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Abstract
Model compensationmethods for noise-robust speech recognitionhave shown

goodperformance. Predictive linear transformations can approximate thesemeth-
ods to balance computational complexity and compensation accuracy. Both of
these approaches can be analysed as minimising the kl divergence to a predicted
distribution. �is paper examines this kl divergence from a variational perspect-
ive. Using a matched-pair approximation at the component level yields a number
of standard forms of model compensation and predictive linear transformations.
However, a tighter bound can be obtained by using variational approximations at
the state level. Both model-based and predictive linear transform schemes can be
implemented in this framework. Preliminary results show that the tighter bound
resulting from the state-level variational approach can yield improved perform-
ance over standard schemes.
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1. introduction

1 Introduction

One way of making speech recognisers more robust to noise is model compensation.
Rather than enhancing the incoming observations, model compensation techniques
modify a recogniser’s state-conditional distributions so they model the speech in the
target environment. Because the interaction between speech and noise is non-linear,
the corrupted speech distribution has no closed form. In particular, even if the speech
and noise distributions are Gaussian, the corrupted speech is not. Yet, the vast major-
ity of schemes compensate each clean speech Gaussian with a Gaussian. Additionally,
its covariance matrices are normally diagonalised. �e possible improvements from
computing the same form of distribution in a di�erent way are limited (e.g. [19]).

Two approaches that remove the Gaussian assumption have been proposed. �e
“Algonquin” algorithm [16] still uses a Gaussian approximation, but tuned di�erently
for each clean speech component and observation vector. �us, its e�ective distribu-
tion over observation vectors is non-Gaussian. Another approach [27] uses a non-
parametric distribution, by approximating the integral in the corrupted-speech likeli-
hood expression with Monte Carlo. However, both these approaches require extensive
computation for each incoming feature vector. �us for most situations they are im-
practically slow.

�e aim of this work is to �nd forms of fast likelihood computation that do model
the non-Gaussian distributions. In this work the framework of predictive methods is
applied to this problem. Predictive methods approximate a complicated model with a
simpler form by minimising the kl divergence between them [25]. How this applies to
noise-robust speech recognition can be seen in Fig. 1. �e graphical model on the le�
represents noise-corrupted speech. �e speech is governed by hidden Markov model,
with states θt. Associated with each state is a mixture of Gaussians with mixture com-
ponents kt and Gaussian component distributions generating speech vectors xt. �e

θt−1 θt

kt−1 kt

xt−1 xt

yt−1 yt

nt−1 nt

θt−1 θt

mt−1 mt

yt−1 yt

Figure 1: �e noise-corrupted speech p (le�), with components k, speech x, noise n,
corrupted speech y; its approximation q (right) with componentsm.
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2. the influence of noise on speech

independently and identically distributed noise nt corrupts the speech, resulting in
noise-corrupted speech yt.

�e right graphical model in Fig. 1 on the preceding page approximates the cor-
rupted speech distribution. �e Markov model p(θt−1|θt), which governs the clean
speech, is assumed unchanged. Many compensation methods map each component k
of the predicted distribution onto one component m of the approximation and mar-
ginalise out only x andn. �is is not a problem if themarginalisation is exact; however,
usually each component is approximated with a Gaussian [2, 19, 24, 30]. �ismatched-
pair approximation to the kl divergence neglects the potential for a mixture of Gaussi-
ans to approximate a mixture of non-Gaussian distributions. To approximate a whole
state-conditional distribution at once, this paper will sever the hard link between com-
ponents in the le�- and right-hand models. Instead, a variational approach can assign
part of the probability mass of component k in the le�-hand model to any compon-
ent m in the right-hand model. �is tightens an upper bound on the kl divergence.
Within this variational framework, other forms of mixture models can also be estim-
ated. �is paper will introduce a new form of predictive cmllr, which transforms
clean speech Gaussians with shared linear transformations. �is yields optimal linear
transformations for modelling the non-linear e�ects of the noise.

2 �e in�uence of noise on speech

Tomake speech recognisers robust to noise, amodel of how the noise in�uences the sig-
nal is required. Both noise and speech vectors are usually composed of Mel-frequency
cepstral coe�cients (mfccs) and deltas and delta-deltas. �e relation between the
mfcc vectors of the speech xs, additive noise ns, and convolutional (channel) noise hs

(which is usually assumed �xed, and not shown in Fig. 1), and the corrupted speechys,
called the mismatch function, is [1, 4]

ys = f(xs,ns,hs,α) , Clog
(
exp
(
C−1(xs + hs)

)
+ exp

(
C−1ns

)
+ 2α ◦ exp

(
1
2
C−1

(
xs + hs + ns

)))
. (1)

Here, log(·), exp(·), and ◦ denote element-wise logarithm, exponentiation, and mul-
tiplication. C is the truncated dct matrix and C−1 its pseudo-inverse. α is the phase
factor, which arises from the interaction between the phase of the speech and noise
signal. Since the phase information is discarded to arrive at mfccs, the e�ect of this in-
teraction on ys is random even if xs,ns,hs are �xed. In this work, as in [27], α is
modelled with an independent and identically distributed truncated Gaussian with
variances computed according to [17].

Speech recognisers append dynamic (delta and delta-delta) features to the mfcc
feature vector. �ese are computed from a window of per-time slice, static, features.
For exposition, assume a window ±1 and only �rst-order dynamics. �e observation
vector yt is then computed as

yt =

[
0 I 0

− I
2
0 I
2

]yt−1yt
yt+1

 , Dye
t, (2)

where ye
t is the extended feature vector comprised of the statics in a window [30]. It

is possible to compute the corrupted speech vector with statics and dynamics from a
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3. predictive methods

window of speech and noise vectors by applying the mismatch function to each time
slice:

yt = D

 f(xst−1,ns
t−1,h

s,αt−1)
f(xst,n

s
t,h

s,αt)
f(xst+1,n

s
t+1,h

s,αt+1)

 , Dfe(xet,n
e
t,h

e,αe
t), (3)

where extended vectors xe,ne,he, and αe are de�ned similarly to ye. Given distribu-
tions over xe,ne,αe and a setting for he, it is now possible to write the distribution
of y as an integral with a Dirac delta δ·:

p(y) =

∫∫∫
δDfe(xet,ne

t,h
e,αe

t)
(y)p(αe)dαep(ne)dnep(xe)dxe. (4)

However, because of the non-linearity of the mismatch function, this integral has no
closed form. In particular, even if the distributions overxe,ne,αe areGaussian,p(y) is
not. It is a common approximation to linearise the mismatch function so p(y) drops
out as Gaussian [21, 2, 30], but this paper will avoid this. Given a value for y and dis-
tributions for xe,ne,he, and αe, it is possible to approximate the value of the density
in the limit exactly with a Monte Carlo approach [27], but this technique is too slow to
be used in a speech recogniser.

2.1 Sampling from the noise-corrupted speech

�edistributionp(y)has no closed form, but it is straightforward to draw samplesy(s)

from it. �is �rst draws samples xe(s),ne(s),αe(s) from their respective distributions.
(3) can then be applied to yield a corrupted speech sample:

y(s) = Dfe
(
xe(s),ne(s),he,αe(s)

)
. (5)

�e advantage of representing the distribution p(y) by a set of samples is that it does
not assume any properties of the distribution. Section 4 will estimate a form appropri-
ate for decoding directly from this Monte Carlo approximation.

Drawing a corrupted-speech sample for a component k requires the component’s
extended clean speech distribution. �is distribution can be found by modifying the
last iteration of Baum–Welch so it does not apply the projection to statics and dynamics
as it gathers statistics for training the speech recogniser’s Gaussians [30]. �e paramet-
ers ofp(nt) are o�en estimated on the data to be recognised using a linearisation of the
mismatch function. However, see section 5 on page 13 for a strategy for estimating the
noise model without using this linearisation. To remove the in�uence of the algorithm
for noise model estimation, in the experiments the noise distribution will be assumed
known.

3 Predictive methods

For practical speech recognition, it is o�en important to �nd approximations that are
fast for decoding. Model compensation for noise robustness is a good example: it ap-
proximates the predicted corrupted speech with parametric distributions. �is paper
will present a framework for methods that minimise the Kullback-Leibler (kl) diver-
gence between the predicted distribution p and its approximation q.
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3. predictive methods

�e kl divergence is suitable for two reasons. First, it is a well-understood meas-
ure of divergence between two distributions that is minimised when the distributions
are equal. Second, minimising the kl divergence is equivalent to maximising the ex-
pected log-likelihood under the predicted distribution. Many known algorithms that
maximise the log-likelihood on data can be turned into predictive variants.

�e objective of predictive methods is to �nd the distribution q that minimises the
kl divergence to predicted distribution p. An hmm speech recogniser consists of a
distribution p(Θ) over both hidden variables Θ = {θt}, where θt are the hmm states
in Fig. 1, and a distribution pΘ(Y) over observed variables Y = {yt} given state se-
quenceΘ. If both p and q are hmms, they therefore factorise as

p(Θ,Y) = p(Θ)pΘ(Y); q(Θ,Y) = q(Θ)qΘ(Y). (6)

�is paper will not change the state transition model, so that q(Θ) := p(Θ). �e
optimal approximation q then is

q∗ := argmin
q

KL(p‖q)

= argmin
q

∑
Θ

∫
p(Θ)pΘ(Y) log

(
p(Θ)pΘ(Y)
q(Θ)qΘ(Y)

)
dY

= argmin
q

∑
Θ

p(Θ)

∫
pΘ(Y) log

(
pΘ(Y)
qΘ(Y)

)
dY

= argmin
q

∑
Θ

p(Θ)KL(pΘ‖qΘ) . (7)

In hmms, pΘ(Y) and qΘ(Y) represent the output distributions. Since these factorise
per time, the optimal setting of q can be expressed in terms of the per-state kl diver-
gence:

q∗ := argmin
q

∑
θ

p(θ)KL(pθ‖qθ) (8a)

Here, p(θ) is the prior distribution for state θ. �e maximum-likelihood estimate
of p(θ) is proportional to the occupancy of state θ on the training data.

�e kl divergence can be de�ned in terms of the cross-entropyH(pθ‖qθ) and the
entropyH(pθ):

KL(pθ‖qθ) , H(pθ‖qθ) −H(pθ); (8b)

H(pθ‖qθ) = −

∫
pθ(y) logqθ(y)dy; (8c)

H(pθ) = −

∫
pθ(y) logpθ(y)dy. (8d)

When minimising the kl divergence with respect to q, the entropyH(pθ) is constant,
so that in (8a) only the cross-entropy needs to be minimised:

q∗ := argmin
q

∑
θ

p(θ)H(pθ‖qθ) . (8e)
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3. predictive methods

In speech recognition, she state-conditional distributions pθ and qθ are normally
mixtures of Gaussians. �eir weights will be written πk andωm:

pθ(y) =
∑
k∈Ωθ

πkpk(y) ; qθ(y) =
∑
m∈Ωθ

ωmqm(y) . (9)

�e key insight that motivates this paper is that unless it is possible to set qm exactly
equal to pk, the kl divergence between these mixtures, in (8e), can usually not be ana-
lytically minimised exactly. Section 4 will introduce a variational upper bound to per-
form the minimisation. Initially, though, a simpler and commonly-used bound will be
considered: the matched-pair bound [12], which relates each component k in pθ to a
component in qθ, in this casem = k:∑
θ

p(θ)H(pθ‖qθ) = −
∑
θ

p(θ)

∫
pθ(y) logqθ(y)dy

= −
∑
θ

∑
k∈Ωθ

p(θ)πk

∫
pk(y) log

( ∑
m∈Ωθ

ωmqm(y)

)
dy

≤ −
∑
θ

∑
k∈Ωθ

p(θ)πk

∫
pk(y) log(ωkqk(y))dy

=
∑
θ

∑
k∈Ωθ

p(k)
(
H(pk‖qk) − log(ωk)

)
, (10a)

where the component priors p(k) = p(θ)πk. �e minimisation in (8e) then becomes

q∗ := argmin
q

∑
θ

∑
k∈Ωθ

p(k)
(
H(pk‖qk) − log(ωk)

)
. (10b)

�eoptimal setting for themixtureweights isωk = πk. How tominimise theweighted
cross-entropies H(pk‖qk) depends on the parametrisation of qk. �e following will
consider two parametrisations: model compensation, which estimates each Gaussian
parameter separately; and linear transformations that are shared between clean speech
Gaussians.

3.1 Estimating model parameters

A straightforward method for optimising the cross-entropy in (10b) is to estimate the
parameters of qk directly. �is can be done for each component k separately. Speech
recogniser components are usually Gaussians, with parametersN (µk,Σk), which can
be found with

µk := Epk {y} ; Σk := Epk
{
yyT
}
− µkµ

T
k. (11)

�is is what model compensation methods approximate. A popular approach is to
linearise the in�uence of the noise in (3), so that the noise-corrupted speech distri-
bution drops out as Gaussian. �is is called vector Taylor series (vts) compensation
[21, 2, 4, 30].

To obtain a more accurate estimate, a Monte Carlo approach will be used, called
extended dpmc [11, 26]. For each component, S samples y(s) are drawn as discussed
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3.2. estimating linear transformations

in section 2.1. �e expectations in (11) are then approximated with

Epk {y} '
1

S

∑
s

y(s); Epk
{
yyT
}
' 1

S

∑
s

y(s)y(s)T. (12)

In the limit as the number of samples goes to in�nity, extended dpmc yields the optimal
Gaussian-for-Gaussian compensation. However, the corrupted speech distribution for
one clean speech Gaussian is not Gaussian-distributed.

3.2 Estimating linear transformations

An approach that requires fewer parameters to be estimated is to constrain the approx-
imate distribution q to a transformed clean speech model set. cmllr [9] (constrained
maximum-likelihood linear regression) is a well-known adaptation method that ap-
plies one a�ne transformation to all Gaussian components in a base class. cmllr is
normally estimated on adaptation data with expectation–maximisation. For its pre-
dictive variant, predictive cmllr (pcmllr) [10], the statistics from adaptation data are
replaced by predicted statistics. Good results have been obtained by deriving these
statistics from joint uncertainty decoding [10, 32] and from vocal tract length normal-
isation [3].

cmllr applies the same linear transformation to each Gaussian in one base class.
�is is equivalent to applying the inverse transformation to the feature vector. �at all
Gaussians in one base class can then share the same transformed feature vector makes
decoding with cmllr fast. For component k with qk = N (µx,Σx), in base class c,
transformation {A(c),b(c)} is applied as

qk(y) ,
∣∣A(c)

∣∣ · N (A(c)y+ b(c); µx, Σx

)
. (13)

SinceA(c) can be full, cmllr allowsmodelling of feature correlations evenwhenGaus-
sians’ covariances are diagonal in a manner that hardly a�ects decoding speed.

To be able to convert existingmethods thatmaximise a likelihood of training or ad-
aptation data (such as cmllr) into predictive methods, it is useful to describe the max-
imisation step of expectation–maximisation in terms of the kl divergence between the
distribution of the training data and of themodel [29]. �e training data examplesY(i)

can be represented as Dirac deltas that form the empirical distribution p̃(Y). �e ex-
pectation step of expectation–maximisation then �nds the optimal distribution ρY(Θ)
of the hidden variables for training sequence Y using the current model parameters.
�e distribution of the complete data can then be written as

p̃ = p̃(Y)ρY(Θ). (14)

�e maximisation step then sets the parameters of q to minimise KL(p̃‖q). Once a
method is expressed in these terms, as in [29], converting it to a predictive method is
a matter of replacing empirical distribution p̃ by predicted distribution p.

Once the original, adaptive, version of cmllr is written as minimising a kl diver-
gence to the complete data distribution, the only change required to convert from the
adaptive to the predictive version is in the form of the statistics; the algorithm to estim-
ate the transformations from these statistics remains the same. �e statistics consists
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3. predictive methods

of total occupancy γ(c) for each base class, and vectors k(ci) and matrices G(ci) for
each base class c and each dimension i. Expressed in terms of distribution p,

γ(c) ,
∑

k∈Ω(c)

p(k); (15a)

k(ci) ,
∑
k∈Ω(c)

p(k)
µk,i

σ2k,i
Epk
{[
yT 1

]}
; (15b)

G(ci) ,
∑
k∈Ω(c)

p(k)
1

σ2k,i
Epk
{[
yyT y
yT 1

]}
, (15c)

where p(k) is the component prior, and Epk {·} denotes the expectation under pk. It is
straightforward to recover the original expression in [9] from this by substituting the
distribution over the complete data for p.
G(ci) can be computed with any method that yields component-dependent �rst-

and second-order statistics in (11). �is paperwill use theMonteCarlo estimates in (12),
but implement two improvements for e�ciency. Substituting the Monte Carlo estim-
ates for each component would mean that an equal number of samples is drawn for
each component, whether they contribute much to (15c) or not. �e contribution is
determined mostly by the component prior p(k). �e �rst improvement is therefore
to draw samples from both the component prior and the corrupted speech for the com-
ponent. �is yields joint samples (k(s),y(s)). �e sum and the expectation in (15c) are
then approximated as (writing explicitly only the most complicated statistic),

G(ci) ,
∑
k∈Ω(c)

p(k)
1

σ2k,i
Epk
{[
yyT y
yT 1

]}

'
∑
s

1

σ2
k(s),i

[
y(s)y(s)T y(s)

y(s)T 1

]
. (16)

However, it is now possible to draw no or very few samples from a component k that
has a high prior, which makes the variance across di�erent draws of G(ci) greater,
so that more samples are necessary. To improve this, samples k(s) can be generated
using another scheme, as long as they yield an unbiased estimate of (15c). Note that
samples k(s) are not required to be independent. �e requirements are very similar to
those of re-sampling in sequential Monte Carlo methods (see, e.g., [5]). In particular, if
S samples are drawn, it is straightforward to derive a scheme that makes sure that the
number of samples for component k is at least bS · p(k)c. Divide the probability mass
of p(k) into two parts, p1(k) ≥ 0 and p2(k) ≥ 0, so that p1(k) + p2(k) = p(k).
(15c) can then trivially be split into the corresponding two parts:

G(ci) =
∑
k∈Ω(c)

p1(k)
1

σ2k,i
Epk
{[
yyT y
yT 1

]}
+
∑
k∈Ω(c)

p2(k)
1

σ2k,i
Epk
{[
yyT y
yT 1

]}
.

(17a)

If the �rst part of the priors is now de�ned to yield the �oor of the expected number of
samples, and the second part as its residual,

p1(k) ,
bS · p(k)c
p(k)

; p2(k) , p(k) − p1(k), (17b)
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4. predictive variational methods

the sum in �rst term in (17a) can be approximated exactly because for each component,
S · p1(k) is integer. Having thus approximated the �rst term, the second term in (17a)
becomes 0 as the number of samples goes to in�nity, so that any scheme for approx-
imating it makes the estimate ofG(ci) unbiased. If samples are drawn independently
from the second term in (17a), this is equivalent to residual sampling. �is paper will
instead apply systematic sampling [15].

However, the �rst- and second-order statistics thatG(ci) requires per component
still make it impossible to model non-Gaussian e�ects in the distribution pk. To do
that, the next section will introduce an approach to estimating q per state.

4 Predictive variational methods

Minimising the kl divergences between states, instead of their components, makes it
possible to approximate the non-Gaussian shape of p. In speech recognition, qθ is nor-
mally a mixture of distributions qm with weights πm, as in (9). �is section will �rst
introduce a variational approach to estimating this mixture model. �is requires p to
be replaced with a Monte Carlo approximation. �en, two forms of parametrisation
of qθ will be discussed. �e �rst, variational extended dpmc, estimates the compon-
ents’ weights, means, and covariances. �e other, variational pcmllr, only estimates
the parameters of linear transformations shared between multiple clean speech Gaus-
sians across states.

As in section 3, p is replaced with a Monte Carlo version by drawing joint samples(
θ(s),y(s)

)
from p(θ,y). Section 4.1 will discuss the sampling process in more detail.

�e joint samples are used to at the same time approximate the sum and the integral
over the term in square brackets:

∑
θ

p(θ)H(pθ‖qθ) = −
∑
θ

p(θ)

∫
pθ(y)

[
logqθ(y)

]
dy

' −
∑
s

logqθ(s)

(
y(s)

)
(18a)

Since the qθ are mixture models, this expression cannot be minimised analytically.
However, similarly to in expectation–maximisation, it is possible to minimise a vari-
ational upper bound as a proxy for optimising (18a) itself. �is introduces an additional
set of parameters whose optimisation is interleaved with the optimisation of q. �ese
parameters r(s)m ≥ 0 can be seen as assigning a fractional responsibility for sample s to
componentm. By insuring that for each sample s the responsibilities are normalised,∑
m r

(s)
m = 1, Jensen’s inequality can be used (in (18b)) to �nd an upper bound F to

the weighted cross-entropy in (8e). Substituting (9) into (18a), and inserting variational

9



4. predictive variational methods

parameters r(s)m ,

−
∑
s

logqθ(s)

(
y(s)

)
= −
∑
s

log

( ∑
m∈Ω

θ(s)

ωmqm
(
y(s)

))

= −
∑
s

log

( ∑
m∈Ω

θ(s)

r(s)m
ωmqm

(
y(s)

)
r
(s)
m

)

≤ −
∑
s

∑
m∈Ω

θ(s)

r(s)m log
(
ωmqm

(
y(s)

)
r
(s)
m

)
(18b)

= −
∑
s

∑
m∈Ω

θ(s)

r(s)m

(
logqm

(
y(s)

)
+ log

ωm

r
(s)
m

)
, F(p, q, r). (18c)

�e minimisation of F interleaves optimising r, the collection of r(s)m , and q. �e op-
timal setting for the responsibilities for each sample can be found by introducing Lag-
range multipliers λ(s) to make sure the responsibilities are normalised for one sample:

d
(
F(p, q, r) − λ(s)

(∑
m ′ r

(s)
m ′ − 1

))
dr

(s)
m

= 0;

− log
(
πmqm

(
y(s)

))
+ 1+ log r(s)m − λ(s) = 0.

Re-arranging yields

log r(s)m = log
(
πmqm

(
y(s)

))
− 1+ λ(s);

r(s)m = πmqm
(
y(s)

)
exp

(
− 1+ λ(s)

)
;

r(s)m :=
πmqm

(
y(s)

)∑
m ′ πm ′qm ′

(
y(s)

) . (19)

How to optimise the distribution q depends on its form. Sections 4.2 and 4.3 will
discuss two forms.

4.1 Sampling from a mixture model

It is interesting to consider that the predicted distribution pθ is a mixture model. To
draw a sample from p, a sample θ(s) from the state prior p(θ) is drawn, and then a
corresponding component k(s) with probability πk. Section 2.1 has discussed how to
draw sample y(s) from the distribution pk(s) .

�e resulting joint sample (θ(s),y(s)) can contribute to the estimation of any or
all components of qθ: there is no explicit link to the component of pθ the sample
was drawn from. An important consequence of this is that the components of qθ are
free to move in space to represent samples drawn from other components than their
counterparts in pθ. �is allows the non-Gaussian shape of pk to be modelled.

�e scheme that was discussed in section 3 found a matched-pair bound to the
variational approximation discussed in this section. �is assigns the responsibility for
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4.2. estimating model parameters

each sample to the component of qθ matching the component of pθ. �e variational
approach becomes equal to the matched-pair bound when r(s)m in (18b) is set to 1 for
m = k(s) and to 0 otherwise. �is upper bound will be used as an initialisation for the
variational minimisation.

4.2 Estimating model parameters

As in section 3.1, it is possible to estimate the model parameters directly. �is has been
called “extended iterative dpmc” [11, 29], but here it will be called “variational edpmc”.
It is possible to optimise each state-conditional distribution qθ separately. �e update
to the parameters ofqθ that optimises (18c) is the same as in expectation–maximisation
for mixtures of Gaussians.

�e componentweights are foundby introducing Lagrangemultipliersλ(s) tomake
sure the weights are normalised for each state:

d
(
F(p, q, r) − λ(θ)

(∑
m ′∈Ωθ ωm ′ − 1

))
dωm

= 0;

d
((∑

s r
(s)
m logωm

)
+ λ(θ)

(∑
m ′∈Ωθ ωm ′ − 1

))
dωm

= 0.

Re-arranging yields∑
s r

(s)
m

ωm
= −λ(θ); ωm =

∑
s r

(s)
m

−λ(θ)
; ωm :=

∑
s r

(s)
m∑

m ′∈Ωθ
∑
s r

(s)
m

. (20a)

Optimising the means and covariances of qm is separate per component:

dF(p, q, r)
dωm

=
d
∑
s r

(s)
m logqm

(
y(s)

)
dωm

= 0, (20b)

the well-known solution for which is

µm :=
1∑
s r

(s)
m

∑
s

r(s)m y
(s); Σm :=

(
1∑
s r

(s)
m

∑
s

r(s)m y
(s)Ty(s)

)
− µT

mµm.

(20c)

Like in standard expectation–maximisation, this allows components to move in space
to model the shape of the distribution, irrespective of which components the samples
were originally drawn from.

4.3 Estimating linear transformations

It is also possible to apply predictive cmllr in the variational Monte Carlo framework.
�e di�erence with variational edpmc is that the only parameters that are estimated
here are of a set of linear transformations. �ese transformations apply to the original
clean speech Gaussians.

Note that, like in (13), di�erent components for one state-conditional mixture can
be transformed di�erently if they are in di�erent base classes. However, because here

11



4. predictive variational methods

a variational approach is used, the optimisation can move Gaussians in the original
model and re-use them to model parts of space that are generated by di�erent Gaussi-
ans. �is has the counter-intuitive e�ect that linear transformations of Gaussians allow
modelling of the non-Gaussian shape of a distribution predicted from essentially the
same Gaussians.

Here the predicted distribution pk in (15c) is replaced by its Monte Carlo approx-
imation. �e derivation is not given here, but see [29] for details. Similarly to in (18a),
joint samples at the same time approximate the sum and the integral in the expectation:

G(ci) '
∑
s

∑
m∈Ω(c)

r(s)m
1

σ2m,i

[
y(s)y(s)T y(s)

y(s)T 1

]
. (21)

Given these statistics for one base class c, the cmllr algorithm iteratively �nds trans-
formation {A(c),b(c)} that yields a local minimum for the variational upper bound
in (18c).

However, gathering the statistics cannot be performed per base class, since a sample
drawn from state θ(s) can contribute to any of that state’s components, which can be in
any base class. �is implies that it is impossible to guarantee that eachG(ci) is estim-
ated on enough samples: themass of samples drawn froma component in one base class
can be assigned to components of another base class. However, this re-assignment is
exactly the purpose of the variational scheme. Allowing components to be transformed
to model part of the probability mass from other base classes removes the restriction
that the noise-corrupted speech for one clean speech Gaussian is modelled by a Gaus-
sian.

To partly mitigate the potential problem that some base classes are trained on too
little data, an equal number of samples can be drawn from each base class, and they
then be weighted. �e weight is the base class prior, which is proportional to the sum
of the priors of its components:

p(c) =

∑
k∈Ω(c) p(k)∑
k p(k)

. (22a)

For each base class c, an equal number of samples are drawn. For each base class
sample c(s), a component k(s) is drawn with probability proportional to p(k). �is
component is in the mixture of a state that will be indicated with θ(s). A corrupted-
speech vectory(s) is thendrawn from the component distributionpk. �e joint samples
(c(s), θ(s), k(s),y(s)) now approximate the joint distribution of these with an empir-
ical distribution (a distribution with delta spikes at the points corresponding to the
samples):

p(c, θ, k,y) ' p̃(c, θ, k,y) ,
∑
S

p(c(s))δ(c(s),θ(s),k(s),y(s))(c, θ, k,y) . (22b)

Using this empirical distribution introduces sampleweightsp(c(s)) in theMonteCarlo
approximation to the overall cross-entropy in (18a):∑

θ

p(θ)H(pθ‖qθ) = −
∑
θ

p(θ)

∫
pθ(y)

[
logqθ(y)

]
dy

' −
∑
s

p(c(s)) logqθ(s)

(
y(s)

)
(22c)
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5. noise estimation

�e easiest way to introduce the weighting of the samples in the upper bound in (18c) is
to adapt the responsibilities so they add up to the sample weight:

∑
m r

(s)
m = p(c(s)).

(19) then changes into

r(s)m := p(c(s))
πmqm

(
y(s)

)∑
m ′ πm ′qm ′

(
y(s)

) . (22d)

Using theseweighted responsibilities, the statistics can be found as in (21). Additionally,
as in section 3.2 on page 7, to reduce the variance of the statistics, systematic sampling
can be used for drawing samples k(s) for each base class.

5 Noise estimation

�e discussion has so far assumed that the distribution of the noise is known. In prac-
tice, however, this is seldom the case. �e noisemodel, with parameters for the additive
and convolutional noise, must therefore be estimated. �e usual approach is to apply
expectation–maximisation in an unsupervised-adaptation framework. �e aim is then
to optimise the noise model parameters to improve the likelihood using the form of
model compensation that is used for decoding. Usually, noise model estimation ap-
plies a vector Taylor series approximation to the mismatch function. It is then possible
to optimise the likelihood function directly with respect to the noise [21, 20, 18]. �is
allows the convolutional noise to be assumed constant. Alternatively, the noise can be
modelled as a hidden variable [14, 8, 13]: using the vector Taylor series approximation,
the posterior of this variable can be approximated with a Gaussian. For this approach
there are issues with the diagonalisation of covariance matrices [7], and the convo-
lutional noise must be assumed randomly distributed, or expectation–maximisation
does not work. Either approach can end up oscillating if the new noise mean is used
as a vector Taylor series expansion point as well. Even if the noise model estimation
�nds a minimum, it is optimised for the linearised mismatch function. In this paper,
the linearisation is not applied, so a di�erent approach should be used.

�e underlying parameters for predictive transformations, the noise model in this
case, is normally estimated for the predicted distribution and not for its approxima-
tion [26, 29, 32]. �e reason for this is that many predictive methods, for example,
full-transform pcmllr, have no algebraic relation to the statistics it uses, but an al-
gorithmic one, so it is not possible to perform inference from data. When pcmllr is
estimated from a Monte Carlo approximation of the exact corrupted speech, the obvi-
ous approach would be to estimate the noise model for the exact corrupted speech.

One approach for doing this is to �nd a numerical approximation to the posterior
of the noise. [22] propose a method that uses a consistent approximation for estima-
tion and compensation, which does not apply the vector Taylor series approximation.
However, it assumes all dimensions independent, and it is not feasible to generalise it
to multiple dimensions (see [29]).

Alternatively, it is possible to approximate the noise posterior withMonte Carlo [6].
However, [6] applies this to feature enhancement, which has a number of import-
ant simplifying consequences. It assumes that feature dimensions are independent,
and only considers static features. Additionally, the approach approximates the clean
speechmodel with a mixture of Gaussians, so that the speechmodel has only one state,
and a small number of components. �is makes importance sampling feasible. �is
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5. noise estimation

section will discuss this method and describe a way of overcoming these limitations for
model compensation with dependent feature dimensions. For simplicity of notation,
only additive noise will be assumed, but a distribution over the convolutional noise can
be estimated in the same way.

Noise estimation based on expectation–maximisation is conceptually similar to
training or adapting a speech recogniser. In those cases, the hidden variables are the
components, and in the expectation step the posterior distribution over the component
sequence ρt({kt}) is found. Since given themarginal distribution over the components
at each time instance, the speech is independent from between time instances, the pos-
terior distribution can be represented with just the component–time posteriors γtk.

Here, on the other hand, the hidden variables per time frame are not only the com-
ponent identities, but also the noise (the speech will be marginalised out). In itera-
tion i, the expectation step �nds distribution ρ(i)t (kt,nt) using current noise distribu-
tion p(i)n (n). Since, again, given the distribution over components, the time instances
become independent, the marginal distributions per time instance, ρt(kt,nt), will be
of most interest. �ey can be factorised as

ρt(kt,nt) = ρt(kt)ρt(nt|kt) . (23)

�e distribution ρt(kt) is equivalent and equal to the normal component-time distri-
bution and could be represented byγtk. However, ρt(nt|kt) has no closed form, and it
will be necessary to approximate it, e.g. withMonte Carlo. Here, the whole distribution
ρt(kt,nt) will be sampled from, so it will be written as a joint distribution.

�emaximisation step �nds the maximum-likelihood parameters of the new noise
distribution p(i+1)n (n).

p(i+1)n := argmax
pn

∑
t

∑
k

∫
ρt(kt,nt) logp(yt,nt|k)dnt, (24a)

where

p(yt,nt|k) = p(yt|nt, k)pn(nt). (24b)

�e �rst term does not depend on the noise model pn but on the environment model
and the clean speech model, so it is not optimised here. �e maximisation expression
in (24a) thus becomes

p(i+1)n := argmax
pn

∑
t

∑
k

∫
ρt(kt,nt) logpn(nt)dnt. (24c)

A standard noise model is Gaussian with parameters µn,Σn. It is well-known how to
maximum-likelihood estimate a Gaussian (but [6] gives a complete derivation): the
mean µn is set to E{n} and the covariance Σn to E

{
nnT
}
− µnµ

T
n . In this case, the

expectation is under distribution ρt and over t, kt, and nt. �e optimal setting for the
mean (estimating the covariance is analogous) is

µ(i+1)
n :=

1

T

∑
t

∑
k

∫
ρt(kt,nt)ntdnt. (25)

As mentioned, the distribution ρ does not have a closed form. It is a standard
strategy to use the same vector Taylor series approximation used for compensation
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5.1. monte carlo noise estimation

[14, 8, 13]. �e joint distribution of the noise and observation then becomes Gaussian
for every component.1 However, the following will present a Monte Carlo approxima-
tion of the integral.

5.1 Monte Carlo noise estimation

A basic requirement for applying anyMonte Carlo approximation to the integral under
distribution ρ, which the expectation step of expectation–maximisation �nds, is that
ρ can be evaluated at any given point. It must be rewritten to make that possible. As
in (23), the marginal of the posterior distribution for one time instance factorises as

ρt(kt,nt) = ρt(kt)ρt(nt|kt) . (26)

ρt(kt) is acquired with the forward-backward algorithm on the currentmodel. Since it
is not feasible to decode with the real corrupted speech distribution, as an approxima-
tion, pcmllr with the current noise model can be applied. �e second part, ρt(nt|kt),
is set to the posterior of nt given kt and the observed variable yt, using the current
noise model p(i)n (nt):

ρt(nt|kt) =
p(yt|kt,nt)p

(i)
n (nt)

p(yt|nt)

∝ p(yt|kt,nt)p(i)n (nt). (27a)

Assuming α �xed, it is possible to evaluate this expression for given nt, kt,yt. It is
possible, though unnecessary, to use a Parzen window approximation, as in [6]. Using
a variable transformation [22],

p(yt|kt,nt) =

∣∣∣∣∣ ∂x(nt,y)∂y

∣∣∣∣
yt

∣∣∣∣∣ · pk(x(nt,y)), (27b)

where x(n,y) denotes the speech vector x corresponding to setting the noise and ob-
servation vectors to n and y, and pk(x(nt,y)) denotes the value of the clean speech
distribution pk(x) at that point. �is is straightforward to evaluate: [28] shows that the
diagonal elements of the Jacobian are2

∂x(nt,i, y)

∂y

∣∣∣∣
yt,i

=
1

1− exp(nt,i − yt,i)
. (27c)

If a phase factor distribution is used, then pk(x(nt,y)) in (27b) can be rewritten
in a similar way, and an extra integral (over α) must be inserted.

[6] applies importance sampling to approximate (25). �is draws samples
(
k
(s)
t ,n

(s)
t

)
from a proposal distribution υt, and weights the samples to make up for the di�erence

1�ere are additional issues with diagonalisation [7].
2 [28] derives this with x and n exchanged, but the mismatch function is symmetric.
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5. noise estimation

between the proposal and actual distributions:

µ(i+1)
n :=

1

T

∑
t

∑
kt

∫
ρt(kt,nt)ntdnt

=
1

T

∑
t

∑
kt

∫
ρt(kt)ρt(nt|kt)

υt(kt,nt)
υt(kt,nt)ntdnt

' 1

T

∑
t

1

S

∑
s

ρt
(
k
(s)
t

)
ρt
(
n
(s)
t

∣∣k(s)t )
υt
(
k
(s)
t ,n

(s)
t

) n
(s)
t , (28a)

where k(s)t and n(s)
t are drawn from the proposal distribution υt. [6] sets it to

υt
(
k(s),n(s)

)
, ρt(k

(s))p(i)n (n). (28b)

(28a) can then be rewritten to examine the importance weight (the fraction ρt/υt
in (28a)):

µ(i+1)
n :=

1

T

∑
t

1

S

∑
s

ρt(k
(s)
t )ρt

(
n
(s)
t

∣∣k(s)t )
ρt(k

(s)
t )p

(i)
n (n

(s)
t )

n
(s)
t

=
1

T

∑
t

1

S

∑
s

ρt
(
n
(s)
t

∣∣k(s)t )
p
(i)
n (n

(s)
t )

n
(s)
t . (28c)

�e variance of the importance weights determines how many samples are required
to �nd a good approximation.3 (28c) suggests that in the �rst iteration of noise es-
timation, where there is most discrepancy between the prior and posterior noise, the
estimate will be least accurate. It also suggests that there are two factors that explain
why [6] found this scheme to be practical, and those form a problem for extending this
to model compensation in the cepstral domain. First: [6] applies this per dimension,
whereas the probability of �nding a weight that is too low increases exponentially with
the dimensionality. For the cepstral domain, all dimensions will need to be considered.
Second: the number of speech components [6] uses is small, because it ismodelledwith
a mixture of Gaussians. �is means that the speech variance for one component is re-
latively large, and that the posterior of nt is relatively wide. For one component from
the back-end of a speech recogniser, which has a smaller variance, the noise vector that
explains the observation has a smaller variance too. For these two reasons, it can be
assumed that applying this scheme directly to model compensation and the cepstral
domain is not feasible.

3 To compute the expression in (28c), note that since the distribution ρt can be rewritten (in (27a)) to
include p(i)n (nt):

µ
(i+1)
n :=

1

T

∑
t

1

S

∑
s

p
(
yt

∣∣k(s)t ,n
(s)
t

)
p
(
yt

∣∣n(s)t ) n
(s)
t

'
1

T

∑
t

1

Z

∑
s

p
(
yt

∣∣k(s)t ,n
(s)
t

)
n
(s)
t , (29)

where the n(s)t are multiplied by unnormalised weights, and Z can be approximated as the sum of those.
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5.2. refinements to the monte carlo scheme

5.2 Re�nements to the Monte Carlo scheme

�e problems for estimating the noise for model compensation in the cepstral domain
with [6] are similar to the problems with importance sampling in [28]. It therefore
seems obvious that the same solution could be applied, which is to transform the space
and to apply sequential importance re-sampling. However, this is probably not the best
approach. �e �rst problem is that as sequential importance re-sampling steps through
the dimensions, the �rst dimensions become sparser, because re-sampling duplicates
samples. For [28], where a multi-dimensional integral was sought, this did not matter:
the normalisation constant for each dimensionwas approximatedwith dense, recently-
drawn, samples, and the order in which dimensions were drawn was chosen to min-
imise the e�ect. Here, however, the �rst dimensions of the �nal samples determine the
�rst dimensions of µ(i+1)

n .

However, other options are possible. �e estimate of the noise mean in (28a) is

µ(i+1)
n :=

1

T

∑
t

∑
kt

∫
ρt(kt,nt)ntdnt. (30)

�is is essentially a weighted average over all values for (t, kt,nt) of nt. It would pos-
sible to sample from all three variables at once. Many Monte Carlo methods may be
appropriate. In particular, a the Metropolis–Hastings algorithm, which is a Markov
chain Monte Carlo method, might be able to approximate the sum well. Markov chain
Monte Carlo methods derive each new sample from the previous. �is allows the al-
gorithm to remain in high-probability regions. Compared with importance sampling,
Metropolis–Hastings with a correctly-speci�ed proposal distribution could obtain an
advantage from sampling from t as well. �e advantage is that information about the
inferred noise at one time step would inform the samples for the next time step.

�is paperwill not apply this scheme for noise estimation in the experiments. How-
ever, it may be a viable alternative to noise estimation using the vector Taylor series ap-
proximation. �e experiments will therefore aim to be invariant to the noise estimation
algorithm, and estimate a noise model directly from the known noise.

6 Experiments

�e variational predictive methods described in this paper were tested on the 1000-
word-vocabularyResourceManagement corpus [23]withOperationsRoomnoise from
the noisex-92 database [31] added at 20 and 14 dB. �is task contains 109 training
speakers reading 3990 sentences, a total of 3.8 hours of data. All results are averaged
over three of the four available test sets, February 89, October 89, and February 91
(September 1992 is not used), a total of 30 test speakers and 900 utterances.

State-clustered triphone models with six components per mixture were built us-
ing the htk rm recipe [33]. �e number of components is about 9500. �e extended
speech statistics are striped as in [30]. �e language model for recognition is a word-
pair grammar. Since the additive background noise is known, the true, full-covariance,
noise model is extracted.

Table 1 contains word error rates for model compensation. “vts” is a standard
scheme that linearises the mismatch function. It makes an additional approximation
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6. experiments

Method Optimisation Shape 20 dB 14 dB
vts per component diag 8.6 17.4

edpmc per component diag 7.5 14.9
full 7.4 13.3

variational full 6.9 12.0

Table 1: Word error rates for model compensation.

Base classes
16 1024 16 1024

Statistics 20 dB 14 dB
vts 10.9 10.0 23.8 20.9
edpmc 9.2 8.1 19.3 16.4
Variational 8.7 7.9 19.6 15.1

Table 2: word error rates for predictive cmllr.

that makes o�-diagonal elements of the covariance matrix unreliable [30], so the cov-
ariance matrices are (as is usual) diagonalised.

Extended dpmc (edpmc), discussed in section 3.1, estimatesmeans and covariances
for ech component separately usingMonte Carlo. As the number of samples goes to in-
�nity (at 100 000 samples, performance has converged) it yields the optimal Gaussian-
for-Gaussian compensation. �at it outperforms vts when diagonalised speaks for the
improvement that can be obtained by removing the linearisation of themismatch func-
tion. Removing the diagonalisation for edpmc is especially useful at lower signal-to-
noise ratios, when the noise a�ects feature correlationsmost. At 14 dB, it yields another
15 % relative increase in performance.

However, this still assumes that one clean speech Gaussian generates Gaussian-
distributed corrupted speech. �e bottom row of Table 1 shows the e�ect of removing
the Gaussian assumption. Variational edpmc uses the variational approach from sec-
tion 4 to allow corrupted-speech samples to be re-assigned to di�erent components
than they were drawn from. By moving probability mass to di�erent components, this
allows the state-conditional mixture to model the non-linear e�ects of the interaction
of the speech and noise. �is yields a 10% relative reduction in word error rate com-
pared to the optimal Gaussian-for-Gaussian compensation.

Table 2 shows the same contrasts, but on predictive cmllr. As discussed in sec-
tion 3.2, non-variational pcmllr can be trained from di�erent forms of statistics. �e
word error rates in the �rst row use statistics from a vts-compensated model. �e
double approximation (the linearisation of the mismatch function, and pcmllr) leads
to reduced performance. �e numbers in the second row are from a form of cmllr
trained from full-covariance edpmc statistics, butwith the samples chosenmore sparsely.
10 000 samples are drawn per base class. For the 16 base class system, the word error
rate is the same with 5000 samples per base class, which makes the total number of
samples 80 000. �e complexity of this is invariant to the number of components, so
for larger systems this operating point could yield a reasonable trade-o�. At 1024 base
classes performance does improve over vts performance. �ough the full transforma-
tionmatrix of pcmllr implicitly performs some compensation for correlation changes,
it does not model the non-Gaussian distributions.
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7. conclusion

�e bottom row in Table 2 shows results for variational pcmllr, which applies a
variational approach to estimating linear transformations per base class. It is not a
direct approximation of variational dpmc, since the optimal variational parameters at
each iteration are di�erent. It allows the transformations to move components in space
to model the non-Gaussian distribution of the corrupted speech. At 20 dB, around
26% of the probability mass of the samples goes to di�erent components; at 14 dB,
37%. At 16 base classes this does not consistently yield bene�ts, but with 128 or more,
and especially at lower signal-to-noise ratios, word error rates improve compared to
non-variational pcmllr. �at it is possible to model the non-Gaussian aspect of the
corrupted-speech distribution with just linear transformations of clean speech Gaus-
sian shows the power of the variational approach.

7 Conclusion

�is paper has viewed model compensation for noise-robustness and predictive lin-
ear transformations from a variational perspective. �ese methods can be seen as
minimising an upper bound on the divergence between the corrupted speech and the
model for decoding. It is possible to �nd a tighter bound by considering the divergence
between states rather than between components. When applied to dpmc and predictive
cmllr, this yields reductions in the word error rate. Even just linear transformations
of Gaussians can model the non-linear impact of the noise. �e variational predictive
framework should enable a wide range of schemes, and allow for approaches to deal
with the computational complexity.
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