinations of noises and signal-to-noise ra-
tios on the AURORA 2 corpus [21].

(15)
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procedure DRAW-; -SAMPLE(1)
for frequency k for which wyy # 0 do
sample 0y ~ Unif [—7t, +71);
compute vy = cos Oy.
> K WikVk

Compute the sample oy = S
k Wi

Algorithm 1 Drawing a sample from p ().

2.2.1.2 Thedistribution of &; The distribution of o; is most easily viewed by sam-
pling from it. Drawing a sample is straightforward if three assumptions are used. Since
there is no process in speech production that synchronises the speech phase with the
noise phase at a specific frequency, the phase 0y is uniformly distributed. Also, the
phase is assumed independently distributed for different frequencies k. Thirdly, the
distribution of o; is approximated as in (15), removing the influence of particular value
of the speech and noise signals.

Algorithm 1 shows how to sample from «;. Samples for 0y are drawn indepen-
dently for all frequencies in one mel-bin. This straightforwardly yield samples for
cos 0y, which will be called vi. The sample for p (o) can be acquired by taking the
weighted average over these.

It is also possible to find a parametric distribution of vy = cos . It can be shown
to be [21, 22]

1 2
I S
P (V) = {ﬂ\ﬂvﬁ [or . (16)

0, otherwise.

This distribution is pictured in figure 1.

2

O I
—1 0 1
Vi = cos(0y)
Figure 1 The distribution of Ui = cos O for one frequency k.

The distribution of «; is a weighted average of distributions over vy’s. As the num-
ber of frequencies goes up, the central limit theorem says the distribution of «; becomes

10
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A
v

plxo)
plozs)

O 11 1 | I I | I 11 1
—1 0 1 —1 0 1
X0 x23
(a) Bin 0 is the narrowest, so that xg (b) Bin 23 is the widest, so that «>3
has the least Gaussian-like distribu- has the most Gaussian-like distribu-
tion. tion.

Figure 2 The distribution of o for different mel-filter channels i (—), and their
Gaussian approximations (- - ).

closer to a Gaussian [4]. For lower-frequency bins, the number of frequencies that is
summed over is smaller, so the distribution of o is expected to be further away from
a Gaussian. This effect can be seen in figure 2, which shows the distributions for two
values of i. These distributions were found by sampling many times from «; using
algorithm 1 on the preceding page. The dashed lines show Gaussian approximations.
For o, the Gaussian is least appropriate, but still a reasonable approximation. In this
work, the distribution of o; will therefore be assumed Gaussian for each bin 1.

The covariance of the Gaussian can be set to the second moment of the real distri-
bution. It can be shown that, again assuming that all spectral coeflicients in one filter
bin are equal, that [21]

2
gi‘iég{o‘%}:ﬂ' ()

Z(kaik)z

This gives values very close to the actual variance of «; on various subsets of AURORA 2.
This work will therefore approximate the distribution of o; as a Gaussian with

N((Xi; 0, O'%( i) o € [—1,+1];
P (&) o { 0 otherwise. (18)

Evaluating the density at any point requires the normalisation constant 1/ f:] N(e; 0,
which could be approximated with an approximation to the Gaussian’s cumulative dis-
tribution function. However, it is straightforward to draw samples from this distribu-
tion, by sampling from the Gaussian and rejecting any samples not in [—1, +1].

11
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3. PARAMETRIC REPRESENTATIONS FOR THE CORRUPTED SPEECH DISTRIBUTION

2.3 Corrupted speech distribution

With the mismatch function f in (3b), the observation vector is known if the vectors
for the speech, noise, and the phase factor are known. If the distributions of the three
inputs, p (x), p (n), and p (&), are known, then the observation distribution can be
trivially described using a Dirac delta at the point given by the mismatch function f:

p(y)=[p(ylx)p(x)dx (192)
= | [ptulxm)pmyanp o) ax (19b)
= [ [ pruixm aip (o) darp () anp (x) ax (190)
= j UPJSf(X,n,a) (Y p () dxp (n) dnp (x) dx. (19d)

This expression is exact, but it does not have a closed form. (It is still valid if « is
fixed: then p («) is a Direct delta at the fixed value.) Since the mismatch function f is
non-linear, there is no closed from for the distribution of y. This work will introduce
transformation to the integral in (19d) that enable approximating it with a Monte Carlo
method. Standard model compensation methods, however, approximate this distribu-
tion with a parametrical representation, for example a Gaussian. Each clean speech
Gaussian can then be replaced by the corrupted speech Gaussian found using the pa-
rameters of the original Gaussian as statistics. When that is done, decoding can be as
fast as normal.

2.3.1 Sampling from the corrupted speech distribution

Though expressing the corrupted speech distribution parametrically is impossible, it
is straightforward to draw samples y(*) from the distribution. This works by applying
the mismatch function to samples from the distributions for x, n, and «:?

X ~p(x); (20a)
ns ~pn); (20b)
a®) ~p () (20¢)
y®) =f(x) nl) o)), (20d)

Sampling from the corrupted speech distribution will be used in this work to train
parametric distributions (bpMc and 1DPMC), and to examine how well approximated
distributions match the actual distribution.

3 Parametric representations for the corrupted speech distribution

There exist several methods for approximating the corrupted speech distribution. Find-
ing a parametric form naturally appears as a subtask in model compensation, which

*>This can be seen as a straightforward instantiation of Monte Carlo sampling, which section 4.1 will
discuss.

12
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replaces state-conditional clean speech distributions by estimated corrupted speech
(“compensated”) distributions. This section will discuss various compensation meth-
ods.

Two schemes map one clean speech Gaussian to one corrupted speech Gaussian.
vTs compensation (section 3.2) is a standard method that applies a first-order vector
Taylor series approximation to the mismatch function, so that the corrupted speech
becomes Gaussian. DPMC compensation (section 3.1) is a sampling approach that only
makes the Gaussian approximation at the last instance, by training the Gaussian on
samples. Iterative pPMcC also uses samples, but trains a mixture of Gaussians with
expectation-maximisation.

Two other schemes do not use a fixed parametric representation: they start the
computation only when the observation has been seen. The Algonquin algorithm (sec-
tion 3.3) extends the vTs approximation by iteratively updating the expansion point. It
comes up with a different Gaussian for each clean speech Gaussian for each observa-
tion. It is also possible to approximate the integral over the speech and noise using a
piecewise linear approximation (section 3.4).

3.1 Data-driven parallel model combination

Data-driven parallel model combination (ppmc) [13] finds a Gaussian distribution for
the corrupted speech, with a Monte Carlo method. It approximates the distributions
with samples samples and applies the correct mismatch function. The Gaussian as-
sumption is made only when training the parameters on the samples. In the limit, it
finds the optimal Gaussian distribution for the corrupted speech.

The original algorithm did not use phase factor o; however, the generalisation is
straightforward. ppMc can be derived by approximating the integral over x, n, and «
in (19d) by a sum over samples x($) ~p (x) ,n'*) ~p (n), als) ~p (a):

ply) = JJJSf(X,n,a) (Y)p () daxp (m)dnyp (x) dx

S
1 N
Zg E 6f(x[s))n[5)‘¢x(5))(y)ép(y)' (21)

s=1

P(y) is the empirical distribution, which has S delta spikes at positions y(*) obtained
as detailed in (20d). The parametric distribution for the corrupted speech that ppmc
finds is chosen to minimise the KL divergence with the empirical distribution p. This
is equivalent to training the parametric distribution from the samples with maximum
likelihood. Standard ppmc finds a Gaussian distribution for the corrupted speech. Its
mean and covariance parameters are the mean and covariance of y under the empirical
distribution:

S
1
uy=5ﬁ{y}=§Zy(s); (22a)

s=1
1 > T
L, =& {yy'} — ) = gzy(s)y(s) — fyyy. (22b)
=1

Given a mismatch function and distributions for the speech, noise, and phase factor,
this gives the optimal Gaussian parameters.
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3. PARAMETRIC REPRESENTATIONS FOR THE CORRUPTED SPEECH DISTRIBUTION

For the experiments, not only static, but also dynamic parameters need compen-
sation. This work will use distributions over a window of consecutive static feature
vectors, extended feature vectors [34, 35]. The mismatch function is applied to each
time instance in the vector separately. This produces a corrupted-speech sample that
can be converted to a sample with static and dynamic coefficients with the linear trans-
formation that speech recogniser front-ends normally use. Training of the distribution
works in the same way.

Iterative ppMc (1DPMC) also finds a parametric distribution that is close to the em-
pirical distribution, but the distribution is a mixture of Gaussians associated with a
speech recogniser state rather than a single Gaussian. The word “iterative” in the name
of the scheme refers to the iterations of expectation-maximisation necessary to train
a mixture of Gaussians. To draw corrupted speech samples, the same procedure ap-
plies as in section 2.3.1 on page 12. The clean speech model can be a state-conditional
GMM. The corrupted speech GMM is then trained on the samples, without reference to
the clean models, and is not restricted to have the same number of components as the
clean speech GMM. At every iteration of expectation-maximisation, the parameters of
components 1, ..., M are re-estimated using the maximum-likelihood estimates given
the component-sample posteriors:

P(m[y')) oc P (m) (y'![m); (232)
1
m) __ ' ()4 (5).
Hy Y. P(m‘y(s)) ZP(m\y Jy'h (23b)
m (s T
5 = ey 2P ] a0

To increase the number of components, mixing up can be used: the heaviest component
is split into two components with an offset, and a few iterations of expectation-maxi-
misation training are run.

In the limit as the number of components M and the number of samples S go to
infinity, the modelled distribution of the corrupted speech becomes equal to the real
one. However, to train the mixture model well, the mean and covariance of each com-
ponent need to be trained on a large enough portion of the samples. Therefore, the S
must be kept roughly proportional to M, and the number of iterations of mixing up
and expectation—maximisation increases linearly with M as well. In practice, then, the
time complexity of ppmc is O (M?).

3.2 Vector Taylor series approximation

VTS compensation [28, 2, 4] is a standard method for model compensation. vTs com-
pensation linearises the mismatch function f in (3b). The most important result of
this is that, given Gaussians for the clean speech, the noise, and the phase factor, the
noise-corrupted speech also becomes Gaussian.

The first-order vector Taylor series approximation to the mismatch function f with
expansion point (Xg, o, &p) is

fus(x, M, &) = f(x0, Mo, &to) + Jx(x —%0) + Ja(Mn —no) + Ju(x — o), (242)
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3.2. VECTOR TAYLOR SERIES APPROXIMATION

where the Jacobians for the clean speech, additive noise, and phase factor are

_ dy : _ % : _ %
- ax ) In - an ) IO( - . (24b)

X0,Mo,&X0 X0,Mo0,&X0 X0,Mo,&X0

Jx

Appendix B gives expressions for these.

o is approximately Gaussian distributed but constrained to [—1, 41] (see section 2.2.1.2).
To simplify the distribution of y, the constraint can be ignored, so that o« ~ A/ (0, X ).
futs in (24a) then is a sum of linearly transformed independently Gaussian distributed
variables. These are also Gaussian. For example, for the clean speech:

XNN(HX)ZX);
x —xo ~ N (px — %0, Zx);
Ix(x _XO) NN (Ix(ux _XO))IXZXII) ) (25)

and similar for the noise and the phase factor.

The linearised mismatch function f,s replaces f in the delta function in (19d). The
approximation for y then is the sum of the mismatch function at the expansion point
and the three Gaussians:

ply) = ”stf(x,n,a) (1) p (&) dcp (n) dnp (x) dx

~ Hafvg(x‘nm (WA (05 0, L) daA (1 ptn, Za) AN (%5 1, Ey) dx

=N (y; f(xo, Mo, o) + Jx(bx — X0) + Jn(pa — To) + J (0 — ex0),
JEJy + TnZadh +TaZoJ ). (26)

The expansion points are usually set to the means of the distributions for the clean
speech, additive noise and phase factor, so that p, —xo = pp —mp = 0—xp = 0. The
parameters of the Gaussian approximation of the corrupted speech Yyes ~ N (g, Z,)
then become

Hy :f(px»unapoc); Zy :IXZXII+InZnII+]o¢Zo¢Il~ (27)

The most obviously useful effect of linearising the mismatch function is that the
corrupted speech turns out Gaussian. There are also other advantages that arise from
fixing the expansion points, so that the relationship between speech, noise, and cor-
rupted speech becomes linear per component. The means of the noise model can be
estimated with a fixed-point iteration [28] and the variance with a gradient-descent-
based scheme [27]. Alternatively, since the first-order approximation makes the noise,
speech, and corrupted speech jointly Gaussian, an EM approach [16, 9, 18] can be used.
Also, it is possible to use adaptive training with it [26, 15]. These aspects make vTs
compensation very useful in practice.

Previous work has assumed the phase factor O [2], or fixed to a different value, like
1 [27] or 2.5 [23]. A phase factor distribution has previously only been used for feature
enhancement [4]. This work will apply vTs with a Gaussian phase factor, and use it for
model compensation.

Compared to using a distribution, assuming o constant has two effects. One is that
the term J X +J ! drops out from the covariance expression in (27). Since the entries
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3. PARAMETRIC REPRESENTATIONS FOR THE CORRUPTED SPEECH DISTRIBUTION

of the phase factor covariance are small, this changes the distributions only slightly.
Since X  is constant across components and J, changes only slightly between adjacent
components, discrimination is hardly affected.

If o is equal to its expected value, O, then the mean of the compensated Gaussian
does not change compared to when « is assumed Gaussian. If o is set to a higher value,
the mean is overestimated. Also, Jacobians J, and J,, move closer to %I (see appendix B
for the expressions).

In practice, « is often assumed fixed but the noise model is estimated. This should
subsume many of the effects that using a phase factor distribution would have had. This
includes a wider compensated Gaussian and overestimation of the mode.

3.3 Algonquin

The Algonquin algorithm [8, 19] is an extension to vTs compensation. Its most im-
portant conceptual addition is that it takes into account the observation vector. In the
following discussion, when an actual observation is meant it will be indicated with y.
Whereas vTs linearises the mismatch function at the expansion point given by the
means of the prior distributions of the speech and the noise, the Algonquin algorithm
updates the expansion point iteratively, finding the mode of the posterior of the speech
and the noise. It can therefore be seen as an iterative approach to finding the Laplace
approximation to the posterior.

The Algonquin algorithm uses a slightly simplified environment model compared
to the one discussed in section 2.3, in (19d). The influence of the phase factor on the
observation is captured by a Gaussian around the mode of the distribution for given x
and n. Thus, that distribution is approximated as

plylxn) = Jéf(x,n,a) (W p (@) dam~ A (u; 1,0, ¥),  (28)

where W is the fixed covariance that models the uncertainty around the mismatch func-
tion.

Figure 3 on the next page shows a one-dimensional example. The prior of the speech
and the noise is given in the left panel. Their posterior distribution after having seen
an observation Yy is in the right panel. This posterior will be approximated with a
Gaussian centred on its mode.

To deal with the non-linearity in the mismatch function, it is linearised (like in vTs
compensation). The Algonquin algorithm iteratively updates the linearisation point to
the mode of the posterior distribution. The linearisation point in iteration k is denoted

by (xék) , nék) ). The linearised mismatch function in iteration k is

fuae (6, 1) = F(xg", 107, 0) + T (x = x) + T (n—ng), (20
where the Jacobians are

; I, = . (30)

Todx | o oo Todn| o 0o
Xy My 0 Xy My 0

For the first iteration k = 0, the linearisation point is set to (fx, Us), so that the mis-
match function is equivalent to the one used in vTs compensation in (24a), leaving out
the phase factor.
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3.3. ALGONQUIN

11 1
10 10
9 9
8 8
n 7z n 7z
6 6
5 5
4 4
3 3
3 5 7 9 11 3 5 7 9 11
X X
(a) The prior distribution p (x,n). (b) The posterior p (x,n|y = 9).

Figure 3 The Algonquin-derived distribution of the clean speech and noise for x ~

Using the linearised mismatch function in (29), the speech, the noise, and the ob-
servation become jointly Gaussian:

X X Hx Z>< 0 Z>(<]y<)
q)(/lf) n — N n 5 L(llrl) N 0 Zn Zny (31)
y v] Lm ) Ty £y

Note that the parameters of the marginal of x and n (i, 1, Zx, and X,) are given
by the prior and do not depend on the iteration k. On the other hand, the covari-
ance of the observation and the cross-covariances are found through the linearised
mismatch function, which changes with every iteration. Those parameters are found
as follows. Using the linearised mismatch function and assuming the error N (0, ¥)
of the mismatch function, the distribution of the corrupted speech is Gaussian y ~

N (u;k) , qu) with parameters similar to those for vTs compensation in (27):

£ (il o)} = (g mG,0) + T (e —x0") + T8 (i —mg");
(322)

2 el (1 xn) — ) (1 (xyn) —wy) ' W
= (I (e — ) ) (x = 1))+ T (= ) 00 (n = wa)) T} + W
=JK {(X—ux)(x uX)T}IQ‘)T+I£“)5{(n—un)(n—un)T}Ir‘]k)TMi'
TSP (R (5 R (32b)

The cross-covariance between the speech and the observation and between the noise
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3. PARAMETRIC REPRESENTATIONS FOR THE CORRUPTED SPEECH DISTRIBUTION

and the observation can be derived similarly:
£ 2 {(fd oe,m) — )( w)'}
=& {0 (e =) (x— 1) T}
=) {(x— ux) (x - ux)T} JHEg (332)
(kK agiy (33b)

yn

Assuming the joint distribution of the speech, noise, and observations in (31), the
posterior distribution of the speech and the noise conditioned on an observation Yy
follows from a standard result (derived in appendix A.3, (125¢)). This approximation to

the posterior distribution will be written qy:]:

o ([a]) =+ ([R): L]+
52)- |2

Note that the speech and noise priors are not correlated, but the posteriors are.

)

(k)
ZX 1
i ] Z)(/k) (yt H;k)),

20 2R ]) e

Algonquin sets the expansion point for the next iteration to the mean of this ap-
proximation to the posterior:

k+1 k)1
xo =t IS -,

1
ng Y = 20y — ), (35)

so that the expansion point is updated at every iteration, and the Gaussian approxi-
mation to the posterior is moved. There is no guarantee that the mode of the approx-
imation converges to the mode of the real posterior: the algorithm may overshoot. A
damping factor could be introduced for this, but this appears to slow down convergence
without benefit [20].

After K iterations, the Gaussian approximation q to the distribution of y is found
from (32):
ay (y) =N (y; ™, Z)9)
K) . (K K K
= (3 £ 16, 0) 4 TL (ke = x) T4 (1 — ),

T T
I A A I (36)

Figure 4 on the facing page shows a one-dimensional simulation of the Algonquin
algorithm in (x,n)-space. The left panel shows the prior of the clean speech and the
additive noise, and the right panel the Algonquin approximation to the posterior. Note
that the priors of the clean speech and noise are not correlated, but the posterior is.

The problem with using this Gaussian approximation is that the effective distribu-
tion is not normalised. Even though gy, in (36) is a normalised Gaussian if estimated it-
eratively for one Yy, in practice it would be estimated and then applied to the same g, .
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11
11
10
10
9
9
3 8
n oz 7
6 6
5 5
4 4
3 3
3 5 7 9 11 3 5 7 9 11
X X
(a) Initialisation: clean speech and (b) Two iterations of Algonquin:
noise prior. Gaussian approximation of the poste-
rior.

Figure 4 Iterations of Algonquin.

Thus, in general,

qut(ya dy, #1. (37)

There are two ways of working around the problem that g, (y+) is nota normalised
distribution.

The original Algonquin algorithm [8] applies feature enhancement, which finds
the minimum mean square error estimate of the clean speech. It uses an extension
of model-based feature enhancement, which normally models the clean speech with
a mixture of Gaussians. Algonquin extends this idea by at the same time as updating
the observation distributions, finding an approximation to the component posteriors
of the mixture of Gaussians. It is then possible to perform variational inference on the
joint distribution of the clean speech component and the Gaussian approximation to
the distribution of the observations [8]. The minimum mean square error estimate of
the clean speech follows from the posterior responsibilities of the GMM components
and their linearisation of the observation distribution.

Another approach uses a form of model compensation: it replaces the likelihood
calculation for each component by a computation of the component’s “soft information
score” [19, 20]. The original presentation derives this form from the feature enhance-
ment version. The end result can be derived more directly, which the following will
do before showing the equivalence to the original presentation. As in the original, this
will assume that there is only one component per state (though the generalisation is
straightforward).

Consider a speech recogniser, which aims to find the most likely state sequence @
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3. PARAMETRIC REPRESENTATIONS FOR THE CORRUPTED SPEECH DISTRIBUTION

from an observation sequence Y with
p(Y®)P(O)
p(Y)
xp(Y@)P(®)=P(80) [[P(ytl0)P (80 1).  (38)

t

P(O]Y) =

The normalisation constant p (Y) is normally ignored, because it does not change de-
pending on the state sequence ®. An obvious way of approximating the component
likelihood p (y¢| 6+) would be to replace it by the Algonquin approximation for that
component m and observation Yy,

P (yel 0 =m) ~ q{™ (o). (39)

That this approximation to p (y¢| m) is not necessarily normalised is not a problem
for the Viterbi algorithm, though it does raise the question whether the likelihood ap-
proximations for different components can be compared.

The original presentation of Algonquin for model compensation [20, 19] derives
this form (up to a constant factor) through a number of manipulations. This relates the
form of models compensation to the one for feature enhancement. The normalisation
constant in (38) is not ignored, but approximated with a mixture of Gaussians:

p(Y)~]]r (o). (40)

This decouples the distribution of y from the state sequence. This is substituted in in
the expression that speech recognisers aim to maximise, P ( @] Y). It is then rewritten
by applying Bayes’ rule, the approximation in (40), and again Bayes’ rule:

prory) =22 p (@) = pio) [T P 2 a6, )
_ P (0 ye)p (yt)
‘”%Hgﬁﬂmﬂafmﬂ@q)
—pea [[ e o). @)

The expression that now replaces the likelihood computation for component 6y = m
in the speech recogniser, P (m/|y¢) /P (m), is then called the “soft information score”
Its numerator, P (m/|y¢), is approximated by its variational approximation?

a\™ (y)P (m)

P(mlys) ~ gy, (m) = ; : (42)
T Oy (Y0P (m)
The soft information score therefore is approximated
P(mlyd _ qy(m) ay (Y (
Plmj P 5 ay™ (ye)P ()

3See [20], equations (10.10), (10.15), and (8.18) for more details.
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3.4. PIECEWISE LINEAR APPROXIMATION

The normalisation term for one frame is the same across all components. Therefore,
it does not have an effect on decoding, so that the likelihood is in essence replaced by
unnormalised distribution gy, (Y+), as in (39). The question thus remains whether the
unnormalised Algonquin approximations to the likelihood are comparable between
difference components.

3.4 Piecewise linear approximation

The compensation methods in the previous sections have used a single Gaussian to
represent the observation distribution. However, the actual observations are not Gaus-
sian distributed even when the speech and noise are. It is possible to approximate the
integral that gives the likelihood of the observation. [29] present a method for feature
enhancement, but as a step in estimating the noise model the corrupted speech distri-
bution is formulated in such a way that it can be approximated using a piecewise linear
approximation. The model for the interaction of the speech, noise, and observation the
original work uses is somewhat simpler than the one in section 2.3. The following will
adhere to the original presentation, because it provides good insight in both the main
idea and the main limitation.

The main idea is to transform the integral over the speech and the noise into an-
other space. It then becomes easier to apply a piecewise linear approximation. The
main limitation is that the method works on a single dimension, and uses log-spectral
domain coefficients. In the log-spectral domain, coefficients are highly correlated. Ap-
pendix C.2 shows that it is theoretically possible to perform the transformation of the
integral in more dimensions. However, if the piecewise linear approximation in the
one-dimensional case requires 8 line segments, the d-dimensional case requires 8<.
This makes the scheme infeasible for correlated feature vectors.

The scheme works as follows in one dimension. Speech x, noise n, and observa-
tion y are assumed deterministically related, with

exp (y) = exp (x) +exp (n), (44a)

as a one-dimensional version of (3a) where the phase factor is assumed 0. If y is ob-
served to be y¢, and x is changed, n automatically changes too. A substitute variable u
is therefore introduced to replace both x and n in the integration in the likelihood
expression. It is defined

u=1—exp(x—yt), (44b)

so that (see section C.1 for details)

n =y + log(u); (44¢)
x =yt +log (1 —u). (44d)

Given a speech coefficient, the distribution of the observation can be written in terms
of the distribution of the noise. As this is a transformation of the feature space, it is a
standard result (see section A.1) that a Jacobian is introduced:

dn(x, y+)

d 1Y (n(xayt)) ) (45)
Yt

P (yilx) :’
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4. MULTI-DIMENSIONAL INTEGRATION WITH IMPORTANCE SAMPLING

where p (n(x,y¢)) is the prior of n evaluated at the point implied by the setting of x
and yy.

When the likelihood of y; is expressed as an integral over x, it can be transformed
into an integral over u as follows:

Yt
pye) = B P (uel %) p (x) dx

fYt

=71 () p ) ax
v y Yt
.

=[] ooy | P st s en, o
Jo Yoy, du

where p (n(u,y¢)) is the prior of n evaluated at the point implied by the setting of u
and yy¢, and similar for p (x(u,y¢)).

Appendix C gives the complete derivation. The likelihood can be rewritten
T2, 15
P (yt) = exp 50 + 50% 7 Hn K + 2yt

1
J N (log(w); pn — 07 —yt, 07) N (log(1 —w); px — 6 —yy, 0%) du.
0

(47)

Itis log (u) and log (1 — ) that can be approximated with piecewise linear functions.
[29] use 8 line segments. For any observation Yy, the expression then becomes a sum
of integrals of a fixed factor times an integral over a Gaussian, for which well-known
approximations exist.

This derivation crucially depends on the assumption that coefficients can be consid-
ered separately. To model the likelihood well, the priors p (x) and p (n) need to model
correlations between coefficients. In the cepstral domain where correlations are not
usually modelled, they become more important as the signal-to-noise ratio drops [12].
But any generalisation of the derivation to vectors of cepstral coeflicients will need to
convert to log-spectral vectors anyway, and turn diagonal-covariance priors into full-
covariance ones. Note that though the derivation in [29] is for log-spectral coefficients,
the method is applied to cepstral coeflicients.

Appendix C.2 gives the generalisation of the algorithm in [29] to d-dimensional
log-spectral vectors. It turns out that the integral in (47) becomes an integral over
(0,1)4. This means that the 8 line segments for the single-dimensional case become
84 hyperplanes. It is infeasible to apply this to a standard 24-dimensional log-spectral
feature space. Section 5.2 will therefore use a similar idea but a different transforma-
tion and a different approximation to the integral. It will use a Monte Carlo method,
sequential importance re-sampling, to approximate the integral.

4 Multi-dimensional integration with importance sampling

The corrupted speech likelihood can be expressed analytically only as an integral (as
in (19)). This integration can be approximated with sampling. Monte Carlo meth-
ods approximate a target density with a finite number of samples. Many Monte Carlo

22
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methods can work with unnormalised densities, which for many applications is a use-
ful feature. Markov chain Monte Carlo, for example, divides the value of the density at
two points by each other, so that any normalisation constant cancels out, and can be
disregarded. However, the value required here, the integral of a target density over the
whole of a space, is the normalisation constant of the density. The samples themselves
are merely a by-product.

This requirement rules out many Monte Carlo methods. One technique, called
importance sampling, does return an approximation to the normalisation constant. It
requires a (normalised) proposal distribution that samples can be drawn from and is
close in shape to the target density. Sequential importance sampling is importance sam-
pling over a multi-dimensional space. In itself, it is just importance sampling that deals
explicitly with one dimension at a time. It becomes advantageous once re-sampling
is introduced between dimensions. This removes low-weight samples and duplicates
high-weight ones, so that the samples focus on the most interesting, high-probability
regions of space.

Sequential sampling techniques are often presented as traversing through time.
There is no reason, however, why the dimensions should represent time. In this work,
dimensions will relate to log-powers in consecutive mel-bins and will be called just
“dimensions” This section follows the presentation of [5]. It will discuss implicitly
multi-dimensional Monte Carlo and importance sampling. Then, re-sampling is intro-
duced. Finally, section 4.4 on page 29 discusses the case where for some dimensions it
is possible to draw from the target distribution, and for some it is not.

4.1 Monte Carlo

Monte Carlo methods approximate a target distribution with a finite number of sam-
ples. Denote the target probability distribution with 7t. Ifit is possible to draw S samples
u(s) ~ 71, the Monte Carlo approximation of 7t is the empirical distribution

1
7T:§26u(s), (48)

S

where 8. denotes the Dirac delta. Using the empirical measure in the place of the tar-
get distribution, the expectation of any test function ¢ under distribution 7t can be
approximated as

o)) = [ el du s [wuon) du=g 3 ou). G

This equation will be used in this work to estimate empirical means (with ¢(u) = u)
and covariances (with ¢(u) = uu’).

This straightforward Monte Carlo method requires, however, that it is possible to
sample directly from the target distribution. When this is not the case, it is often possi-
ble to use importance sampling, which draws samples from a proposal distribution that
is close to the target distribution, and then makes up for the difference.

4.11 Importance sampling

If it is impossible to sample from the target distribution, it can still be possible to ap-
proximate it by sampling from a proposal distribution p similar to the target distribu-
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4. MULTI-DIMENSIONAL INTEGRATION WITH IMPORTANCE SAMPLING

tion, and makes up for the difference by weighting the samples. This is called impor-
tance sampling. The weights also give an approximation to the normalisation constant.
The process is analogous to the evaluation of a function under a distribution in (49).
However, S samples u'®) ~ p are drawn from the proposal distribution, so that the
empirical proposal distribution of it is, analogously to (48):

o1
P:§;5u(s)- (50)

That samples are drawn from a proposal distribution and not directly from the tar-
get distribution makes it possible to use an unnormalised target density, y. This is often
useful if the normalisation constant of the target density is unknown. It does need to
be possible to evaluate 'y at any point. Importance sampling finds samples from the
distribution at the same time as an approximation to the normalisation constant. vy is
a scaled version of 7t

(u)

m(u) = 0 (51a)

where the normalising constant is

Z= Jy(u) du. (51b)

The proposal density needs to cover at least the area that the target distribution
covers:

m(u) > 0= p(u) >0, (52)

otherwise no samples will be drawn in some regions where 7t is non-zero.

The key to making up for the difference between proposal and target is the weight
function w(u). It gives the ratio between the target density and the proposal distribu-
tion:

wu) = —. (53)

m(u) = w; (54a)
z= Jw(u)p(u) du. (54b)

Now that the target distribution has been expressed in terms of the proposal distri-
bution p, the proposal distribution can be replaced by its empirical version p in (50).
This yields the empirical distribution to 7t, 71, with the samples from p weighted by their
importance weight:

*] u(s)
ﬁ_SZW(Z)f’u(s] =) W80, (552)
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where approximation to the normalisation constant is

Z:Jw(u)()(u) du = %ZW(u(S’), (55b)

and the normalised weights Ww(*) are
Yow(uls)’

7t is the normalised importance sampling approximation to target distribution y, and
Z is the corresponding approximation to the normalisation constant.

wis) = (s5¢)

The expectation of a test function ¢(u) under 7t can be estimated analogously
to (49), with 7t given by (s55a):

o) = [mupluw) dux [Awoh) du= g T W pw). G50

A degenerate case of importance sampling is when the proposal distribution is
equal to the normalised target distribution p = 7. If it is possible to draw samples
from 7, then using importance sampling is overkill. However, the next section will
introduce sequential importance sampling, which samples from one dimension at a
time. In that setting, it might be possible to draw from the target distribution for some
dimensions, but not for others. In the simple importance sampling case with p = 7,
the weight function in (53) always yields the normalisation constant:

wu) = —— =7, (57)

Substituting this in (55a), the approximation 7t of the normalised target distribution 7t
becomes

) 1 w u(S) 1
ﬂ—sg(z)éu(sl :gg‘su(s)’ (s8)

which is exactly the standard Monte Carlo empirical distribution in (48).

4.2 Sequential importance sampling

Sequential importance sampling is an instantiation of importance sampling that ex-
plicitly handles a multi-dimensional sample space. It steps through the dimensions
one by one, keeping track of S samples, and extending them with a new dimension at
every step. Considering this explicitly is useful because then the set of samples can be
adjusted between dimensions. Section 4.3 will discuss re-sampling, which drops low-
probability samples and multiplies high-probability samples, so that computational ef-
fort is focussed on high-probability regions.

Sequential importance sampling is a slight generalisation of the well-known parti-
cle filtering algorithm. It samples from a multi-dimensional distribution dimension by
dimension, applying principles similar to those of importance sampling at every step.
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4. MULTI-DIMENSIONAL INTEGRATION WITH IMPORTANCE SAMPLING

The distribution must be factored into dimensions. In particle filtering, the dimensions
are often time steps, and the factor for each dimension a distribution conditional on
previous dimensions. However, for sequential importance sampling the per-dimension
target distributions in sequential importance sampling need not be normalised or re-
late to valid probability distributions, as long as their product is equal to the target
distribution.

In section 4.1 on page 23, the sample space was implicitly multi-dimensional. In
this section, the the dimensions of the samples will be explicitly written. The space has
d dimensions. Thus, U = u1.4. The distributions v, 7, and p will be factorised, as will
Zandw.

To apply sequential importance sampling, it must be possible to factorise the target
density vy into factors y; (| -) for each dimension. y; (-] -) is therefore defined as

Yi(u:)

Y (W) (s92)

Yi(uilurig) =
If for every 1, yi(u1.i) is a marginal distribution of uy.;, then (59a) is an instantiation
of Bayes’ rule and y; (ui|uy.i—1) is a conditional distribution. However, even though
the notation used is ( -| -), there is no requirement for the factors to be conditionals or
to be normalised. This is a generalisation of particle filtering, and indeed, a strength of
sequential importance sampling.

The target density vy can be written as the product of factors yi. (59b) formulates
the factorisation of y recursively; (59¢) writes out the recursion:

y(u) =va(ur.a) =va-1(ur.a—1)va (ualus.qa—1) (59b)
d
=11 (m)HYi (uiluriq). (59¢)
im2

The normalised variant of y; will be called 7t; and defined analogous to 7t in the
previous section:

i (Ug4) = w, (60a)
Zi = JYi(M:i) duy. (60b)

The proposal distribution p is factorised similarly to the target distribution:

ey pi(w)
Pi (LLJU]R,]) = 01 (U,] o )) (613)
p(u) = pa(ur.a) = pa—1(ur.a—1)pa (walur.a—1)
a
=pr(w) [ s (wiluria). (61b)
im2

This makes it possible to draw samples u({;)i dimension per dimension. For the first
dimension, ugs) ~ p1. Then, ugs] ‘ugi}q ~ pi for dimensions i = 2,...,d. Each
proposal factor p; approximates target factor y;.
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4.2. SEQUENTIAL IMPORTANCE SAMPLING

procedure SEQUENTIAL-IMPORTANCE-SAMPLING(Y, p)
for dimensioni=1...d do
for sample indexs = 1...S do
Sample u!®) ~ py (uiul®) );
Compute weight Wy (ugsl)) =W;i_ (u] 1

return weighted samples {wd (), uls) }

Algorithm 2 Sequential importance sampling

Computing the importance weight of a sample can also be done dimension per
dimension. Decomposing the weight function in (53) recursively, in factors w; (-] -)
related toy; (-] -) and py (-] -):

Cowilu) vilura)pio1 (1)

wi (wilugiq) = =
wir(urio1) pi(ur)yior(wrig)

~vi (wilugia),

- ) (623)
pi (uglugi—1)
w(u) =wq(ur.q) =wa—1(Ur.a-1)wa (uglur.qa-1)
a
=wi(w) [ [wi (wiluria). (62b)
i—2

The empirical distribution of p; then is found from S samples drawn from pj, anal-
ogously to the approximation of f in (50):

3 1
Pi=§Z5u(ﬁ>- (63)

i

Using this empirical distribution, the empirical normalisation constant and the nor-
malised weights are

1
Zy = JWi(um)f)i(Um) dug; = S ZWi (u%sﬂ), (64a)
S
7{5) _ Wl(ugsl)) )
' Zs/wi(u(lfi))

The empirical distribution derived from 7t; then is, analogously to (55a),

(64b)

e

iy = ngs)éugsn- (65)
S

The complete algorithm for sequential importance sampling is described in Algo-
rithm 2.

The final normalisation constant could be approximated as the average of the weights
in the last step, using (55b). However, in section 4.3 re-sampling will be introduced.
This at every step removes some samples and duplicates others, and overall weights
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4. MULTI-DIMENSIONAL INTEGRATION WITH IMPORTANCE SAMPLING

will not be available. To overcome this problem, the normalising constant Z of vy, de-
fined in (51b), can be factorised into terms Z;/Z;_1, which can be approximated at
every step:

787,=74 45 =7 ﬁ Z (66)
PR S A
i=2

The fraction Zi/Z;i_1 can be written in terms of the normalised density for dimen-
sion i — 1 and the proposal distribution and the weight function for dimension i (ap-
plying (60a), (62a), and (61a)) as

Zi  [vilwp)dwa o [y (uni)y (wilugog) dugg

Ziy [vicr(upior) duggog Jvicr(urior) duggg

= qu (Wri—1)wi (uilugi—1) ps (wilwgi—1) dugg
:Jﬂiq(umq)
pi—1(wri-1)

This can then be approximated at every step i using the empirical distribution p; from (63):

wi (uiluri—1) pi(ur) dug;. (67)

ZL 1
— = ngfi)qwi (u?) |u253—1) (68)
s=1

Zi1 S

It is straightforward to see that this yields a consistent estimate of Z; /Z;_;. Note t}lat
as long as the samples are not resampled, this computation yields the exact same Z4
as (s5b).

4.3 Re-sampling

A problem with importance sampling is that some samples will be in low-probability
regions. As the number of dimensions grows, the number of high-probability samples
tends to shrink exponentially. Asa measure for this problem, the variance of the sample
weights is often used. Sequential importance sampling as presented so far does not do
anything to produce lower variances.

A technique that does help to focus on higher-probability regions, and therefore
does produce lower-variance weights is re-sampling. Re-sampling can be applied at
every step to find a new empirical measure with unweighted samples from a set of
weighted samples.

The unweighted samples can be written as a set of weights and samples: {Wis) , ugslj b
The empirical distribution for dimensions 1. . .1 was given in (65):

i

S
U :ngs)éugs). (69)
s=1
Re-sampling aims to find an approximation to this distribution with unweighted sam-

ples. The conceptually simplest way of doing this is to draw S samples from 7t; and
construct a new empirical distribution

> N
=) By (70)
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4.4. SAMPLING FROM THE TARGET DISTRIBUTION

procedure SEQUENTIAL-IMPORTANCE-RE-SAMPLING(Y, p)
for dimensioni=1...d do
for sample indexs = 1...S do
ﬂgfi)q )
(
1

(
Compute incremental weight w; (u; s) ‘ugiL] )= :

Sample ugs) ~pi(ug

Compute Z?L = %Zs Wi (uES) ’ugsl) 1)-
{al2)}  Resawore({wi (ul” [ull)_), ull .
Compute Z = Z;4 Zid:Z %

return ({ugsé}, Z).

Algorithm 3 Sequential importance re-sampling

where N gs) is the number of times sample ugsl) was drawn from 7t;, the (integer) num-

ber of offspring of sample ugsl) This is called multinomial re-sampling. However, the
only requirement to a re-sampling method is that the expected value of the number of

offspring of a sample is proportional to its weight: £ {Ngs) } = swi*),

Another way of generating Ngsl) uses systematic re-sampling [17]. This uses uni-
formly distributed z ~ Unif [O, H . New sample s’ then is set equal to original sample
s where Zf;] WE” <z+s <), WE”.

The new empirical distribution can also be described as a list of unweighted samples
{%, ugsl) } that contains Ngs) copies of original sample ugslj The distribution then is

S
. 1
T = Zéugsg (71)
s=1

This makes it straightforward to introduce re-sampling at every step of the sequential
importance sampling algorithm as described in section 4.2. After drawing samples and
computing their weights, the set of samples is resampled to yield equally weighted sam-

%]

ples { 1,1%)}. This set is then used when drawing samples for the next iteration. The
complete algorithm for sequential importance re-sampling is described in Algorithm 3.

4.4 Sampling from the target distribution

An extension of sequential importance re-sampling was foreshadowed in (58). It con-
cerns the case where for some dimensions it is possible to sample from the normalised
target distribution 7t; (ui/wy.4—1). For such a dimension i, the proposal distribution
can be set to p; (Ui|uwy.i—1) = 7 (wi/wq.4—1). The incremental weight function
from (62a) then returns the same value, the incremental normalisation constant, for
each point:

i (wilugi-1) _ 4
pi (wiluriog)  Ziq'

wi (uilugio1) = (72)
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5. ASYMPTOTICALLY EXACT LIKELTHOOD EVALUATION

procedure HYBRID-SEQUENTIAL-IMPORTANCE-RE-SAMPLING(Y, p)

for dimensioni=1...d do

if pl(ul\u1 1) 1) o yi (Wi

for sample 1ndex s=1. S d

Sample fL ~ pi (u1

_Wl(u1’u1l 1 (foran}’umq)-

else
for sample index s = 1. S do
Sample u\*) ~ pi(ui} e
(5) [, (5) vilu )
Compute incremental weight wi (u;> |u;%_) = pi(ui“\usff,:)
Z, _1 (5)|q,(s)
Compute 55— = ¢ 3 wi (u™ ugl ).

(8] Reson o)),
Compute Z = Z; Zl 2 ZL -.

return ({ug:é},Z).

Algorithm 4 Hybrid sequential importance re-sampling

This is useful because it removes the need to compute the density of the distribution
at any point, or to re-sample the set of samples. In the case where yi = 7 = pi,
wi (uiuq.i21) =1 by definition.

Algorithm 4 specifies how sequential importance re-sampling, in algorithm 3 on
the preceding page, can be extended to deal with dimensions for which it is possible to
sample from the target distribution, but its density at a point cannot be computed.

5 Asymptotically exact likelihood evaluation

This section uses a different approach to approximating the corrupted speech distribu-
tion than standard model compensation. Model compensation methods, like the ones
discussed in section 3, find a parametric form for recognition. However, no expression
for the full density is needed: while recognising speech only the likelihood of vectors
that are observed is required. Therefore, in this section the likelihood is approximated
for a specific observation Y. Substituting y, for y in (19d),

plye) = ”Jaf(x,n,m (ye) p (o) dap (1) dnip (x) dx. 3)

To approximate this integral over x, n, and «, this work will apply importance
sampling, which was discussed in section 4. Importance sampling requires a proposal
distribution, the distribution that the algorithm draws from instead of the actual distri-
bution. It makes up for the difference by assigning each sample a weight. The proposal
distributions needs to match the target density well, otherwise the weights will have a
high variance, and too many samples will be required to arrive at a good estimate. The
number of samples required grows exponentially with the number of dimensions.
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5.1. IMPORTANCE SAMPLING FROM A GAUSSIAN

The following section will rewrite (73) as an integral over the speech x and the noise
n. To apply importance sampling, the proposal distribution will be either the prior,
or an Algonquin-derived approximation of the posterior. Both essentially use a joint
Gaussian distribution over the speech and the noise. This will turn out a disadvantage
for representing the non-linear relationship between the speech and the noise given the
observation. Section 5.2 will then introduce a transformation that straightens the curve
in (x, n)-space by introducing a new variable u that represents positions on that curve.
The integral over X, n, and « can then be expressed as an integral over u and «. This
new expression is still exact, but more amenable to being approximated with impor-
tance sampling. After considering the one-dimensional case, the higher-dimensional
space will use the same techniques for each dimension, and apply sequential impor-
tance re-sampling.

5.1 Importance sampling from a Gaussian

This section approximates the integration over x and n. Importance sampling requires
that the integrand can be evaluated at any point (x, n). For this, part of the observation
likelihood needs to be rewritten more explicitly. The corrupted speech likelihood is
((19b) and (19d) with y; substituted for y):

plyy) = Hp (yelx,n) p (n) dnp (x) dx (742)
= [ [ st WP (@1 dopmanp vy ex. b

The observation Yy is not deterministic given the speech and the noise, because the
phase factor « is random. However, o is deterministic given x, M, and Yy, so that
P (Yilx,n) can be written in terms of the distribution of the phase factor. The phase
factor that a specific setting of x, n, and y. implies will be written x(x,n,y¢). Itisa
standard result (in appendix A.1 and, e.g., [3], 11.1.1) that transforming the space of a
probability distribution requires multiplying by the determinant of the Jacobian:

ox(x,m,y)

ay P (“(X»“>yt)) ) (75)

p(yidx,m) =

Y

where p (x(x,n,y)) denotes the density of p () at the value of & implied by x, n,
and y.

The value of the phase factor as a function of the other variables follows from (10).
The relation is defined per coeflicient (i.e. frequency bin) i of the variables:

_exp (yi) — exp (xi) — exp (m)

i ) (76a)
* 2 exp (%Xi + %ni)
and its derivative with respect to y; is
do(xi, i, yi) €xp (Ui) (76b)
_ = 1 T\ 7
dyi 2 exp (jxi + fni)

These make up the diagonal elements of the Jacobian %ﬁ"y), whose entries are 0

elsewhere.
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(a) The distribution p (y¢| x, n). (b) The distribution p (x, 1, y¢).

Figure 5 The distribution of the clean speech and noise for x ~ N (10,1); n ~
N (9,2); o« ~ N (0,0.04); yy = 9.

The the distribution of the corrupted speech in (74a) can then be written as

pyo) = | [p (yelx,n)p ) dnp (x) dx
= [ 20U (g, y) p () dnp (x) ax
y Yt

- (H exp (U1.1) )>-v(a(x,n,yt))p(n)p(x)dndx

Zexp (%Xi + %Tli

i

(1>

v(x,n) dn dx. (77)

This expression is exact. Though the integrand, denoted with v, is now straightforward
to evaluate at any given point (x, n) if p (&) can be evaluated, the integral has no closed
form. It can, however, be approximated using importance sampling with 'y as the target
density. Importance sampling requires a proposal distribution that is close to the target.
Figure 5a illustrates a one-dimensional version of the density p (y+|x, ). The density
lies around the curve that relates x and n for given « and y:, shown as a dashed line.
This curve is given by exp (x) + exp (n) = exp (y¢). That the sum of the exponents
of x and n is fixed causes a bend in the curve. Figure sb shows the density in figure s5a
multiplied by the priors of x and n, which gives p (x, n,y¢) = v(x, ).

To approximate the integral under vy, this section considers two options for the
proposal distribution: the prior, and the Algonquin approximation to the posterior.
Both are Gaussian.

A priori, the speech and the noise are independent. Given Gaussian prior distribu-
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(a) The prior p (x,n). (b) Gaussian approximation to the

posterior p (x, | y+).

Figure 6 The distribution of the clean speech and noise for x ~ N (10,1); n ~
N (9,2); x ~N(0,0.04);y =9.

tions for p (x) and p (n) (in (1) and (2), respectively), their joint prior becomes

m NN([&HYB QD 78)

This Gaussian is shown in white lines on top of the actual posterior of x and n in fig-
ure 6a.

An alternative approach would be to use the Gaussian approximation to the poste-
rior that the Algonquin algorithm (presented section 3.3) finds. Unlike the one in (78),
this distribution does not model the speech and the noise as independent. Figure 6b
shows it superimposed on the actual posterior.

Given either Gaussian proposal distribution p, importance sampling draws S sam-
ples (x() n(s)) from it and weights them to make up for the difference between pro-
posal and target densities. This integral to be approximated is the normalisation con-
stant of y. The derivation is in section 4.1.1, and in particular (55b), but intuitively it
can be written as

s
ij(x n) dxdn:JJY(x’n)p(x n)dxdn ~ M (79)
’ px,m) " = p(x(s),nlo)?
(x*), )~ p

The fraction of the target and proposal densities, y/p, gives the weight of the samples.
This weight makes up for the difference between the two densities.

The main problem areas for either Gaussian as proposal distribution are the regions
of space where proposal and target do not match well. Where the proposal distribution
has a higher value than the target distribution, more samples will be drawn that are
assigned lower weights: a waste of computational time. Conversely, where the proposal
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5. ASYMPTOTICALLY EXACT LIKELTHOOD EVALUATION

distribution is much lower than the target distribution, samples will seldom be drawn,
and when they do, they are assigned high weights. In this case, the number of samples
that needs to be drawn to get sufficient coverage becomes very high.

These two problems are exacerbated by high dimensionality: for every dimension,
either of these cases can occur. The probability that neither problem arises for a sample
decreases exponentially, so that the number of samples required increases exponen-
tially. Both approximations shown in figure 6 suffer from this problem, so that it is
not feasible to apply them to a 24-dimensional log-spectral problem. The next section
will therefore transform the space so that the target distribution per dimension can be
approximated better.

5.2 Transformed-space sampling

The problem with the scheme in the previous section is the hard-to-approximate bend
in the distribution of x and . given y¢. This section will overcome this by transforming
the space, and then approximating the integral. Conceptually, this is similar to [29],
which was discussed in section 3.4. However, there the approximation was constrained
to one dimension. Here, the transformation is different, and the approximation uses
sequential importance sampling. Initially, a one-dimensional space will be considered.
Section 5.2.2 will discuss how to generalise this to the multi-dimensional case and how
to deal with the additional complications that arise.

5.2.1 Single-dimensional

In one dimension, the mismatch function is ((10) without indices and with y substi-
tuted for y)

exp (yi) = exp (x) + exp (n) + 2 exp (%x + %n) . (80)

As discussed in section 2.2.1.1 on page 9, « is a weighted overage of cosines of the angle
between the signals of the frequencies in one bin, and as such constrained to be between
—1and +1.

Since this equality relates four variables deterministically, if three are known, then
in many cases the fourth is known as well. The objective of this section is to find an
approximation to p (y) for a given observation y;. Since four variables are linked
deterministically and one is known (y¢), the integration will be over two variables.
This was also the case in section 5.1. There, the obvious choice of integrating over x
and n did not work out well because of the shape of the density in (x, n)-space. This
section introduces a variable u that represents a pair (x, n) given y; and «. Changing u
traverses the curve in (x, n)-space, so that the bend is not a problem any more. The
integral will then be over o and the new variable u.

A property of (80) that complicates the derivation of the transformed integral is
that in some cases when three variables are known, the fourth can have two values.
(80) is quadratic in exp (1x) and exp (1), so it can have two solutions for x and 1.
This can be seen in figure 7 on the facing page, which shows how x and n are related
for various values of &. Forn = 10, « = 0.99, for example, x has two solutions.
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Figure 7 The relation between clean speech x and additive noise n foryy = 9 and
evenly-spaced values of x.

Figure 8 The region of the (x, ) that the integral is explicitly derived for: x < n.

However, for given y¢ and «, it is possible to define one variable that unambigu-
ously identifies a point on the curve. The substitute variable will be called u with

u=n-—x. (81)

The value of u is related to the signal-to-noise ratio. If u is a large negative number, x is
close to y¢ and n is also large and negative. This represents a very low signal-to-noise
ratio. The converse is true if u is a large positive number: then n is close to y; and x is
large and negative.

The substitution will be used to define an integral that yields p (y). First, p (y¢ -)
will be re-expressed using p (n|-) or p (x| -). Since neither of these variables is known
deterministically for all values of the other variables, the integral will be partitioned in
two parts. n has one possible value given a setting for (x, Yy, «) when x is constrained
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to be smaller than n, which is the shaded region in figure 8 on the previous page. In the
complementary region, x has one possible value given fixed (1, y, o). The likelihood
can be written as a sum of both these regions:

P =p (e, x <N) +p (Y, n < x). (82)

Because of the symmetry between these two regions, only the derivation for the region
x < n will be given explicitly. The derivation for n < x is analogous.

The additive noise that follows from setting the variables x, Yy, « will be denoted
with n(x,y¢, o). This is deterministic in the region where x < n. The variable of
the probability distribution will be changed from y; to n. This requires multiplication
by a Jacobian (see section A.1 on page 62 or, for example, [3], 11.1.1). This Jacobian,
the partial derivative of n with respect to y and keeping x and « fixed, will be written

on(x,y,
%, and be evaluated at yy.

omn(x,y, «)

5 T(x<n)-pMmx,y, ). (83)
y

Py, x <nlx, o) =

Yt

Here, 1 (-) denotes the indicator function, which evaluates to 1 if it argument is true,
and O otherwise. p (n(x, y¢, &) ) is the probability distribution of n evaluated atn(x, y, ),
the value of n corresponding to the setting of (x, Y, «).

The evaluation of the half of the likelihood for x < n can then be rewritten with
(83) and by then replacing the variable of the integration by u. The predicate x < n is
equivalent to 0 < u.

PYL,x<n) = |p(a) | p(xX)P(Ye,x <nlx, ) dxdoec

( on(x,y, o)

=|plx)|px) | —5——| |-1T(x<n)-pn(x,y¢,«)) dxda
J J oy |y,
[ (| ox(w, yg, o on(x,y, «

— [ (ayt )| (ay )
J Jo u Y vox(uw,ye,«)
P (x(w, Yy, o)) - p (M(u, Yy, o)) dude. (84)

Here, p (x(n,y¢, «)) is the probability distribution of x evaluated at x(n, y¢, &), the
value of x corresponding to the setting of (1, y¢, ®). Appendix D.1 on page 69 gives
the derivations for the Jacobians in (84), and x(u, y, &) and n(u, y¢, o) for the region
x < n. It appears (in (158¢)) that the product of the Jacobians is —1. By substituting 1
for the absolute value of the product of the Jacobians in (158¢) into (84), one half of the
likelihood in (82) becomes

o]

om(x,y, «)
dy

plyex <) :Jp(oc)J

0

ax(uvyta OC) .
ou

Ye,x(W,yt,x)

P (x(w,y¢, o)) p (M, ye, o)) dude

- Jp (o) JO P (x(wue, o) p ((w ye, o)) dude. (85a)

The integral of u is over the area where 0 < u, i.e. where x < n. The equivalent
integration over the region where u < 0 could be derived by swapping x and n, and
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replacing u by —u. Applying this to all derivations in section D.1 on page 69 and to (85a)
yields the other half of the likelihood in (82). Because of the symmetry of n and x and
because the Jacobians cancel out, the result is identical to (85a) save for the range of u:

0
Py, n<x)= Jp (oc)J P (x(w,y¢, o)) p (n(u,y¢, «)) du de. (85b)

o0

The sum of (85a) and (85b) yields the total likelihood of y:. The integrand will be
called .

Py =p Ve, x <n)+p (Y, n < x)

= p(cx)J P (x(w,ye, o)) p (n(u,yy, o)) duda
S p(oc)Jv(u\oc)dudoc (36)
= nJy(u, o) dudo. (87)

This derivation is exact and holds for any form of priors for the speech and noise p (x)
and p (n). Just like after rewriting p (y) in (77), the integrand can be evaluated at any
given point (u, ), assuming that p () can be evaluated, but the integral has no closed
form. The outer integral is straightforward to approximate with plain Monte Carlo (see
section 4.1 on page 23). This works by drawing samples o'*) from p () and averaging
over approximations for the inner integral given a(*). The problem with approximating
the inner integral is that it is impossible to draw samples from 7y (u| «). Therefore,
importance sampling is necessary. This requires a proposal distribution p (u| &) that it
is possible to draw samples from, and is close to y. Section 4.1.1 on page 23 has given a
detailed description of importance sampling. However, intuitively the double integral
can be replaced by a summation over S samples «*) from p () and corresponding
samples for u(®) drawn from p(u/x(s)):

jp(anv(u\a)dudasz( )mﬁ"gp(u\a)duda
1o (v (u]«®) .
NSSZ]J o (ul ) p(u|cx( 1) du (88a)
T ()
§; o (u)]als))’ (88b)

The next section will detail the shape of y(u/x(*)) and find appropriate forms for
p(ula's)) for it.

5.2.1.1 The shape of the integrand To apply importance sampling, a proposal dis-
tribution is required, which will be tailored to the parameters of the target distribu-
tion. Samples will be drawn from the proposal distribution which therefore by defi-
nition must be normalised. The target density y(u, &), however, does not need to be
normalised, nor can it be. The importance sampling algorithm finds samples, their

37



5. ASYMPTOTICALLY EXACT LIKELTHOOD EVALUATION
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Figure 9 The density of y(u, &) = p (&) y (W &) fory =9, x ~N (7,1),n ~
N (4,4),0% =0.13.

weights, and an approximation to y’s normalisation constant. The interest here is in
the integral, which is the normalisation constant. The approximation of it is the aver-
age over the weights. Since the weights are the fraction of the target and the proposal
densities, the closer the densities’ shapes, the better the approximation. This section
will find proposal distributions with well-matching shapes. The scaling of the density
graphs in this section will be arbitrary.

So far, the derivation has not assumed any specific distributions for x or nn, and has
been valid for any distribution. However, for different distributions, different proposal
functions are required. With Gaussian for the speech and noise, the integrand becomes

Y(u, o) = p () N(x(u, &, y1); b, 02)N (W, oY1 ); pny 07). (89)
Figure g gives an example of the target distribution y(u, ). As shown in (88b), sam-
ples for one dimension, «, can be drawn from the correct distribution. It is the other
dimension, u, that requires importance sampling, and therefore a proposal distribu-
tion p. The following examples will assume the mode of p (), « = 0, and consider
representative shapes for y (u| o = 0).

v (u] or) consists of a factor N'(x (1, &, ¢ ); 1, 02) related to the clean speech and
afactor N'(n(u, &, yi); Un, 02) related to the noise. Both terms are Gaussians, but the
variables of the Gaussians (x and n) are non-linear functions of u. Figure 10 on the
facing page depicts the relationship between x and n. Different values of u represent
different positions on the curve. When u is negative, n tends towards u and x tends
towardsy. When uis positive, x tends towards —u and n tends towards y. Aroundu =
0 there is a soft cut-off. This graph provides an intuitive connection to noise masking
schemes that assume that either the speech, or the noise dominates. This would yield
a curve with a sharp angle, so that always either the speech of the noise equals the
observation.

The two factors of y (u| «t) are the Gaussians depicted on top and on the side of the
graph. They are evaluated at the appropriate values of x and n. When the Gaussians
are plotted with respect to u, the soft cut-off leads to a Gaussian distribution that is
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Figure 10 Values of x,n for y¢ = 9, o« = 0, and varying u. At the top of the
frame N (x(u, o, yi); 1y, 07) iny; right N'(n(u, &, y¢); ta, 07).
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Figure 11 The factors of v (u| o« = 0) separately foryy = 9,x ~ N (7,1) ,n ~
N (4,4).

infinitely extended on one side. Figure 11 illustrates the shape of the two factors. Asu
tends to —co, x tends to y. In this example, N'(x (1, &, Y1 ); 1, 02) therefore tends to

N(x(u, 0, y0); 1, 07) = N(Y; 1y, 07) =N (97, 1) = e ?/vV2m ~ 0.054.
(90)
N(x(w, 0, yt); Ky, 02) in figure 11 therefore is a Gaussian-like distribution with a

soft cut-off on its left tail, so that it converges to a non-zero constant. Analogously,

N(n(u, &, Yt ); Ha, 02) is Gaussian-like but cut off at its right tail, where it converges
to a non-zero constant.

Figure 12 on the following page shows examples for the three types of shape of
v (u] « = 0). Each time, the left graph contains the shape of the two factors, and the
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Figure 12 v (u| o« = 0) for different cases: left the two factors, right their product.
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right graph their product. Figure 12a uses the example from figure 11. The integral, the
product of two cut-oft Gaussians, is bimodal. When u tends to 00, one term of y
tends to a non-zero constant, but the other one tends to 0. y therefore tends to 0 as
well.#

In figure 12b, W, > vy, so that the graph of N'(x(wt, &, Yt ); Kx, 02) is cut off right of
its maximum. The product is similar to A'(n.(u, &,y ); Wn, 02), except that the right
tail goes to zero. The result is almost Gaussian.

In the last example, figure 12¢, i, as well as p, are greater than y, so that both
Gaussians are cut off before their maximum. Their product has a lop-sided Gaussian-
like shape around the point of the soft cut-off, by definition u = 0.

5.2.1.2 Importance sampling from v (u/ &) Since v (u| &) cannot be integrated
directly, an approximation is necessary. Importance sampling can provide this. It re-
quires a proposal distribution that exists everywhere where y (u| &) exists, but may
differ in magnitude, or overestimate its cover.

A proposal distribution that it is simple to draw a sample from is a Gaussian mixture
model. To find a mixture of Gaussian densities that approximatesy, the three types of y
from figure 12 are considered. Because y has these different shapes, the approximation
will be different for each of these cases. the proposal distributions must be defined
over U, so that it is useful to find the value of u corresponding to a specific setting of x,
o, and y¢ (and n, «, and y¢). This will be denoted u(x, &, y¢) (and u(n, o, y¢)). The
expressions are derived in appendix D.4, (176) and (1771).

Figure 13 on the next page shows the proposal distributions. Their magnitudes are
scaled to make the areas under the target and proposal densities equal. The proposal
distribution is chosen differently depending on the mean of the terms of y as follows:

1. By <Y and p, < y. This produces a shape of y as in figure 12a. The shape of y
being close to the product of two Gaussians, a Gaussian mixture model with the
parameters of these two Gaussians would form a good proposal distribution.

As a proposal distribution, a mixture of two Gaussians is chosen with means
at the approximate modes, and covariances set to o2 and o2, respectively. These

Gaussians are illustrated in figure 13a. They approximate the terms A (n(u, &, y+); tn, O

and NV (x(u, o, y¢); px, 07) with

N (w5 wlpn, 0, y), 07); (912)
N (w5 u(pe o, y), 0F) - (91b)

As was seen in figure 11 on page 39, each Gaussian is essentially scaled by the
extended tail of the other one. The weights of the Gaussians of the proposal
distribution can be set to the value that the tail of the other one converges to,
which can be computed as in (90):

cn o N(Y; By 02); (922)
cx < N(U; Ha, 07). (92b)

These weights are normalised so that they sum to 1. The distribution becomes

p = caNV (15 uln, y), 07) + eV (W ulpy, y), 0F) . (93)

4This must be true also because [y (u| o = 0) duis equal to p (y¢ ) evaluated at a point, which cannot
be infinite if either 62 or 67 is non-zero.
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Figure 13 The proposal distribution for y(u) for different cases: left the compo-
nents of the proposal distribution, righty (solid line) and the proposal distribution
(dashed line, scaled arbitrarily).
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2. Bk > yand p, < y (or its mirror image, py < y and p, > y). Figure 12b
on page 40 has shown that V'(x (1, &, Yt ); 1y, 02) is cut off before its peak, and
converges to its maximum in the limit as u — —oo. This results in a Gaussian
distribution except for one tail. The proposal distribution is therefore set to this
Gaussian:

p =N (w; ulin,v), 07) . (94)

Figure 13b on the facing page shows the near-perfect match of this proposal dis-
tribution.

3. Hp >y and py > y. Both terms of y are cut off before their peaks, resulting in
a shape as in figure 12c on page 40. The product is a distribution around u = 0
with Gaussian-like tails, one derived from A'(n(u, &, y¢); Hn, 02) and another

one derived from NV (x (1, &, Yt ); 1y, 02). The proposal distribution is therefore

set to a Gaussian with mean 0. Its variance is set to the largest of the variances of

the speech and the noise:
p =N (u; 0, max(o7,0%)) . (95)

As figure 13¢ on the facing page shows, this provides good coverage but over-
estimation on part of the space. This means that some samples will receive a
very low weight.

Thus, by transforming the space of the integration from (x, n) to (u, &), much bet-
ter proposal distributions for importance sampling can be found. The sample weights
will therefore vary less, so that good approximations to the integral will be found with a
much smaller number of samples. The next section will extend the techniques applied
in this chapter to the multi-dimensional case.

5.2.2 Multi-dimensional

In this work, the log-spectral domain is used. This has the advantage that the inter-
action between the speech and the noise can be modelled separately per dimension.
However, there are strong correlations between log-spectral coefficients. Therefore, the
Gaussian priors for the speech and the noise have full covariance matrices. This section
will build on the techniques used in the previous section. It will generalise the transfor-
mation of the integral to multi-dimensional (u, ). Rather than normal importance
sampling, it will then apply sequential importance re-sampling to approximate the in-
tegral.

The relations between the single-dimensional variables in the previous section hold
per dimension for the multi-variate case. The substitute variable u that is introduced
to represent a point (x, ) given observation Yy and phase factor vector « is therefore
defined as

u=n-—x. (96)

The expressions for x(u, &, y) and n(u, «, y), the values for the speech and noise that
result from setting (u, &, y), are given in appendix D.2.

There was a complication in transforming the one-dimensional integral in sec-
tion 5.2.1 from (x,m) to (u, «): for some x, multiple values for n were possible, and
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vice versa. Because transforming the integral needed a deterministic link, the inte-
gral was split into two parts, for two regions of (x, n)-space. In the multi-dimensional
case it is necessary to do this for each of the dimensions. Appendix D.2 gives the full
derivation. The integration is therefore first split up into conditional distributions per
dimension 1i, and then into regions. The integrals for the two regions over (x;, ) are
rewritten as an integral over (ui, ;). Collapsing the dimensions (see equation (167))
then yields an unsurprising generalisation of (87):

pyo) =Jp(a)Jp (x(u,00y) p (M, 0y ) duda (o7a)
2 J J Y(u, &) du de, (97)

and it is convenient to factorise the integrand y(u, «) as

v(u, o) =v(a)y (ul a); (97¢)
Y(x) =p(x); (97d)
v (ul o) =p (x(u, e, y))p (M(u, o,y ). (97€)

This derivation is valid whatever the form of the speech and noise priors, p (x) and
P (n). In this work, they are Gaussians with (repeated from (1) and (2))

x ~ N (1, 2x) 5 n~ N (pa, Zn), (98)
with full covariance matrices X, and X,,. v (u| &) then becomes
v (ula) = N (x(u, 00, Yo )i be, Z) N (MU, &, Yo); pay Zn), (992)
so that
Yu, o) =p () N (x(u, &, ye); mx, )N ((u, 00, yo); e, Zn) . (99b)

To approximate this integral, conventional importance sampling, discussed in full
detail in section 4.1.1, could be used. Importance sampling finds weighted samples that
approximate a target density, and, as a by-product, the density’s normalisation constant.
The result of the integral in (97b) is the normalisation term of y. Just like in section 5.1,
the integration over two variables can intuitively be approximated by drawing samples
(ul®), «(s)) from a proposal distribution p:

”v(u. o) duda = ” viu, o) p(u, o) dude

p(u, o)
(s) s)
y(u®, «) (s) o(s)) -
SE DUl )’ (u*, oc®’) ~ p. (100)

For this to work well in practice, the proposal distribution needs to be close to the target
density, the integrand.

Figure 14 illustrates how the shape of the integrand v (u| & = 0) generalises to
two dimensions of u. The principles are the same as the one-dimensional case in fig-
ure 11 on page 39. Figure 14a contains the factor of vy deriving from the speech prior,
N(x(u, &, yi); Uy, X«), and figure 14b the same for the noise prior. They are again
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Figure 14 The integrand vy (u| &) for &« = O: the two factors, and their product.
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Gaussians with a soft cut-off, this time in two directions. By choosing the slightly con-
trived parameter setting

(@ Lo ds ) mew (][ 5] wnle]

the product of the two factors, in figure 14¢, turns out to have four maxima. In general,
for d dimensions, the integrand can have 2¢ modes. Even though this is unlikely to
occur often in practice, it is hard to formulate a proposal distribution for importance
sampling. The proposal distribution would need to be close to integrand, and it must
be possible to draw samples from it. A mixture of Gaussians, for example, could need as
many components as the integrand has maxima. However, rather than applying normal
importance sampling, the integrand could be factorised in dimensions for sequential
importance sampling.

5.2.2.1 Per-dimension sampling Section 4.2 on page 25 has discussed the theory of
sequential importance sampling. In itself, it is an instantiation of importance sampling
for multiple dimensions. First, it draws a set of samples from a distribution over the
first dimension, and assigns the samples a weight. Then, for each dimension it extends
every partial sample with a value drawn given the value for previous dimensions of
that sample. The advantage of this formulation is that between dimensions it allows
for re-sampling: duplicating some samples from the set and removing other ones. This
concentrates the samples on the higher-probability areas.

To be able to apply sequential importance sampling, the target density needs to be
factorised into dimensions. If the feature space is d-dimensional, the integration is over
2d dimensions: o1, ..., x4, U, ..., Uq. Itisimportant to realise that there is no need
for the factors to represent conditional probability distributions, normalised or not.
It is true that the most informative weights after each dimension i would arise if fac-
tors 1...1 combined to form the (potentially unnormalised) marginal of partial sam-
ple uy.i. Re-sampling would then be most effective. By definition, the factors would
be (unnormalised) conditionals. However, this is not a requirement, and this work
will compare two different factorisations, both of which should be close to the actual
conditionals.

Since the phase factor coefficients are independent (see section 2.2.1.1 on page 9),
for y( &) an obvious factorisation is

d
y(a) =vilea) - yaloa) = [ [vilew), Yilow) =p (). (102a)
i1

Other factorisations are possible, but since the phase factor coefficients are independent
and it is possible to sample directly from p () (see section 2.2.1.1), this factorisation
makes most sense.

Since the u; are not independent, the factors of y (u| &) must take the full partial
sample into account:

v (ulo) =vi (wilog) vz (uzlur, @:2) v3 (usfug2, @1:3) -+ - va (wal Wr.a—1, &1:4)

d
= HYi (wiluri—1, &x1:4) . (102b)
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The notation of these factors y; (ui| Uy.i—1, &1.i) does not mean that they necessar-
ily have to be related to conditional distributions. They can be any function of the
variables before and after the bar, as long as their product y (u| ) yields the correct
result. Indeed, the next subsections will present two choices for the factorisation. Both
apply the same factorisation to both terms of v in parallel. The first, which will be
called “postponed factorisation’, each factor only incorporates the dimensions that are
sampled from, and leave other terms for later in the process. The second, which will
be called “quasi-conditional factorisation”, factorises the two Gaussians separately into
conditional distributions per dimension.

The form of the speech and noise prior in this work are standard Gaussians, so that
the factorisation of y (u| &) must satisfy (combining (99a) and (102b)):

d
HYi (U—i‘u];if],“];i) :N(X(u, “»Ut); My, ZX)N(n(uv “,yt)§ Hn, Zn) .
i=1

(103)

5.2.2.2 Postponedfactorisation The Gaussian termsin (103) can be written as prod-
ucts with every element of the precision matrices. The precision matrix is the inverse
covariance: A, = L. Its elements are denoted A, ;. It is possible to postpone the
terms until both dimensions to be related are known. This requires some manipula-
tion, the details of which are in appendix D.3. The integrand is rewritten in (171), and
the factors y; are defined as (from (172))

Y1 (wrfo)
1 1
=|2nZ,| ? |2nZ,| ? exp (— FAn 11 (Mg, 00, ye,1) — Hn,1)2

"%AXJ1(Xfu1»a1»ytl)"UxJ)2)§ (104a)
Yi (Wil wyiot, &9:4)
2
( At (x(ug, &, Yei) — W)™ — (x(Wi, &, Y i) — Hyoi) Vi
2
— Phn it ({0, 06, Y1) = bo) = ({0, &6, Y,0) = o) Vi), (104b)

where the terms containing coordinates of lower dimensions uy.;_; are defined as
(in (170Db))

mefz)\xn u;,%,yt]) HXJ > ansznu uiv‘xj)yt,j)_un‘j)-
j=1 j=1
(105)

Note again that y; (ui| Wy.4—1, &1:i) is not a conditional distribution.

Atevery dimension, a proposal distribution p; is required for importance sampling.
This distribution needs to have a shape similar to y;. There is, however, no need to
match the amplitude of y;. This is convenient when rewriting y; to find the shape of
the distribution, as appendix D.3 does.
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The factors in (104b) turn out to be proportional to two Gaussian distributions that
are functions of x(ui, oti, U 1) and n(uy, oy, Yy 1) (from (174)):

Vxi 41
vi (Wil wrior, &) 0<N<X(uia0‘i»yt,i); Hyi — —, 7\X,ﬁ>

A it
Vn,i -1
N (n(ui, (xi»yt,i); Hn,i — by y }\n,ii) . (106)
n,it

This expression has the same shape as the one-dimensional integrand in (89) in sec-
tion 5.2.1, and the same proposal distribution as discussed in section 5.2.1.2 can be used.

5.2.2.3 Quasi-conditional factorisation Another factorisation decomposes both
Gaussians in (99b) into the conditionals that would be valid for a Gaussian. Appendix A.3
decomposes a Gaussian distribution over two vectors into the marginal of the first vec-
tor times the distribution of the second conditional on the first. However, since the
density vy is the product of two Gaussians with two different non-linear variables, the
factors here are not normalised or proportional to conditional probabilities.

Crucially, the derivation in (122) does not rely on the input variable or normalisa-
tion. It is therefore possible to find a factorisation of both speech and noise Gaussians
in parallel, even if the factors are not exactly conditionals. For this, every factor of y.;
is factorised recursively (only the left-hand term is shown):

N (X1:55 B, 104, T 1:0,100) =N (X1:0-15 M, 151, T 1:i-1,15-1)
) 2
N (x5 e ir:io1 (X1:4-1), O%i1:4-1),  (1072)

where the parameters for x; dependent on x1.;_1 are

1
o if1:-1 (X1:21) = i — i 11 [ S 11,151 (X161 — B 1:i1) 3
(107b)

2 2 -1
o = 0% 11— i i [ S i, 1] DT e (107¢)

x,1[1:1—1 x,1,1

Note that the variance Gi i/1:i_1 is not a function of x, so that it needs to be computed
only once for all samples. Also, in computing the inverses of X, 1.5 1.1 fori=1...4d,
their structure can be exploited. A block-wise inversion can be used. Block-wise inver-
sion is a technique often applied to take advantage of known structure in blocks of the
matrix, for example, when a block is diagonal. The trick here, however, is that the inter-
mediate results are useful. If the the inverse of a matrix with one column removed from
the right and one row removed from the bottom, X 1.;_1,1:1—1 is known, the inverse

of the matrix with the extra row and column, X, 1.1,1:1, can be computed in O (iz)

time. An incremental implementation that yields [Zx,]:i,'l:i]_1 fori = 1...d thus
has a time complexity of only O (d?), the same as inverting only the full covariance
matrix.

The fully factorised formulation of the left-hand term of vy is

2
N (X1:a5 Bx1:dy Zx1:a,1:a) =N (X175 1,1, 0% 11)

d
HN(X1§ M i]1:i—1 (X1:4-1), Gf,m;iq)- (108)

i=2
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The analogous factorisation can be applied to the right-hand term of y(u). (99a)
can then be factorised

v (ula) =N (x(u, &, ye); py, Z)N (M(u, &, ye); pn, Zn)
:N(X(ul»“l»yl)§ K1, G%,l)N(“(uhoﬂ,yl); K1, 0—%‘1)

d
. 2

HN (X(ui,(xi»yi)» My i11:i—1 (X(Umq y X1:4-1 ,Umq))» ijn;i,])

i=2

N (n(ui»“iyyi); Hn if1:i—1 (“(Umq y 0‘1;171,91:171)), Uﬁ,m;iq) .
(109)

The factors of 'y then become®
vi (wilugio1)
=N (X(ui»“iayi); o if1:i—1 (X (W11, &1:i—1, Yriot)), Uf,m;i—])
N (n(uh‘xbyi); o if1:io1 (M(Urio1, &rio1, Yriao)), Gf,m;iq) , (110)

where W, ij7:1—1(%1:1—1) and Gf i1.i_7 are defined in (107a). Again, the factors have
the form of density as the one-dimensional y in (89), so that the proposal distribution

proposed in section 5.2.1.2 can be used.

5.2.2.4 Applying sequential importance re-sampling Whichever factorisation of
v (u] &) is chosen, the application of sequential importance re-sampling is the same.
The integral [ [y(u, &) dex du, the value of interest, is the normalisation constant
of y(u, &), which in section 4.1.1 was called Z. To find Z by stepping through di-
mensions, in section 4.2 it was expressed as a sequence of incremental normalisation
constants Z;/Z;_1. Given a sample set { (ugfgq , 0(21)71 ) }» the approximation of the
incremental normalisation constant is ® (when re-sampling is used)
Ze 1y v v a)
( (s)

, (111)
Zict S S oi(og™) o (u gy, o))

where samples ocgs) are drawn from proposal distribution p; (ocis)) and samples ugs)

from the appropriate p; (1 !u%?i] , oc%sl) ).

The shape of the density v (i [u{®]_, &¥]) depends on the current partial sam-

ple (u%igf1 , oc%sl) ) and the type of factorisation. The factorisations in sections 5.2.2.2

and 5.2.2.3 both result in factors of the form
Vi (wilugiog, &) = N (x(wi, &, Ye,i); i, Ox,i)
'N(ﬂ(lli, (Xiayt,i); ﬁn,i) é—n,i)) (112)

where the parameters (fi, i, Ox i, [in i, On i) depend on the type of factorisation and the

current partial sample (u(]fi)f1 , oc(fl) ). Appropriate proposal distributions for this type

5 This formulation assumes (in y7) that multiplyinga 1 x O matrix by a O x O matrix by a O X 1 matrix
yieldsa 1 x T matrix [ O] .
6Since samples for one dimension of o and one of w are drawn, this could be written Z;; /Z3;_ 5.
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of density have been discussed in section 5.2.1.2. These distributions over u; take the
form of one Gaussian or a mixture of two. They are therefore straightforward to draw
a sample from and slot into (111).

The density y; (oci) is setto p () defined in (18), which has a Gaussian shape, but
constrained to [—1, 1]. Itis straightforward to draw a sample directly from this distribu-
tion, by sampling from the Gaussian until the sample is in [—1, 1] (see section 2.2.1.2).
Therefore, pi(oq) can be set to y; (oci). this means that y; (oci)/pi (oq) in (111) be-
comes 1, and hybrid sequential importance re-sampling of algorithm 4 on page 30 can
be applied.

Re-sampling was discussed in section 4.3. In short, it duplicates higher-weight
samples from the sample set and removes lower-weight ones between every dimen-
sion. This reduces the variance of the sample weights; conceptually, it focuses effort on
higher-probability regions.

When using re-sampling, the order in which the dimensions are traversed becomes
important. The longer ago samples for one dimensions were drawn, the more likely they
are to have duplicate entries for that dimension. The sample set will therefore be less
varied for earlier dimensions. This is not a big problem when, as here, the interest is not
in the samples, but in the normalisation constant. However, when drawing samples for
one dimension, it still makes sense to have last drawn the dimensions which the new
dimension depends on most.

For example, it might seem obvious to draw oc%s) . ocils) first, and then go through

ugs] .. .ugs). However, in i — 1 rounds of re-sampling, the set of samples ocgs) e ocgs)

may become considerably less varied. ugs s for higher is may be drawn with only a few
or one unique OCES) , which limits the accuracy of the approximation of the normalisa-
tion constant. In this work, the order of traversal is therefore oc7, U7, &2, Uz, ... g, uq.
This works best if u; and u; are less dependent when j —1i is greater. The order in which
samples for the dimensions are drawn could also be determined on the fly by consid-

ering the values of the entries of X, and X, but this work does not investigate this.

This section has discussed a transformation of the integral that gives the corrupted
speech likelihood p (y+), two different factorisations of the integrand, and how to ap-
ply sequential importance sampling to approximate the integral. The estimate from the
sampling scheme is consistent, but not unbiased. This means that for a small sample
cloud, the approximated value for p (y) may be generally overestimated of underes-
timated. However, as the sample cloud size increases, the resulting value converges to
the real likelihood.

6 Distance to the actual distribution

Itis standard practice in speech recognition research to judge speech recognition meth-
ods by word error rates. However, this paper has the explicit aim of modelling the pre-
dicted corrupted speech distribution as accurately as possible. There is a more direct
way of testing performance on this criterion: the Kullback-Leibler divergence between
the predicted distribution and the approximation.

The Kullback-Leibler (kL) divergence measures how far a distribution q is from
a distribution p. The KL divergence is always non-negative; it is O if and only if the
distributions are the same. It has therefore been used to find how well speech recogniser
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compensation matches the real distribution (e.g. [13]). Minimising a KL divergence
between distributions is a frequent subtask in inference algorithms.

This paper will use the kL divergence to assess compensation for the corrupted
speech distribution resulting from combining one speech Gaussian with one noise
Gaussian. As in the theory section, the distributions will just be over statics, to remove
the dependence on any additional approximations for the dynamics, and for speed. The
KL divergence to real distribution p from approximation q over y is defined as

p(y)
a(y)

In this paper, q is an approximation to the noise-corrupted speech distribution, found
for example with vTs, DPMC, or transformed-space sampling. The problem in comput-
ing this divergence is the one that motivates this whole paper: the real distribution p
has no closed form, and neither does KL (p|| q). This problem can be worked around
in two steps.

KL (vl q) =Jp(y)log dy. (113)

First, the kL divergence can be decomposed as
KL(plla)=H(plla)—H(p), (1142)

where the cross-entropy of p and q is defined as

H (pll a) :fjp(y)bgq(y)dy (114b)

and the entropy of p as

H () =~ | plu) logp(y) dy. (140)

The entropy of p is constant when only q changes. The cross-entropy is then equal to the
KL divergence up to a constant. For comparing different approximations q, therefore,
the cross-entropy H (p|| q) suffices. It does not, however, give an absolute divergence.
When q becomes equal to p, the cross-entropy becomes equal to the entropy, but the
latter cannot be computed for the noise-corrupted speech distribution.”

The second problem is that  (p|| q) cannot be computed either. However, it is
straightforward to draw samples from p: section 2.3.1 has shown the algorithm. Then,
plain Monte Carlo (see section 4.1) can approximate the integration over y by a sum
over S samples drawn from p. The cross-entropy in (114b) can be seen as the expecta-
tion of log q(y) under p, and approximated (using (49))

1
H(plla) = fjp(y)Iqu(yJ dy~—< ) loga(y™), u'¥~ply). ()

Another way of looking at this expression is as the negative log-likelihood of q for
the set of samples {y(s) }. This gives another motivation for using this as a metric

7 The entropy could be rewritten to

H(p) :Jp(y)logp(y) dy :J (Hp(x,n,y) dndX> log (”p(x,n,y) dﬂdX) dy,

which has no obvious closed form.
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for comparing compensation methods. Note that when q is the transformed-space
sampling method from this work, for every sample y(*) another level of sampling takes
place inside the evaluation of q(y (S)).

The cross-entropy results in the next section will use this Monte Carlo approxima-
tion. It has one caveat: the distribution ¢ is assumed to be normalised, and if not, then
the result is not valid. This means that the Algonquin approximation, which does not
yield a normalised distribution over Yy, cannot be assessed in this way. As pointed out
in section 5.2.2, the likelihood approximation of transformed-space sampling is biased,
but consistent. This means that as the size of its sample cloud increases, q converges to
being normalised.

7 Experiments

This work has aimed to find an accurate approximation to the corrupted speech likeli-
hood. To assess the performance, this work will initially consider the cross-entropy to
the real distribution for individual components. This allows a fine-grained assessment
of the approximations that methods for noise-robustness make. This chapter will con-
sider the effects of parameterisations of the noise-corrupted speech distributions, such
as assuming it Gaussian (section 7.2.1), and diagonalising the covariance matrix of this
Gaussian (section 7.2.2). It will also investigate the effects of a common approximation
to the mismatch function: assuming the phase factor « to be fixed (section 7.2.3).

71 Set-up

This work uses a noise-corrupted version of the Resource Management task both for
evaluation the cross-entropy and the word error rate. The Resource Management task
is a medium-vocabulary task, with a 1000-word vocabulary. Operations Room noise
from the NOISEX-92 database was added artificially with the noise scaled to yield sNRrs of
20 dB and 14 dB. The clean training data contains 109 speakers reading 3990 sentences,
3.8 hours of data. State-clustered cross-word triphone models with 6 components per
mixture were built using the HTK RM recipe. All results are averaged over three of the
four available test sets, Feb89g, Oct89, and Feboi, a total of 30 test speakers and 9oo
utterances.

All experiments use a noise model trained directly on the noise as added to the
speech audio. This eliminates the influence of the noise estimation algorithm. As dis-
cussed in the introduction, in practice methods for noise robustness can estimate a
noise model on little training data compared to generic adaptation techniques. This
is because their model of the environment matches the actual environment to some
degree. This work examines how close that model can be without considering how to
estimate the noise model.

This work uses the mismatch function presented in section 2.2 as the real one.
This assumes that there is no convolutional noise, which would be additive in the log-
spectral domain anyway. It also assumes that the phase factor is Gaussian but con-
strained to [—1, 1], and independent per time frame and per spectral coefficient. The
variances 02 of the phase factor are found from the actual filterbank weights for the
Resource Management system, as discussed in section 2.2.1.2. The schemes that sam-
ple from the phase factor distribution, ppPMc and transformed-space sampling, use the
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exact same distribution. vTs requires the distribution to be Gaussian and ignores the
constraint on the coefficients.

For the cross-entropy experiments, the full-covariance noise and speech Gaussians
are both over 24 log-spectral coefficients. The one for the noise is trained directly on the
noise audio. The speech distribution is taken from a trained Resource Management sys-
tem, single-pass retrained to find Gaussian in the log-spectral domain. A low-energy
speech component? is chosen, to represent the part of the utterance where the low sNr
causes recognition errors. The distance between the speech and the noise means, aver-
aged over the log-spectral coefficients, corresponds to a 10 dB sNR. 5000 samples y(*)
are drawn from the corrupted speech distribution. ppMc trains Gaussians on 50 000
samples. For IDPMC, the average number of samples per Gaussian component is also
50 000, so that the 8-component mixture, for example, is trained on 400 0oo samples.
Except where mentioned, the relative ordering of the approximation methods is the
same for all combinations of speech and noise examined.

The speech recogniser experiments compare various model compensation meth-
ods. Previous work had not applied model compensation with a phase factor distribu-
tion. Here, the experiments for both vTs and ppmc use a distribution over the phase
factor o of the mismatch function (section 7.2.3 examines the influence of the phase
factor).

For vTs, the standard approach [28, 2] fixes o« to 0. Previous work has modelled
it with a distribution only for feature enhancement: to find a minimum mean square
error estimate [4], or with a Kalman filter [21]. For model compensation, previous work
has fixed & to 1 [27], mathematically highly improbable, or 2.5 [23], mathematically
impossible. This work, on the other hand, applies vTs compensation with a distribution
over «.

DPMC, similarly, was originally presented with o fixed to O [13]. However, since
it trains a distribution on samples drawn from the corrupted speech distribution, it is
straightforward to extend it so it uses a distribution for «. The phase factor distribution
to draw samples from was given in section 2.2.1.2.

For the recognition experiments, the number of samples per component for ex-
tended bPMC was set to 100 ooo. For iterative bpMc, the average number of samples
was 100 000: for example, a 6-component mixture was trained on 600 0oo samples.

It is standard practice in speech recognition to append delta and delta-delta coefti-
cients to static observation vectors. These indicate the direction of change in the static
coefficients and are computed from the static feature vectors in a window with a linear
transformation. To find the distributions over dynamic features, model compensation
methods often use additional approximations, such as the continuous time approxi-
mation for vTs. However, it is more accurate to explicitly model the distribution over
a window of static feature vectors, “extended” feature vectors. It is then possible then
apply the linear transformation to find the distribution over statics, deltas and delta-
deltas [34, 35]. Apart from yielding better accuracy, this also keeps compensation for
dynamics most closely related to that for the statics. For robustness, the speech statis-
tics have striped covariance matrices as discussed in [34, 35]. The distributions of the
corrupted speech have full covariance matrices.

For ppMmc and iterative bPMC, compensation with extended feature vectors works
as follows [34, 35]. From the extended distributions over a window of statics, samples

8Tied state “sT_uh_4_3”, component 2.
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are drawn for the speech, the noise, and the phase factor. These are combined, frame
by frame, through the mismatch function, to produce a sample of a window of noise-
corrupted speech. The linear transformation converts this sample into a sample with
static and dynamic coeflicients. The Gaussian (for ppMmc) or the mixture of Gaussians
(for ipPMC) is then trained on these samples as usual.

For vTs, the equations to compute the means and covariance for one frame of
static parameters can be generalised to a window of static parameters. Importantly, oft-
diagonal covariance entries need to be compensated as well. This process, the details of
which are in [34, 35], yields a Gaussian distribution over the statics of noise-corrupted
speech in a window. The linear transformation can be applied to this Gaussian to yield
a Gaussian over statics and dynamics.

7.2 Results

If the speech and noise models represented the real distributions perfectly, then com-
puting the corrupted speech distribution exactly would yield the best recognition per-
formance. In practice, however, the models are imperfect and improving the xr diver-
gence to the real distribution does not necessarily mean that the speech recognition
accuracy will also improve. In this respect, assessing the quality of speech recogni-
tion compensation with the KL divergence is conceptually similar to assessing language
models by their perplexities. The following sections will also relate cross-entropy re-
sults to word error rates.

However, not all methods discussed in this work can be assessed with both of these
metrics. The Algonquin algorithm, discussed in section 3.3, yields a Gaussian approxi-
mation of the corrupted speech distribution specific to an observation. Used as a meth-
ods to approximate the likelihood of observations, it therefore is not normalised. This
makes it impossible to compute the cross-entropy for it. As discussed in section 5.2, the
likelihood for transformed-space sampling is not normalised for small sample clouds,
but converges to normalisation as the number of samples increases.

This work will not present word error rates for the transformed-space sampling
method introduced in this work, because decoding with it is prohibitively slow. This
is caused by a big conceptual difference between model compensation methods (e.g.,
VTS, DPMC, and IDPMC) on the one hand and transformed-space sampling on the other.
Model compensation computes a parametric distribution, and once that is done, run-
ning a recogniser or computing a cross-entropy is no slower than without compen-
sation. Transformed-space sampling, on the other hand, approximates the likelihood
given an observation, and cannot pre-compute anything. For the recognition experi-
ments in this work, just for the statics and with a decent-sized sample cloud of 512, it
would run at roughly 20 million times real-time. This figure is based on an implementa-
tion that was not optimised for speed at all, but even with an optimised implementation
running a speech recogniser with it would not be feasible.

However, the approximated likelihood of transformed-space sampling tends to the
exact likelihood. In the following section it will become clear that it indicates the mini-
mum value of the cross-entropy to the real distribution. This minimum is by definition
where the KL divergence is 0. The distance to this point in a cross-entropy graph there-
fore shows how far compensation methods are from the ideal compensation.
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Figure 15 Cross-entropy to the corrupted speech distribution for transformed-
space sampling and model compensation methods.

7.2.1 Compensation methods

The graph in figure 15 contains the cross-entropy for different compensation meth-
ods. The curved line indicates the cross-entropy between the real distribution and the
transformed-space sampling method described in section 5.2, for increasing sample
cloud size. The factorisation is the quasi-conditional factorisation from section 5.2.2.3.
For distributions other than a three-dimensional toy example, the postponed factori-
sation discussed in section 5.2.2.2 showed a much slower convergence: in an earlier
version of the experiment in figure 15 (without the phase factor), even with 16 384 sam-
ples it did not perform as well as the vTs-estimated Gaussian.

As the size of the sample cloud increases, the approximation of p(y®)) found with
transformed-space sampling converges to the correct value. This means that the cross-
entropy H (p|| ) converges to the entropy H (p). The bottom of the graph is set to
the point the curve in figure 15 converges to, which indicates the entropy of p. Since
the kL divergence is defined (in (1142)) as KL (p]|q) = H (p|lq) — H (p), this is
the point where the KL divergence is 0. Since the KL divergence cannot be negative,
this point gives the optimum cross-entropy. It gives a lower-bound on how well the
real corrupted speech distribution can be matched. The value of the cross-entropy for
transformed-space sampling with 16 384 samples, 30.14, will also be the bottom for the
other graphs in this section.

The line labelled “pPmc” in figure 15 indicates the best match to the real distribu-
tion possible with one Gaussian. The Monte Carlo approximation to the cross-entropy,
section 6 has shown, is equivalent to the negative average log-likelihood on the sam-
ples. ppMc finds the Gaussian that maximises its log-likelihood on the samples it is
trained on. If the sample sets for training and testing were the same, then ppmc would
yield the mathematically optimal Gaussian. Though different sample sets are used (with
50 0oo samples for training ppmc and 5000 samples for testing) the cross-entropy has
converged. Any other Gaussian approximation will perform worse.

The state-of-the-art vTs compensation finds such a Gaussian analytically, and it is
much faster. However, its cross-entropy to the real distribution is far from ppmc’s ideal
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Figure 16 Cross-entropy to the corrupted speech distribution for iterative ppMmc.

Compensation  Shape | 20dB  14dB
— . 38.1 83.8
VTS, & = 1 diag 8.6 17.3
evTs 11.1 16.5
€DPMC 7.4 13.3
eIDPMC full 6.9 12.0
eIDPMC + 6 6.2 11.1
€IDPMC + 12 6.5 11.3

Table 1 Word error rates for various compensation schemes.

one.

Just like ppMc, IDPMC finds a distribution from samples, but it uses a mixture
of Gaussians rather than one Gaussian. The mixture in the graph has 8 components
trained on 400 0oo samples, and comes close to the correct distribution. As the num-
ber of components increases from 1 to 8, keeping the average number of samples for
components at 50 000, the cross-entropy decreases, as figure 16 illustrates. With an in-
finite number of components, it would yield the exact distribution. To correctly model
the non-Gaussianity in 24 dimensions, however, a large number of components are
necessary, which quickly becomes impractical.

To examine the link between the cross-entropy and the word error rate, recognition
experiments are run. Improved modelling of the corrupted speech does not guarantee
better discrimination, since speech and noise models are not necessarily the real ones.
Since transformed-space sampling needs to be run separately for every observation
vector for every speech component, it is too slow to use in a speech recogniser.

Table 1 contains word error rates at two signal-to-noise ratios for comparison with
the cross-entropy results in figure 15. Results with the uncompensated system, trained
on clean data, are in the top row. Below it, as a reference, is standard vTs. It sets the
phase factor « to 1, and finds diagonal-covariance compensation. Standard vTs uses
the continuous time approximation to compensate delta- and delta-delta parameters.

56



7.2. RESULTS

This yields inaccurate compensation for off-diagonals. This is discussed in great depth
in [34, 35]. Using block-diagonal statistics and compensation, word error rates for stan-
dard vTs are worse; 19.5 % and 38.5 %.

The bottom part of the table contains results on extended vTs (evTs) and extended
ppMC (epPMC). As discussed in section 7.1, they use distributions over extended feature
vectors [34, 35], which consist of the statics in a window that dynamic parameters are
computed from. They also use a distribution over the phase factor «. The covariances
of the resulting distributions are not diagonalised.

evTs performs less well than standard vTs at 20 dB. This is caused by the interaction
of the phase factor with the vector Taylor series approximation, which section 7.2.3 will
explore in more detail. At 14 dB, the more precise modelling does pay off. Compared to
the uncompensated system extended vTs’s performance improves much more (38.1 %
to11.1 %) than expected from its improvement in terms of the cross-entropy in figure 15.
vTs compensation uses a vector Taylor series approximation around the speech and
noise means. It therefore models the mode of the corrupted speech distribution better
than the tails. This causes the majority of the improvement in discrimination.

However, extended bpMc, which finds the optimal Gaussian given the speech and
noise models, does yield better accuracy (7.4 %). Extended ppmMc finds one corrupted
speech Gaussian for one clean speech Gaussian. The cross-entropy experiment only
used one clean speech Gaussian. Extended ippmc (e1DPMC), however, trains a mixture
of Gaussians from samples, which can be drawn from any distribution. For the recog-
nition experiments, therefore, eibPMC compensates one state-conditional mixture at
a time. Replacing the 6-component speech distribution by a 6-component corrupted
speech distribution, eIDPMC increases performance from eDPMC’s 7.4 % to 6.9 %. By
modelling the the distribution better, with 12 components (“eippMcC + 6”), performance
increases further to 6.2 %. The corrupted speech distribution should be more precise as
the number of components increases to 18 (“eippmc +12”). However, even by increas-
ing the number of samples by a factor of 2, to 3600 000, performance does not increase.
This is felt to be caused by lack of robustness of the speech statistics, even though they
have striped covariance matrices. Since in figure 16 the line for ipPMc tends towards
the best possible cross-entropy, this is thought to be the best possible word error rate
for these clean speech distributions and this noise model.

Going from a Gaussian trained with extended vTs to the optimal Gaussian to a mix-
ture of Gaussians in general improves the precision of the corrupted speech model. This
shows in the cross-entropy to the real distribution, and the same effects are observed
in the word error rate. Better modelling of the corrupted speech distribution leads to
better performance. The next sections will evaluate specific common approximations:
diagonalising Gaussians’ covariance matrices, and setting « to a fixed value.

7.2.2 Diagonal-covariance compensation

The cepstral-domain Gaussians of speech recognisers are often diagonalised. This yields
more robust estimates than full covariance matrices, and keeps decoding fast. To model
some feature correlations while maintaining decoding speed, approaches that use struc-
tured precision matrices [11, 31] are possible.

For noisy conditions specifically, it has previously been observed that feature corre-
lations change and it is advantageous to compensate for this. However, it turns out that
modelling correlations for the wrong noise conditions is counter-productive [12]. Also,
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Figure 17 The effect of diagonalisation on the cross-entropy.

Compensation  Shape 20dB  14dB
— diagonal | 38.1 83.8
evTs diag 8.3 15.7
evTs full 11.1 16.5
eDPMC diag 7.5 14.9
e€DPMC full 7.4 13.3

Table 2 The effect of diagonalisation on the word error rate.

estimates for off-diagonal elements are much less robust to approximations [34, 35].
This section will relate these effects using the cross-entropy and speech recogniser ac-
curacy.

Diagonalisation usually takes place in the cepstral domain. The theory and the
cross-entropy experiments have used log-spectral-domain feature vectors. To emulate
diagonalisation in the cepstral domain for log-spectral-domain features, therefore, the
Gaussian is first converted to the cepstral domain with a DcT matrix. Normally, cepstral
feature vectors are truncated to 13 elements. However, to be able to convert back to
the log-spectral domain, here all 24 dimensions are retained. The Gaussian is then
diagonalised. To be able to compare the log-likelihoods, the diagonalised Gaussians
are converted back to the log-spectral domain with the inverse pcT.

Figure 17 compares the cross-entropy to the real distribution of diagonalised and
non-diagonalised Gaussians found with ppmc and vTs. As explained in the previous
section, pPMC by definition yields the optimal Gaussian, so it must result in the lowest
cross-entropy, and diagonalising it makes it perform less well. That full-covariance vTs
performs less well than its diagonalisation may come as a surprise. On this test case,
apparently, the off-diagonals in the cepstral domain are not estimated well enough, so
that diagonalising lends the distribution robustness.

Table 2 investigates speech recognition performance when diagonalising Gaussian
compensation. As in the previous section, the compensation methods use a phase fac-
tor distribution and extended feature vectors, to model the distributions as precisely
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as possible. Here, as for the cross-entropy, diagonalising extended vTs compensation
improves performance (e.g., 11.1% to 8.3%). The off-diagonal covariance entries are
not estimated well, so that diagonalisation increases robustness. (The next section will
relate this to the model for the phase factor «..) However, eppmc, which finds the op-
timal Gaussian compensation, does perform better when it is allowed to model cor-
relations (7.5 % to 7.4 % at 20 dB). As expected from earlier work [34, 35], at a lower
signal-to-noise ratio the correlations change more, so that modelling them becomes
more important (14.9 % to 13.3 % at 20 dB).

7.2.3 Influence of the phase factor

Model compensation often assumes a mismatch function that is an approximation to
the real one as presented in section 2.2. Traditionally the phase factor «, which arises
from the interaction between the speech and the noise in the complex plane, is assumed
fixed. This section will look into the effect of the approximation, comparing Gaussian
compensation with ppmc and vTs.

The phase factor distribution is a Gaussian around 0 (constrained to [—1,+41] in
the case of ppmc). This corresponds to the model used to draw corrupted speech sam-
ples from for the cross-entropy. Previous work has not used bppmc with a phase fac-
tor distribution. vTs for feature enhancement has previously used such a distribution
[4, 21]. For model compensation, « has been set to fixed values [23, 27], but not to a
distribution. Two settings for o are of interest. The way it is traditionally presented
[28, 2] is with o« = 0, which is the mode of the actual distribution. The second setting
is « = 1. This seems an arbitrary number, and is mathematically improbable. How-
ever, as appendix B shows, if the term with « in the mismatch function is ignored and
magnitude-spectrum feature vectors are used, this is equivalent to setting « = 1 for
the power spectrum. This has been applied in previous work (e.g. [27]).
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Figure 18 The effect of the phase factor on Gaussian compensation.

Figure 18 shows the cross-entropy for bpmc and vTs with different models for the
phase factor. Note that the vertical axis uses a larger scale than figure 15. The bottom
of the graph is still set to the optimal cross-entropy acquired with transformed-space
sampling. Both methods generate full covariance matrices. The diagonalised versions

59



7. EXPERIMENTS

show the same trends, with smaller distances between cross-entropies. bPMC with the
model for o matching the actual distribution (“DpMc & ~ A”) yields the lowest cross-
entropy by definition. vTs with a Gaussian model (“vTs o« ~ /) is at some distance.

The obvious choice for fixing & would be the mode of its actual distribution, 0. With
that assumption, both ppmc and vTs end up further away from the ideal distribution.
Note that though the cross-entropy lines for “ppmc o« = 0” and “vTs & = 0” are close,
the distributions are not necessarily similar. As expected, when « is fixed to 1, the
modelled distributions become even further away from the actual ones.

Scheme « | 20dB 14dB
o) 7.6 13.2

eDPMC 1 8.0 14.7
N | 74 13.3
0 11.4 16.5

evTsS 1 8.7 14.9
N | 111 16.5

Table 3 The effect of the phase factor on Gaussian compensation.

Table 3 contains word error rates for the same contrasts. Again, it shows only full-
covariance compensation. With diagonal covariances the trends are again the same but
less pronounced. For epPMc, the effect of different phase factor models is as expected.
Whether o is distributed around O or fixed to 0 mostly affects the covariances. Though
this does have an effect on the cross-entropy, since the change to the covariance matri-
ces is fairly uniform across components, this makes little difference for discrimination.
However, setting « to the unlikely value 1 affects performance negatively.

The results for vTs are more surprising. Again, there is little difference between
setting « to O and letting it be distributed around 0. For vTs, this by definition does
not affect components’ means, but only their covariances. However, setting it to 1
does improve performance. This may be because overestimation of the mode (see sec-
tion 3.2) improves modelling for some components. Preliminary results suggest that
which value of « yields the best cross-entropy varies with different distances between
the speech and noise means. A possible hypothesis is that for different tasks, different
settings for o optimise compensation for components at a speech-noise distance where
miscompensation is most likely to cause recognition errors. This would explain why
the optimal « is different for different corpora [14]. However, this is material for future
research.

What the results here do show is that while modelling o with a distribution reduces
the distance to the actual distribution, as evidenced by the improving cross-entropy,
discrimination is not helped. Section 3.2 has pointed out that the only effect of using a
distribution for the phase factor over a fixed value at the distribution’s mode is a fairly
equal bias on the covariance, which is unlikely to influence discrimination much. It
has also discussed how in practice the noise estimation can subsume this bias. Using
a distribution over the phase factor rather than a fixed value as is currently done, is
therefore unlikely to cause gains in a practical speech recogniser.
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8 Conclusion

This work has introduced a new technique for computing the likelihood of a corrupted
speech observation vector. It does not use a parametric density, but rather a sampling
method, which approximates the integral over speech, noise and phase factor that the
likelihood consists of. Because the probability density has an awkward shape, the inte-
gral is first transformed. Then, sequential importance re-sampling deals with the high
dimensionality. As the number of samples goes to infinity, this approximation comes
arbitrarily close to the real likelihood.

Because the method cannot precompute distributions, it is too slow to embed in a
speech recogniser. However, it is possible to find the KL divergence from approxima-
tions to the corrupted speech distribution to the real one up to a constant. The new
method essentially gives the point where the kL divergence is 0, so it can be assessed
how close compensation methods are to the ideal. For the recognition experiments, the
compensation schemes work on extended feature vectors to provide the best compen-
sation and to avoid further approximations. The KL divergence for different compensa-
tion methods appears to predict their word error rates well. One of these compensation
methods is iterative data-driven parallel model combination (1bpmc), which takes im-
practically long to train but then is fast to run a speech recogniser with. An extension
of iterative data-driven parallel model combination comes close to transformed-space
sampling in terms of cross-entropy, and improves the word error rate substantially.
Given the link between the cross-entropy and the word error rate, this should indicate
the best possible performance with these speech and noise models.

Using the KL divergence technique, it also becomes possible to examine approxima-
tions to the mismatch function. These include assuming the corrupted speech distri-
bution Gaussian, and diagonalising that Gaussian’s covariance. One common approx-
imation, assuming the phase factor fixed, has seen particular interest in recent years.
This work introduces model compensation using a phase factor distribution for vTs,
DPMC, and 1pPMc. This turns out to have more effect on the cross-entropy than on
discrimination. In particular, for vrs compensation setting the phase factor to a fixed
value other than its mode appears to counter some effects of the vector Taylor series
approximation at different signal-to-noise ratios.
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A Well-known equalities

The following useful equalities are well-known.

A.1  Transforming variables of probability distributions

If variables x and y are deterministically linked, a probability distribution over x, p (x),
can be converted into one over y with (see, for example, [3], 11.1.1)

0x

@ . (116)

P(y)=p(x)

A.2 Matrix identities

The Woodbury identity relates three matrices A, B, C (see e.g. [30], 3.2.2):
(A+CBCT) '=A'—A'C(B'+CTAT'C) 'CTA. ()

The inverse of a block symmetric matrix is given by (see e.g. [30], 9.1.3)

ACT] D' -D'C'B
[c B} = [—B1CD1 B } (u8a)
D' —ACTE!
= [—E“CA“ B } : (118b)

where D = A — CTB~'C is the Schur complement of the matrix with respect to B,
and E = B — CA~'CT is the Schur complement of the matrix with respect to A.

The determinant of the matrix is

ACT
CB

[|= 1Al 1= 81D, (19)

A.3 Multi-variate Gaussian factorisation

It can be useful to decompose the evaluation of a multi-variate Gaussian into factors.
An obvious choice of factors would be the actual distribution of one coefficient condi-
tional on all previous ones. Straightforward derivations of this usually (e.g. [3]) assume
that the Gaussian is normalised (so that constant factors can be dropped) and assume
the input for the Gaussian is linear in the variable of interest (so that the integral over
coefficients is constant). These assumptions, however, can not be made in this work.
Below derivation therefore explicitly considers all constants.

Let g an unnormalised Gaussian density with parameters a and b,

o([2]) o (58] Tie) Thm ] ([e]-[]))

(120)
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where A is the precision matrix, the inverse of the covariance matrix X:

-1
Aaa Aab Zc1c1 Zc1b -1
A= = =X .

l:/\ba Abb} [Zba be} (21)

From the expression for the inverse of a symmetric block matrix, given in (118), it fol-
lows that Zg; =Aga —N\ab /\gg A, which will be useful in the derivation below.

The density can be decomposed into a factor dependent on a and one dependent on
both a and b. The steps the derivation follows are (122a) expanding the terms; (122b)
gathering terms containing b; (122¢) completing the square and compensating for that;
and finally (122d) simplifying.

a — ex _1 a _ | Ha T Aga Nav a | Ma
T lo|) =*P{72\|b Ve Ava Avy b Ho
1 T T
= exp (— 3(a— 1) Aaa (@— o) = (b — o) Apa (@ — po)
—2(b— ) Apyp (b — Hb))
= exp (— Ta—pa) Aga (@—pa) = b Apa(a—pa) + uiApala — pa)
— 3BT Appb + b  Apppy — TuiAby Hb) (122a)
= exp (— 1 a—pa) " Ada (@ —pa) + 1 Ava(a — o) — T App o
— 20T Appb + b Apy (b — AppAvala— pa)) ) (122b)
= exp (— Ta—pa) " Ada (@ — ta) + 1 Ava(a — o) — T Avp e
_ T _
(b — (1o — AppAvala—pa))) App (b— (1o — AppAvala—pa)))

(o — AppAvala— Ha))T/\bb (o — AppAbala—pa)) )
(122¢)

Nl= =

+

= exp (_ %(a_ ”'a)T (Aaa - Aab/\gg/\ba) ((1— lla)
— (07T — (o~ AgiAvala— 1)) Avp (67 = (1o — AgiAvala —1a))) )
=exp (—2la—na) Il (a—pa))

exp (— (b7 — (uo — AppApala— Ha)))T/\bb (b7 — (no — AppAvala—pa))) )
(122d)

N[=

A normalised Gaussian can be factorised analogously. Using (119), the determinant of
the block matrix X can be decomposed into the determinants of the covariance matri-
ces of the two terms in (122): |X| = |Zqq] - ’/\gg |. A normalised Gaussian then can
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be decomposed into two normalised Gaussians:
a Ha Zaa Zab
N ; )
(BRARESW)
— [2nz| % ([SD
_ _1—1/2 1 B
— 2 aal 2 2rAG | exp (— Sla—pa) Egi(a— pa))

1
exp (— i(bT — (1o — AppAvala— Ha)))T/\bb (b7 — (1o — AppAvala—pa))) )
=N (a Ha, Za)N(b§ 239 _Agll/\ba(a_ Ma), /\Et],)
=N (& pa, Za)N (05 10 — ZpaZd(@—Ha), Zoo — ZvaZgaZab) . (123)

If the density q is a probability distribution and a and b are distributed according

to it:
a Ha Zaa Zab
o] B m]) =

then the two factors in (123) are the marginal probability distributions of a and the
distribution of b conditional on a, so that

a~N(pa, Za); (1252)
bla~N (u — A Avala—pa), Agy) (125b)
~N (o — ZvaZga(@—Ha), Zvb — ZvaZgaZab) - (125¢)

This is a standard result. Note that the distribution of a is more easily expressed in
terms of the joint’s covariance matrix, and the distribution of b| a in terms of the pre-
cision matrix.

B Domain-specific mismatch function

The mismatch in the log-spectral domain was given in (3a). It assumed that the features

Yi, Xi, N used the power spectrum. This section will write the power {3 applied to the

spectral coefficients explicitly as ygﬁ) x!P) , ngﬁ ),

VX4 so that (3a) becomes:

exp (ygzj) = exp (X£2)) + exp (nf)) + 2 exp (%Xiz) + %n?]). (126)

The expression for the mismatch relating vectors in domains with different powers
than 2 derives from this using an assumption about the mel-filtered spectrum. A mel-
filtered spectral coeflicient is a weighted sum of spectral coefficients to the power of 3
(see (9¢)), which can be assumed equal to the power of the sum:

B
VP =3 wi [YIK|P ~ (Zwik Y[k]) : (127)
k k

The log-spectral coefficients are found by taking the logarithm of this, so that

ygﬁ) =log (Y{ﬁj) ~ B log <ZW“< |Y[k]|). (128)
K
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It is easy to see that coeflicients acquired from the 3th-power domain are then assumed
related to those using a power of 2 by

2 2 2
N I N Sy LT
For the log-magnitude-spectrum (3 = 1), for example, coeflicients yi, x;, 14, are

smaller by a factor of 2. Therefore, (126) can be generalised to any power (3 by making
up for the power:

exp (Fui”)) = exp (7)) +exp (Fi) + 20 exp (57 + §ni®)), (300)

or

=
N[

log(exp(% B)Jrexp(én )+Zoc1exp(% (B) 1 n ))) (130b)

B B B B
(130¢)
Derivatives of this are
dy!?) exp(g B —|—oqexp (5P + Eni®))
57 = (B) ®)y’ (1312)
dx; exp (% )+exp( )+2oc exp (%X1 + %ni )
dylP exp(f : )—I—ociexp (Fx 6)+1§n5m) _1 dy!P)
B) 2, T B 1 By T gy (B
dn; exp([3 )-i—exp( )+20¢1exp([3 ) dx;
(131b)
(B) (ﬁ)
dyi _ BCX ([5 i T nl ) (131¢)
dolP) exp (%xiﬁ)) + exp (%niﬁ ) + 20 exp (g x B4 %ngm).

Some implementations of vTs compensation (e.g. [27]) have used magnitude-spectrum
features (3 = 1), but assumed the mismatch function was simply

exp (ygl)) = exp (Xgl)) + exp (nglj). (132)
It is interesting to see the effect of these assumptions. By converting this back to power-
spectral features,
exp (3u1?) = exp (1x1?)) + exp (In?); (1332)
2
exp (u?)) = (exp (3x%) +exp en?”))
= exp ( ) + exp ( ) + 2exp ( N )) exp (%nf)). (133b)

This is exactly equivalent to the real mismatch function, in (126), with « = 1. This
means that when [27] perform vTs compensation with vectors in the magnitude do-
main and ignore the phase term, as in (132), this is equivalent to assuming o« = 1
on log-power-spectral features. Also, when the noise model is ML-estimated, with the
same mismatch function used for decoding, then the noise model parameters will sub-
sume much of the difference between model and reality.
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APPROXIMATION

C Transforming the likelihood for piecewise linear approximation

This section follows the transformation of the expression for the likelihood presented
in [29]. The explanation of the idea behind it is in section 3.4. Section C.1 discusses
the single-dimensional case as in the original paper. Section C.2 generalises it to more
dimensions.

C.1  Single-dimensional

The interaction between the log-spectral coeflicients of the speech x, the noise n, and
the observation y is assumed to be

exp (y) = exp (x) + exp (n). (134)
Y is set to its observed value, yi.

The substitute variable introduced to replace the integration over x and n is defined

u=1—exp(x—yi), (1352)

so that

n = log (exp (yi) —exp (x)) =y +log (1 —exp (x —yi))
=y +log (u); (135b)
x =Yyt +log(1—u). (135¢)
Two useful derivatives for transforming the integral are the following. The derivative

of n with respect to y while keeping x fixed is

dn(x,y) exp (y) 1

dy exp(y) —exp (x) 1—exp(x—y) (136a)

£l -

The notation n(x, y) is used to indicate the value of n that the setting of the other two
variables (x, y) implies. Similarly, the derivative of x with respect to u while keeping y
fixed is

dx(u,ye) T

v 1—u (1360)

As explained in section 3.4 (and see also section A.1), the transformation of the
integral in the likelihood expression uses the absolute values of the two derivatives.

Yt
plyt) = P (yelx)p(x) dx
(Ye | dn(x,
=[xy 0 ax
- Y Yt
1
(] dn(x, dx(u,
= [y g,y [ PRV () au
Jo Y oy, du
el 1 5 1 5
= a./\/ (ye +1log(u); pa, 07) ﬁN (ye +1log (1 —u); by, of) du.
Jo -

(137)
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Rewriting only the left-hand term of the integrand, noting that % = exp (—log (u)),

1
EN (log(u) + Yt; Hn, 0'&)

N2
_ exp ((log(u);r;ét Hn) log(u))

1 1 —pp+02)?% 1
Y@L EESTETET N PSR
202 2

=exp <2<fﬁ +ye — un> N (log(u); g — 07 — Y, 07) . (138)
The right-hand side of the integrand can be rewritten in a similar way, so that the like-
lihood expression becomes

1 1
p(yt) = exp <zﬁf + 503 — Hn — M« +2yt>

1
J N (log(u); pn — 07 —yt, 07) N (log(1 — w); px — 0f — Yy, 0%) du.
0

(139)

By approximating log(u) and log(1 — u) with a piecewise linear function [29], the
integral can be written as a sum of integrals over part of a Gaussian and a constant
factor.

C.2 Multi-dimensional

That the derivation above can use scalars crucially relies on two assumptions. The as-
sumption that the ith coordinate of the clean speech only influences the ith coordinate
of the corrupted speech is only valid in the log-spectral domain. The assumption that
the coordinates of both the clean speech and the corrupted speech are uncorrelated is
marginally valid in the cepstral domain, and invalid in the log-spectral domain. The
following generalises the derivation above to a vector of MFCcs. MFCCs are related to
log-spectral coeflicients by a linear transformation. As long as the distributions in the
log-spectral domain are not assumed uncorrelated, therefore, a derivation in the log-
spectral domain can be used.

The relation of the clean speech, noise, and corrupted speech for every dimension
is the same as the single-dimensional case in (134), so that for vectors:
exp (y) = exp (x) + exp (n). (140)
Again, Y is set to its observed value, Y.

The coefficients of the substitute variable u are defined as in (135), so that in vector
notation,

u=1—exp(x—Yt), (141)
so that

n =y +log(u); (142)

x =y +log(1—u), (143)
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where 1 is a vector with all entries set to 1.

The absolutes of the derivatives that the transformation of the feature space results
in in one-dimensional space generalise to determinants of partial derivatives. Since the
relationships between speech, noise, substitute variable, and observation are element-
by-element in log-spectral space, the partial derivatives are diagonal. The generalisa-
tions of the derivatives in (136) therefore is (note that u € (0, 1))

om(x,y)| dn(xi,yi) _ 1.
el 1™ H—1 el it § LY
ax(u)yt) _ dX ul)yt 1
“u | = H H T— (145)
The additive noise and the clean speech are distributed as
nNN(umZn); XNN(I‘LX)ZX)' (146)
The likelihood of Y generalises (137):
Py = [ p(ydx)p(x)dx
(] on(x,
= [ |2V i,y ) ax
J y yl
on(x, ox(u,
=[RS g | 2V ) au
J(0,1)4 Y ly, u
i 1
= — N(y +lo (u);un)zn)
J(,1)¢ <Uui) Lo
1
< ] _ui)/\/(yt +log (1 —uj; py, I,) du. (147)
Noting that

H — =exp < Z log(u; ) =exp(— log(u)T1); (148)

N(log(u) + Yt Hn, L) =
27| exp ((— llog (u) +yo — 1) TE, " (log (u) +ye — a) ),

(149)

the left term in (147) becomes (generalising (138))

(H i)N(log (W) + 4 o, Z2)

= 12nZ, | exp ( — L(log (u) +yo — ) TE, " (log (w) + vy — y) —log(u) 1)

= 275, | % exp (— Tlog (W) +ye — o + Z, 1) E, " (log (1) + yi — po + Zo1)
+ U171+ 1Ty, —1Tun)

—y¢—X,1, X, )exp( 172,14+ 17y, —1Tun).

=N (log(u); u (150)
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Applying the same process to the right term, the likelihood of Yy becomes
plyd =exp(31TZ 1+ 31751 = 1T, — 1T +2-1Tyy)
| A ltogw)i o~ ZaT g, T A (log (1~ w); e~ I, — i, L) du,
o (151)

In the single-dimensional case, the integral is approximated with 8 line segments. In
this case, the approximation would use 8¢ hyperplanes. Since u has as many dimen-
sions as there are filterbank coefficients, a piecewise linear approximation is infeasible.

D Transforming the likelihood for transformed-space sampling

To approximate the integral in the expression for the likelihood of the observation, this
work uses sequential importance re-sampling. A number of transformations of the
integral are required, some of the details of which are in this appendix.

The detailed derivation of the transformation of the single-dimensional version of
the integral is in section D.1. The generalisation of this transformation to the multi-
dimensional case is in section D.2. One of the two factorisations of the multi-dimensional
integrand that this work presents is detailed in section D.3. The form of the proposal
distribution that approximates the single-dimensional integrand and the factors of the
multi-dimensional integrand is in section D.4.

D.1  Terms of the integrand for transformed-space sampling

In section 5.2 on page 34, one half of a one-dimensional version of the corrupted speech
likelihood is rewritten to (repeated from (84)):

© ax(uayt) (X) an(xvya O()
Py, x<n)=|p(a) 3 : 3
0 u Y ye,x(w,ye,x)
P (X(lhyt, OC)) -p (n(u)yt» (X)) du d(X, (1523)
where (repeated from (81))
u=n-—x. (152b)

Because the derivations of the Jacobians and of x(u, y¢, ) and n(u, yy, &) are long,
they are given here.

The mismatch function is (repeated from (80))
exp (yi) = exp (x) + exp (n) + 2ccexp (%x + %n) . (153)
To express 1 as a function of x, Y, &, (153) can be rewritten to

exp (n) + 2ocexp (%x) exp (%n) =exp (y¢) —exp (x); (154a)
(exp (1) + acexp (%x))z = exp (y¢) — exp (x) + (oexp (%x))z . (154b)
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This is where it becomes useful that the computation is restricted to the region where
x < n so that n has only one solution. Since —1 < « (as shown in section 2.2.1.1),
the squared expression on the left-hand side, exp (%n) + aexp (%x), is always non-
negative. Therefore,

exp (4n) = —aexp (1x) + /exp (ye) — exp (x) + o exp (x); (154¢)

n =2log (—ocexp (3x) + 1/exp (yt) + exp (x) (o — 1)) . (154d)

To express 1 as a function of u,y¢, &, (153) can be rewritten with x = n —u
from (152b):

exp (y¢) = exp (N —u) + exp (n) + 2acexp (3n — Ju + In)
=exp (n) (1+ exp (—u) + 2ccexp (—Fu)) (155a)
exp (Yt)
= M b
exp (1) 1+ exp (—u) + 2ocexp (—3u)’ (155b)
n =y —log (1 +exp (—u) + 2xexp (—u)). (155¢)

Similarly, x can be expressed as a function of u, y¢, o by rewriting (153) with n =
u + x from (152b):

exp (yt) = exp (x) + exp (uw+ x) + 2ocexp (%x + %u-i— %X)

= exp (x) (1 + exp (u) + 2ccexp (3u)); (156a)
exp (Yt —x) =1+ exp (u) + 2acexp (3u); (156b)
x =y¢ —log (14 exp (u) + 2ocexp (3u)). (156¢)

Because u was chosen to relate x and n symmetrically, (155¢) and (156¢) are the same
except that u is replaced by —u.

An equality that will come in useful derives from (156b):

The Jacobians in (84) are derivatives of (156¢) and (154d):

ox(uw,y, ) exp(u)+oexp (3u) _exp (3u) (exp (3u) + &)
ou  T+4exp(u) +2xexp (%u) ~ T+4exp(u) +2xexp (%u) '
(158a)
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on(x,y, )
dy
— 2 _ exp (y)
Vexp (y) +exp (x) (a2 — 1) — acexp (3x)  2y/exp (y) + exp (x) (a2 — 1)
- exp (y)
(exp (%) (exp (3u) + o) — acexp (3%)) exp (%) (exp (3u) + &)
exp (y — x) T +exp(u) + 2xexp (Ju)

e (1) (e (Jw) + ) exp (Ju) (exp (J) +) 0s0)

When these are multiplied, as in the integral in (152a), they drop out against each other,

except for the negation:

ax(u)ytv (X) an(X, Y, (X)

u oy =-1. (158¢)

Yt

This does not seem to be an intrinsic property of the process.

D.2 Transforming the space of the multi-dimensional integral

The transformation of the integral that returns the likelihood of the corrupted-speech
observation is more laborious for multiple dimensions than for a single dimension. The
derivation uses three steps. First, the integral is split into separate dimensions. Then,
each of the integrals for one dimension is rewritten similarly to appendix D.1. Finally,
the dimensions are collated.

The full expression for the likelihood of observation Yy is (repeated from (19¢))
v =[] [pludenop@pmp(@xdande o)

Just like in the single-dimensional case, the integration over the clean speech and
the additive noise will be rewritten as an integral over a substitute variable. For each
dimension, this substitution is the same as the one in (81). In multiple dimensions, the
substitute variable u also relates the speech x and the noise n symmetrically:

u=x-—mn. (160)

However, the transformation of the integral will work one dimension at a time. Per
dimension, the derivation will be split in two regions which use symmetric derivations,
like in section 5.2.1. Again, the derivation will be explicitly given only for x; < ny, with
Ny < x4 completely analogous. By formulating (159) recursively, it can be transformed
one scalar at a time. The following marginalises out one variable at a time, starting
with o

P (yt,i:d>xi <M X1:4-1, N1, K1)

= JP (ol er:i—1) P (Yeia, X <Nl X1i—1,Nsio1, &1:4) dogg,  (161a)
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where, marginalising out x4,

P (Yt,ied, X1 < N4l X7:4-1, Mo, X14)

= JD (xilx1:i-1) P (Y e, Xi < Ml Xaai, Mo, o) dxg, (161b)
where, with the restriction x; < 1y subsumed in the range of the integration over nj,

P (Ut ia, X1 < Nl X104, Msio1, X1:4)

(o)
:J P (nilnrio1) p (Ye,ial X104, M, 0:4) dnyg. (161¢)

Xi

The integrals in (161c) and in (161b) can then be re-expressed as one integral over the
substitute variable.

First, the integral over n; in (161c) can be written without the integral. This is be-
cause given the clean speech, additive noise, and phase factor for one dimension, the
corrupted speech for that dimension is deterministic:

P (Ye,alxi, i, &i) = 8 (xy my,as) (Ye,i) - (162)

The variable of the Dirac delta in (162) can be transformed using the Jacobian (see (116)
in appendix A.1):

P (Ytizd, Xi < M4l X7:4, Msio1, X1:4)
(00

= p(nilnyii)p (Ut,i|xi»ni>‘xi)p (yt,i+1:d\x1:i,n1;i,0‘1:1) dny
Jx;

0o

= pmalmiict) dsxinan) We,i) P (Yeigr:al X1:4, g, :4) dnyg
.JX{

(00

= plnilnyig)-
Jxy dyl Yi.i

dn(xy, &, Yi
(4, 04, th) “On(xi oy ) (M)

P (YUt ir1:alxr:i, M, 0r:4) dny
dn(xi, o, yi)
dyi

1 (% <) p (nlxi, &1, Ye,i)IMaiot)
Yt,i

P(Yt i t:a[Xr:o, Mrsior, &1ii, M = N, &4, Yi))- (163)

The next step is to substitute this result into (161b), and then replace the variable
of the integral from x; to u;. The Jacobians that result from this are exactly the same
as the ones in section 5.2.1 on page 34, in (84). Since the product of their absolutes is
therefore again 1, they drop out.

P (Ytid, Xt < Ml X1:4-1, N1, X1:4)
dn(xy, «q,yi)

T T(xi <ny)p(nlxi, &1, Ye, i) Mi—1)
Yi

:J’D(Xi"ﬂii*])

Y, i

P (Yt ie1:aXr:a, Mo, &1, i = nxq, &, Y1) dxs
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dn(xy, o, i)
dyi

JOO dx(ui) Xi, yl)
dui

0 Yt,i
P (x(wi, o, ye i) x1i-1) p (n(wi, o4, Yei) M)
P(Ye, i tia] X1, M, o, X = x(ug, &, Ye,i), i = n(ug, &4, e 1))
dui
(o]
:J P (x(wi, &, Yo, i) xri1) p (n(w, o, yei) I maioa)
0
P(Yeirtia]X1im1, M, o, X = x(ug, &, Yt i), i = n(ug, &4, e 1))
dug, (164)

Substituting this into (161a) gives one half of the likelihood:
P (Yeid, X1 < M4l Xq1:4-1, -1, X1:4-1)

(o]
:JP(OH\(X]:FHJ P (x(ui, o, ye, i) X1i-1) P (n(ug, &, Y1) Maiot)
0
P(YeitralXriot, Mo, &1, X = x(uq, &, Ye i), i = n(ug, &4, e i)
du; dog. (165)

This gives half the likelihood, because it is constrained to x; < m;. The other part,
for ny < x4, has the exact same derivation with x; and n; swapped, and u; replaced
by —uy. This is exactly the same as the single-dimensional case in appendix D.1. The
full likelihood, expressed recursively, then combines integrals over u; € [0, co) and
u; € (—o0,0):

P (Ut ial X141, M1, K1:i-1)
=P (Yt,i:d, % <X 1:4-1,N1i—1, &1:4-1)

+P (YUt i:a, T4 < Xl X1:4-1, Mpsi—1, X1:4—1)
= JP (ol otr:4-1) JP (xi(wi, o, Yo, i) x1:-1) P (nug, &, Yt Maio1)

P(Yt,ist:a[Xriot, Mo, &1, X = x(u, o, Ye i), i = N, &4, Yi,i)
du; doy. (166)

This recursive formulation is straightforward to unroll to

P (Yi) :p(yt,l:d)
d

d
:J {Hp (cxilocmﬂ] J [HP (x(ug, i, Ye,i) X1:0-1)
iz1

i=1
d
[Hp (n(ug, i, ye,i)IMi—1) } duda
iz
- Jp (e Jp (x(u, &, y0)) p ((u, &, Y1) dude, (167)

where, analogously to the one-dimensional case, p (x(u, &, y¢)) denotes the value of
the prior of x evaluated at the value of x implied by the values of (u, &, y¢), and similar
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for p (n(u, &, y¢)). To find these values for x and n, the relations in (156¢) and (155¢)
apply per dimension:

x =y —log (1 + exp (u) + 2 o exp (Fu)); (168a)
n=1y;—log (1 +exp(—u)+2xoexp(—Ju)). (168b)

In section 5.2.2, the full integrand is called y(u, ), and the integral is approximated
with sequential importance sampling. Note that this derivation holds for any form of
priors for the speech and noise p (x) and p (n).

D.3 Postponed factorisation of the integrand

This section presents a factorisation of the integrand y (u| &). It should result in factors
7vi so that (repeated from (103))

’Y(u‘ (X) :N(X(ua “;Ut)? 2%0) ZX)N(n(u) “»Ut)§ Hn, Zn) . (169)

The two Gaussians on the right-hand side have the same structure. The factorisation
here will only explicitly consider the term deriving from the speech prior; the one de-
riving from the noise prior factorises analogously. A multi-variate Gaussian relates all
elements in its input vector through the inverse covariance matrix, the precision ma-
trix A. The derivation writes these explicitly. The elements of A, = X' are denoted
with }\x,ij .

N(x(u, O‘ayt); M, Zx)
—1
= 27, exp (— 3 (x(u, o Yo — ) TAC (x(1, @ y) — 1))

1
= [2nZ,| % exp <— 7> (w0, yes) = o) Ay (x(u5, 05, Ue5) — Hx‘j)>

2
— %}\x,ii (x(ug, &, Ye,i) — Ky, i)

ﬂm

i—1
— (x(ug, i, Ye,i) — Hxii) Z)\x‘ij (x(wy, o5, Y¢,5) — L&,j)])
=1

d
= \ZWZX|_% Hexp (
i=1

1 2
— 3 At (Wi, o, Yei) = Ht)” — (x(u, &, Y i) — Hx,i)\/x,i)
(170a)
where the term containing coordinates of lower dimensions uy.;_p is
i—1
Vii = ) Aeij (X(U5, 05, Ut 5) = tj) - (170b)
j=1

When drawing u; for dimension 1, the coordinates of lower dimensions uy.;_; are
known.
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After applying the same factorisation to the noise term, the complete integrand
in (169) can be written

Y(u| 0‘) :N(X(u, “»Ut)? Hx, ZX)N(n(u) “»yt)§ Hn, Zn)

a
= |27'(ZX|7% |27an|7% Hexp (
i=1

— At (x(u, o, e i) — Bot)” — (X[, 06, Ye,i) — thi) Vi

2
— TAnit (MW, &5, Y,i) — Hayi) —mmmm&mﬂ—mﬁvm)

(171)
where v,, ; is defined analogously to (170b). The factors are then defined as (it is arbi-
trary which factor takes the constant determiners)

Y1 (wil o)

_1 _1
= |27Z,| 72 [2nE, | exp (— a1t ((ur, &1, ye1) = po1)?

— A1t (x(ur, o1, y¢,1) "ij)z); (172a)
i (Wil w1, o:4)
2
= exp (— It (x(wi, o, Y1) — i) — (x(Ug, &4, Ut,i) — i) Vi

2
= Phnis (01, 0, U1,0) = o) = (0, 00, Y01) — Hai) Vi), (172b)

To find a proposal distribution for the resulting density, it can be rewritten so that
it is easily related to the one-dimensional v in section s5.2.1, for which good proposal
distributions were discussed in section 5.2.1.2. Again, the following rewrites only part of
the term related to the speech prior; the noise term works completely analogously. Since
for importance sampling it is the shape rather than the height of the density that the
proposal distribution needs to match, the following disregards constant factors (note
the use of ), which are additive within the exp (-). A technique sometimes called
“completing the square” helps find the shape of the term related to the clean speech
in (172). This derivation is similar to the derivation of the parameters of a conditional
Gaussian distribution (see e.g. [3]). Taking one factor from (170a),

€xp (_]f}\X,ii (x(wi, i, Y1) — ux,i)z — (x(ui, @i, Ye i) — Hx,i)Vx,i)

2
o exp (_%}\x,ﬁ (x(uwg, 0, Y1)+ Acii b, iX (Wi, &4, Ue,i) — Vaoix(ug, (Xi)yt,i))

Vi
= €xp <_;}\x,ii (x(ui, ‘Xi)yt,i))z + Axii <ux,i — ) x(ui, fxiyyt,i))

Acii
v\ 12
X exp (-;}\x,ii |:X(ui) Xi, Yt,i) — (Hx,i - )\X’.l_ )} >
x, il
Vi 4
(XA[<“Uh“hUnU§HKi_ X”.AKL>. (173)
Asii

By rewriting the additive noise term in the same manner, the factors in (172) turn
out to be proportional to two Gaussian distributions that are functions of x (14, &4, Y+ 1)
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and n(ug, oti, Yt i):

Vy i _
Yi (ugluriog, ar4-1) NV (X(ui» o, Yt,i)s Mxi — )\X'_ll , Ax‘li)
x,ii

Vn i _
'N<n(ui»(xi)yt,i); Hoi— ——, A 1 ) (174)

A i > Pnjii
n)
This expression has the same shape as the one-dimensional integrand in (89) in sec-
tion 5.2.1.
D.4 Terms of the proposal distribution

Finding the proposal distribution uses 1(x,y, «), the value for u that follows from
fixing the other variables. Where this is necessary, u > 0. This is equivalent to x < n,
which is the area that this expression for n is valid for (repeated in (154d)):

n = 2log (ocexp (3%) +y/exp (o) +exp (x) (a2 — 1)) . )

so that u can be found with

u—n—x—Zlog(—oc—l—\/exp(yt—x)—l—ocz—1>. (176)

The mirror image of this expression is u(n,y, o), which fixes n rather than x, and
is required only for u < 0. This expression can be found by rewriting (155b):

exp(n) = 1+ exp (—ft))(ljil—(32exp (—Fu) ; (t778)

exp (—u) 4 2acexp (—3u) + 1 =exp (y¢ —n); (177b)
(exp (—3uw) + “)Z — o +1 =exp(yt —n); (177¢)
(exp (—3u) + oc)2 =exp(yg—n)+a? —1. (177d)

From u < 0, it follows that exp (—%u) > 1 and exp (—%u) + o > 0, so that

exp (—%u) + o= \/exp (Y —n) + a2 —1; (177€)
u=—2log (—oc+ \/exp (yg —n) + o — 1) .
(177f)
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